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Background

A logic function means

F: ()" - F,, whereF,is 2-element finite field F, = {0, 1}.

Example (A logic function)
x1 | x2 || F(x1,x2)
00 0
F:(F)?>F, |10 1
01 1
1|1 1

Such functions are used in (3-)SAT, Boolean algebra, digital electronic
circuits, etc.

Example (A logic polynomial)
The above F is equal to a polynomial F(xy, xp) = x1 + x2 + x1x2 € Fa[xq, xz].J
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Background

Let n be a positive integer, g a prime power, F, a finite field, and

a logic function (g = 2
F:(F,) —F, giefunction (g =2)
a multiple-valued logic function (g > 2).

we can construct a polynomial (Reed—Muller expansion)

f=Ff(xi, - ,x) = Z Z Sy an)xl < xam with Sar,an) €Fy
ar=

a,=0
such that f(wi. -+ ,wy) = F(wy, - w,) forall @i, ,w,) € (F,)".
(Computational complexity of F — f) =0 (nq”“)

outperforms (Matrix-manipulation of size ¢") = O (qz”).
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@ On the other hand, for an arbitrary subset of (Fq)n, such
low-complexity construction from F to f is not known.

@ Only exception is the case of the product of cyclic subgroups with
multiplicative operation = in F, (DFT case):

i

F:C, — F, where C, ={(a)1,... ’wn)e(]Fq)”|wd1 — }, di|(g-1).

@ However, such cyclic subgroups do not contain zero element 0 € I,
and are not suitable for logic use.

= Subset “of a semigroup type”:

F:Q, — F, where Q, = {(a)l,--- ,Wp) € (Fq)n‘wf’“ = a),-}, di|(g-1).
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For any function F : Q, — F,, we can construct a polynomial

f=f(xi,--,x) = Z Z Sy an)xl < xan with Sar,.an) €Fy

a)= a,,—O

such that f(wy,- -+ ,wy) = F(wy, -+ ,wy) forall (wy, -+, wy) € Q.

(Computational complexity of F' — f) = O((Z(d,- + 1)] l_[(d,- + I)J
i=1 i=1

outperforms (Matrix-manipulation of size n(df +1)) = O(n(d,- + 1)2].
i=1 i=1

If d; + 1 = g for all i, then (Z(d" + 1)) l_l(di +1) = ng"*!

i=1 i=1
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@ This construction F — f is applied to a fast multiplication algorithm
for the multiple-valued logic polynomials.

@ This algorithm is based on a convolution theorem.

@ Cf. the convolution theorem of continuous Fourier transform

F ( f Fogl - r)dr) - F(NF(s)

o Cf. FFT-based fast integer multiplication algorithms, where complex or
modular arithmetic is used instead of finite-field arithmetic.

@ Multiplication using Grébner bases is equal to naive multiplication.
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Preliminaries

We define a quotient ring

Fq [ESPEERIN

di+1 dp+1 ’
(xl1 — X[, Xy —xn)

R, =

where F, [x1,- - , x,] denotes the n-variable polynomial ring with

coefficients in F,, and (xfl” —xp, e, Xt x,,) denotes an ideal in

di+1 d,+1
1 L ERRE . - Xn-

Fy [x1,--- , x,] generated by x
Then any monomial x{' - -- x;" € R, can be uniquely written by
(a1, ,an) €Ay ={a= (a1, ,an)a; =0,1,--- ,d;}.

Moreover, any f = f(xy,---,x,) € R, can be uniquely written by

f= Z fax®, where x* = x{'---x;" fora = (a1, - ,a,) € Ay.
acA,
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Example (Multiple-valued logic polynomials)
Ifn=1,q9="17,and d; = 3, then an example of f € R; is

f=fx)=2+1x +6x] +5x,.

lfn=2,9g=17,d =2,and d, = 3, then an example of f € R; is

3
f=fGLx)= 4 +6x +5x3 +2x3
+1x; +4x1x +0x1x% +5x1xg

2 2 2.2 2.3
+3x1 +5x1x2 +1x1x2 +4x1x2.

Hajime Matsui (Toyota Tech. Inst.) On fast multiplication of MV logic polynomials March 8, 2018



@ Background and main results

@ Preliminaries

© A convolution theorem

© Recursive structure of ev,,

@ Inverse transform ev;,!

© Comparison of computational complexity

@ Supplements

@ Transposed map of ev,
@ Tensor-product structure

© Conclusion and future works

Hajime Matsui (Toyota Tech. Inst.) On fast multiplication of MV logic polynomials March 8, 2018



Evaluation map ev,

Let §; € F, be a primitive d;-th root of unity.
Then defineamapev, : R, = Ry, for f = f(x1, -+ ,x,) € Ry, by

a an a An ai 0 ai:O
evp(f) = Z f(ﬂ<11>""’ ; >)x11---xn,where,85 >={ﬁ‘."’ a; # 0.

(d] P ’an)EAn

(Computational complexity of f(ﬁi“”, e f,a">)) =3 l_l(di +1)
i=1

because
@ updating of the value (,8<1‘“>)b1 e ,<f">)b"
@ product with f;,
@ addition to the sum
@ these are done |A,| = []i,(d; + 1) times.
Thus (Computational complexity of ev,(f)) = 3 [T, (d; + 1)*.
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Example (ev; and ev,)

Ifn=1,q9=7,and d; = 3, then we can set 5; = 2, and ev(f) € R; for
f=2+1x; +6x} +5x is equal to

evi(f) = evi(f)(x1) = 2 + 5x1 +2x7 + Ox;.

Ifn=2,¢9g=17,and (d,d>) = (2, 3), then we can set (8;,82) = (6,2), and
eva(f) € R, for fis equal to

f=4 +6x; +5x3 +2x; eva(f) =4 +3x2 +5x5 +3x
+1x; +4x1x +Ox1x§ +5x1x§ — +6x1 +3x1x7 +5x1x§ +6x1x;
2 2 2.2 2.3 2 2 2.2 2.3
+3x7 +5x7x02 +1x7x5 +4x7x5. +1x7 +3x7x2 +0x7x5 +5x7 ;.
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A convolution theorem

For f'= 3 sea, fux® € Ry and g = 3 ea, 8ax" € Ry, define

F.f.9)=fg€Ry and Fo(f,g)= ) fugaX" € Ry,
acA,

Then, ev, o F, = Fg o (ev, X evy), i.e., commutative diagram

ev, X evy,

R, XR, — R, XR,
r Ir
R, —_— R,.
ev,

In other words, ev,, is a ring-homomorphism.

It is sufficient to prove only for monomials.
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Recursive structure of ev,,

For non-empty subset K = {iy,--- , i} € {1,---,n} with k = |K|, define an
F,-linear map ev, x : R, — R, by

k
a;
vax= ». 14| | HIES
gl =Bk !

(aiy -+ i, JeA iy _ﬁil 21 i T Py =1
where f = f(x1,---,x,) € R,. In particular, we have ev, = ev, ... n.
= C€Vp,(1,,]} = €Vp () © €Vp(l,- 1-1} = €Vp (1, I-1} © EVp (]

— eV, = €V {n) © - 0 €Vy (2} O CVy (1}

= (Computational complexity of ev,(f)) = [[Z(d + 1)) l—[(d + 1))
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Recursive structure of ev,,

We prove recursive structure of ev,, for n = 2. For f = f(x1,x2) € Ry,

d)
eva o) (eva,(1)(f)) = eva [Z f(ﬁia”, xz) X?l)
=

d
= Zl eva,(2) (f (ﬁia”,xz)) xf!

a1=0

i [Zf ﬁ(th) (a2> )

a1=0 \a=0

eva1.2)(f) = eva 1y (eva,2)(f)) -

F,[x1, F, [x F,lx
Cf. tensor product lx1, 2] = ] X djl[ 2 )
(xz2 —XQ)

(xf”l X1, x‘212+ —xz) (x‘li”l—xl)
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Example (evl,{” and evly{z})
Letg =17, (dl,dz) =(2,3), B1,B2) = (6 2).

[xl] F[)CZ
For , =
f= ;f, Zglz @
2 .
evyy(f) = Z cixy,  (co,c1,¢2) = (fo, fi, LM,
i=0
3 .
evy)(g) = Z eixy, (ep,er,e2,e3) =(go,81,82,83)M>,
i=0
where
06 1 0 2 4 1
1 1 1 1 1
: L X 0 2 4 1
M =x 6 1|, My=,
2lo 11 x> 10 4 2 1
#2\lo 1 1 1
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Example (evy,2) 0 eva 1) = eva)

1 0 0 Ry5f=4 +6x, +5x3 +2x)

M1T= 1 6 1|~ +1x1 +4X1XQ +0x1x§ +5x1x3
11 +3x% +5x%x2 +lx%x% +4x%x§

eVg,{l}(f) = 4 +6x +5x§ +2x§ 11
+6x1 +0x1x2 +6x1x% +1x1xg "M, = 8 i ; i
+1x% +1x%x2 +6x%x% +4x%xg 011 1

6V2’{2}(6V2,{1}(f))= 4 +3X2 +5x§ +3x§
+6x1 +3x1x2 +5x1x% +6x1xg

2 2 2.2 2.3
+1lxp +3x7x2 +0x7x5 +5x7x;

evp py(eva 1)(f)) = eva(f) = evy q13(eva,2)(f))
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Inverse transform ev!

It is sufficient to compute ev;{,, = ev[1 because

1{1}

— -1 -1 -1
€Vy = €Vy(n) O - 0€Vy(2) 0 CV, (1) = €V, = =ev, {1} -+ 0 eVn,{n—l} o evn’{n},
di

-1 = -1 aj ar .. 4i-1,4iv1 An
eV”’{i}(f) - Z SVt Z - an)Xi 1% Xict Xig1 = Xn-
(@, ,ai-1,Gi+1, ,an) a;=0

1R — Ry is equal to evi(f) = Xa))ea, f(ﬁ<1m>) Xy

Formula for ev;’

di )
evi' () = FO) (1 - x{") + dil DY) - ro)

J=1

We will prove this by Chinese remainder theorem.?

2H. Matsui, “On multiple-valued logic polynomials of a subset type”, Recent Results
Posters at ISITA2016, p.547, Monterey, California, October 30—November 2, 2016.
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Another commutative diagram

A=1{0}, evy: ?[)] > fo = fo,
[
Bl e Zfax - Z[Zfaﬂ“b]
b=1 \a=1
Fylx] ev) Fqlx]
(xd+1 _ x) (xd+l _ x)
mod (x)lmod (x4 -1) Proj}"? lPI’O]AUB
Fylx] Fylx] Fylx] Fylx]
(x) @ (xd -1 evy @CVB (x) EB (xd -1
soevil= (modx P mod (x? — l))_1 o (CVZ] P evl‘gl) o (PI‘Q] VB (H PrO]AUB)

d d d
i o o e Y f o [Z faﬁ‘“b] 2

a=1 b=1

Hajime Matsui (Toyota Tech. Inst.) On fast multiplication of MV logic polynomials March 8, 2018 21/30



Chinese remainder theorem

Because of ged (x,x - 1) = 1, we have — (x4 — 1) + x!x = 1.
Then (mod (x) @ mod (+ — 1)) " is given by

F,[x] F,[x] T y Fylx]
= @(xd_l)a(f,gm (= Df + g |e G

= =D f+ 2% = fmod(x), —(x¥=1)f +x%g = gmod (x? - 1).

Let f = fo, g = Z[Zfaﬂ ”b]

b=1 \a=1
Because of x?x? = xbmod( d+1 —x) forb=1,---.d,
|
evi'() = fo (1 - x) 3; ~ f(O)} x
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Inverse transform ev!

Example (Formula for ev;')
Letg=7,d=3,andB=2.For f =33 fux e =n
EE - T a=0 et = ATy
\ 1111
evl(f)=Zgax“, (80,81,82,83)=(f0,f1,f2,f3)8 421 g %
a=0 01 1 1
Vi (N = fo(1- )+ 20, {£(B7) - fO) 2 100 6
3
ev[l(g):Zfaxa, (fo,fl,fz,fs)=(go,g1,82’83)8 g 2 g
a=0 05 5 5
6 35 (421 (B8 p?*p?
3[3 6 5]:(2 4 1): g2 gt pe
5 55) U 11 —3[;—613—9
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Comparison of computational complexity

Thus, F. =ev,! o Fgy o (ev, X ev,), i.e.,

ev, X ev,

R, X R, ——"" R, xR,
v Ir.
R, —— R,
CV_1

Table: The computational complexity of two multiplication methods.

Multiplication method F, ev,! o Fgo(ev, X ev,)

Complexity O(l_l(di -+ 1)2) O((Z(di + 1)] l_[(di + 1))
i=1 i=1 i=1
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3 Transposed map of ev,

Letg|(x?—x)and D = {w € F, | g(w) = 0}.

Flx]  ev;  Fylx Fylx] eV Fylx]
(x? — x) (x? — x) (x4 - x) (x4 - x)
mod(g)l lProj. = transpose = ST Tlnc.
Fylx] Fylx] Fy[x] Fylx]
() evp () () evy, (&

where & denotes “extension” map by linear recurrence relation from g.

-1 . .
evy and (evlT) encodes dual error-correcting codes by g, respectively.

-1
(evlT) o & is used in systematic encoding.

3H. Matsui, “Lemma for linear feedback shift registers and DFTs applied to affine variety
codes,” IEEE Transactions on Information Theory, vol.60, no.5, pp.2751-2769, May 2014.
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Example (n=1,¢g=7,d, =6, = 3)

- FL
For f = Za:()faxa € @@ =)

(gO,"‘ ’g6):(f0"" ’f6)

Sooooo—

1
(eVlT)_l (0,0,0,0,2,4,3) = (4,2,2,
0

evi(5,3,6,1,0,0,0) = (5,4, 1,

evi(f) = X2 gax", where

11
32
2 4
6 1
42
54
1
2
2

9~y

— O\ —_O\N— O\ — O\ —

111 100000
451 023154
241 035635
161,ev;1:016161
421 053653
231 045132
111 066666
,5,4,5) and

, 1) are orthogonal.

Let D = {3,3%,3%,3%), then g = 4 + 2x + 3x> + 6x° + x*,
ev](4,0,0,0,0,4,5) = (6,4,0,1,6,3,2),

&(6,4,0,1) = (6,4,0,1,4,6,6), e.g., —(4,2,3,6) % (6,4,0, )] = 4.
(evlT)_l (6,4,0,1,4,6,6) = (0,5,5,1,2,0,0).

(5,5, 1,2) agrees with the minus of the redundant part (2, 2, 6, 5).

(@)oo e Yo Yo Yo)
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Tensor-product structure

Example (n =2, q =7, (di,d,) = (2,3), (81,52) = (6,2))
eva(f) = g, (fo.0), f1,00, f2.00 + » fi2.3) M = (80,0)» 81,00, 82.0)>* * * > &(2.3))5
1111111111171
061 061061061
01 101T1O011O0T1°1
000222444111
000052034061
M_000022044011
1000444222 11T1F§
000034052061
0000440220171
00O01T1T1T1T1T1T1T1:1
000061061061
0000110110171
1 111 111
A F .10 2 41
which is the Kronecker-product matrix 04 2 1 ® 8 ? % .
01 11
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Conclusion and future works

Efficient one-to-one and onto between multiple-valued logic functions

F:Q, :{wl EFq|w‘fl+l =w1}><---><{w,,€Fq wZ"H :wn}—>]Fq,

where d; | (¢ — 1), and multiple-valued logic polynomials

d

dy
f=1, ) = Z Z f(al’"-,an)x?l ' "xzn’ f(al,"',dn) € FQ’

a;=0 a,=0

i.e., evy(f) = F and ev; ' (F) = f with o[(Z(d,- + 1)) l_l(di + 1)].
i=1 i=1

-D{ XDy, Dy Dy, D UD>, D{ — D, for Dy,D; C (Fq)n

Future works i ) ) o
- Connection with ZDD and practical applications
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