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Abstract: This paper investigates the relation between an er-
ror distribution and a predictive order of minimum mean abu-
solute error predictors(MMAE predictors) designed for loss-
less coding of greyscale images. Design of MMAE predictors
reduces to the linear programming problem. Let k is the num-
ber of coefficients in a predictor(predictor order), we imagine
that predictor order k have a distribution shaping effect. Main
purpose of this paper is to ensure that k have such an effect.

1. Introduction

Recent years have seen an increased level of research in
lossless image compression, in addition to lossy compression.
Lossless image codings are required and desired in certain
applications such as medical and satellite imagings and digital
archiving of cultural heritages. Since the predictive coding
scheme enables us to predict each pixel one by one and rather
precisely in aid of adaptation, many lossless coding schemes
employ prediction.

For lossless image coding based on prediction, the cod-
ing performance depends largely on the efficiency of pre-
dictors. Many lossless image coding formats use minimum
mean square error predictors(MMSE predictors)[1][2][3], but
MMSE predictors are susceptible to edges(the big transition
part of the brightness value) in images. So Hashidume et
al.[4] have proposed minimum mean absolute error predic-
tors(MMAE predictors)[4] which are robust to edges. [4] says
that using MMAE predictors the accuracy of prediction is en-
hanced and entropy of prediction is reduced.

This paper investigates the relation between an error dis-
tribution and a predictor order of MMAE predictors designed
for lossless image coding. Design of a MMAE predictor re-
duces to the linear programming problem. Let k is the num-
ber of coefficients in a predictor(predictor order), at least k
prediction errors become 0. Thus, we imagine that predictor
order k have a distribution shaping effect. Main purpose of
this paper is to ensure that k have such an effect.

In this paper, we define the fitting degree of actual predic-
tion error distribution and modeling distribution(laplace dis-
tribution) in terms of the redundancy(the difference of entropy
and model entropy), and measure the redundancy changing
the value of k. Then we found that the optimum k appears to
minimize the redundancy.

2. Minimum Mean Absolute Error Predictor

When we denote the current pixel pi’s value B(pi), the
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Figure 1. Pixels of support region (k = 20).

predicted value B̂(pi) is calculated by

B̂(bi) = θT
i · a, (1)

where θi = [B(pi1), B(pi2), · · · , B(pi20)]
T is the local

causal area(support region) vector of pi (see Figure 1) and
a = [a1, a2, · · · , a20]T is the vector of prediction coeffi-
cients for pi. When we denote the set of pixels in coding area
R = {pi|i = 1, 2, · · · , S}, a problem to design a MMAE pre-
dictor for R can be written as a mathematical programming
problem as follows:

Minimize
a

‖ e ‖1 =
∑

pi∈R

|ei|

subject to e = B − B̂,

e = [e1, e2, · · · , eS ]T ,

B = [B(p1), B(p2), · · · , B(pS)]T ,

B̂ = [B̂(p1), B̂(p2), · · · , B̂(pS)]T ,

B̂(pi) = θT
i · a (for i = 1, 2, · · · , S),

a = [a1, a2, · · · , a20]T .

(2)

The absolute part of the objective function makes this
problem difficult to solve. So, we transcribe the ith element
of the vector e as

ei = e+
i − e−i , e+

i
>= 0, e−i >= 0, (3)

and boil down this problem to a linear programming problem.
In the same way, transcribing aj which is the jth element of
the prediction coefficients a, the problem (2) can be rewritten
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as a linear programming problem as follows:

Minimize
a

1T · e+ + 1T · e−

subject to B̂ + e+ − e− = B,

e+ = [e+
1 , e+

2 , · · · , e+
S ]T >= 0,

e− = [e−1 , e−2 , · · · , e−S ]T >= 0,

B = [B(p1), B(p2), · · · , B(pS)]T ,

B̂ = [B̂(p1), B̂(p2), · · · , B̂(pS)]T ,

B̂(pi) = θT
i · (a+ − a−)

(for i = 1, 2, · · · , S),
a+ = [a+

1 , a+
2 , · · · , a+

20]
T >= 0,

a− = [a−
1 , a−

2 , · · · , a−
20]

T >= 0,

1 = [1, 1, · · · , 1]T .

(4)

This problem could be solved by a linear programming
method such as the simplex method or the interior-point
method. In this paper, we employ Barrodale’s method[5]
which is based on the simplex method. Also, our lossless
coding scheme employs the classfication-based technique[3]:
each divided block(8 × 8 pixels) of a image is classified to
select an appropriate linear predictor based on a MMAE cri-
terion from C different kinds of predictors, and each predictor
is optimized for each class of blocks.

3. Error Distribution
We encode the error image (the difference of the origi-

nal image and predictive image) using the entropy coding for
lossless image coding. Thus, we need event probabilities of
prediction errors. But if we encode it using actual event prob-
abilities, the additional information will be increased, because
when we decode, we need to use the same event probabilities
of encode. On the other hand, if we model actual event prob-
abilities, and encode it using model event probabilities, the
additional information will be negligible, because it is only
the scale parameter to set model event probabilities. So, it is
important to know the shape of the error distribution.

3.1 Modeling of the error distribution

In general, the prediction error distribution is a mixture
distribution consists of distributions with some different scale
parameters. In order to encode effectively for this, we need
to divide the prediction errors into groups by modeling. For
classified groups, we obtain the high coding performance by
assigning different encoders.

In this papers, we use the modeling method called context
modeling.

3.2 Context modeling

A parameter Ui of a current pixel pi is defined as follows:

Ui =
6∑

j=1

1
dij

|eij |, (5)

where the pixel pij is the pixel in the local causal area given in
Figure 2, and dij is the Manhattan-distance between it and the
current pixel pi. Because the correlation between a parameter

1i
p

2i
p

3i
p

4i
p

5i
p

6i
p

ip

Figure 2. Region of pixels for the context modeling

Ui and a variance σ2 of the prediction error of the current
pixel pi is very strong, we divide into groups for the prediction
error using a parameter U in cotext modeling.

We use values called threshold when we divide into
groups. So, we prepare thresholds as follows:

Th0 <= Th1 <= · · · <= ThN−1,

where N is the number of groups. Specifically we classify the
prediction errors into N groups by the parameter U . Futher-
more, we optimize those thresholds in order to minimize the
information value of pixels. So, we need to estimate the infor-
mation value of the prediction error. The information value of
the prediction error of a current pixel is defined by as follows.

Since the pixel values and the predictive values of
grayscale are in the range between 0 and 255, the possible
values of a prediction error are bounded between −255 and
255. Therefore, when the predictive value B̂(pi) of the cur-
rent pixel pi and it’s quantization group gi are given, the con-
ditional probability of the prediction error ei is defined as

Prgi
(ei|B̂(pi), gi) =

Prgi
(ei|gi)∑255

x=−255 Prgi(x|gi)
, (6)

where Prgi(x|gi) is given by Probability Density Func-
tion(PDF) f(x) as

Prgi(x|gi) =
∫ x+0.5

x−0.5

f(ξ)dξ (7)

with zero location parameter. Using (6), the information value
of the prediction error ei is defined as

Ji = − log2 Prgi(ei|B̂(pi), gi) (8)

Using (8), we optimize thresholds to minimize information
values of the prediction error.

3.3 Shape of distribution

Error distributions of the prediction error of all quantiza-
tion groups might become either a Gauss or Laplace distribu-
tions. On the other hand, the measured in a classified groups
might have a different distribution.

In case of the design of predictor using MMSE, we design
it so as to make large prediction errors small. As a result, very
small prediction errors are disturbed. Thus, the distribution is
close to a Gauss distribution and the coding performance will
be improved assuming the error distribution is Gaussian. So,
we expect that when we estimate the information value of the
prediction error, PDF will be Gaussian.
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Table 1. The Laplacian and the Gaussian function
Laplacian Gaussian

PDF 1
2be

− |x−μ|
b

1√
2πσ

e−
(x−μ)2

2σ2

location
parameter

μ = median
i

(xi) μ =
Pn

i=1 xi

n

scale
parameter b =

Pn
i=1 |xi−μ|

n σ =
√Pn

i=1(xi−μ)2

n

On the other hand, in case of the design of predictor us-
ing MMAE, we resolve a linear programming problem using
Barrodale’s method. As a result, at least k prediction errors
become 0 and the predictors are designed so as to become
as many as possible near 0[5]. Thus, the error distribution is
close to a Laplace distribution and we can expect that the cod-
ing performance will be improved assuming the errors have a
Laplace distribution for the design of predictor used MMAE.
When we estimate the information value of the prediction er-
ror, PDF is Laplacian function.

From the above discussion, it is advantageous to force an
actual distribution close to the Laplace distribution.

3.4 Distribution shape effect

For design of predictor using MMAE, we know at least k
prediction errors become 0. In addition, k is inevitably related
to the accuracy of prediction, because this is the number of
pixels in the support region. If we design predictors using a
small k, the number of ”0” prediction errors is decreased, and
the accuacy of prediction is also decresed. Thus, the error
distribution will become as Figure 3-(a). On the other hand,
if we design predictors using a large k, the number of ”0”
prediction errors is increased, and the accuacy of prediction
is also increased. Thus, the error distribution will become as
Figure 3-(b).

From the above discussion, we imagine that predictor or-
der k have a distribution shaping effect and that the coding
performance will be improved by shaping the error distribu-
tion as Figure 3-(c) using this effect.

(a) k : small (b) k : large (c) k : pertinence

Figure 3. Distribution shape effect.

4. Simulation

To ensure that predictor order k have a distribution shaping
effect, we executed computer simulations.

When we design predictors, the number of predictor class
C is one of important parameters. However, in order to pre-
vent confusion, we fix C = 16 in computer simulation.

We defined a fitting degree of model distribution(laplace
distribution) to actual prediction error distribution in terms of
the redundancy(the difference of entropy and model entropy)
and measured the redundancies, changing the value of k for
several test images in Figure 4.

(a) ”camera”(256 × 256) (b) ”couple”(256 × 256)

Figure 4. Test images.

The entropy of prediction errors I is calculated as follows.
When we denote the prediction error e’s event probability
pg(e) (e = −255,−254, · · · , 255) in a group g, the entropy
Ig of a group g is calculated by the following equation:

Ig = −
255∑

e=−255

pg(e) log2 pg(e)

Then, when we denote the group g’s event probability Pg, the
entropy I of all is calculated by the following equation:

I =
N∑

g=1

PgIg

The model entropy of prediction errors I ′ is calculated as fol-
lows. When we denote the prediction error e’s modeled event
probability qg(e) (e = −255,−254, · · · , 255) in a group g,
the entropy I ′g of a group g is calculated by the following
equation:

I ′g = −
255∑

e=−255

pg(e) log2 qg(e)

where pg(e) is the event probability of the prediction error e.
Then, when we denote the group g’s event probability Pg, the
model entropy I ′ of all is calculated by the following equa-
tion:

I ′ =
N∑

g=1

PgI
′
g

Because I = I ′ if modeling is perfect, the entropy I is always
smaller than the model entropy I ′ of prediction errors;

I <= I ′.

Thus, the model distribution is close to an actual distribution
if the redundancy(= I ′ − I) is small.

Simulation results are shown in Figure 5 in next page.
In Figure 5, we can see that the redundancy is increased as

k is larger for the image ”camera”, and it is decreased as k is
larger for ”couple”. In ”camera”, the redundancy is maximum
when k = 51, and minimum when k = 7. On the other hand,
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Figure 5. Simulation results.

in ”couple”, it is maximum when k = 7, and minimum when
k = 43. In each test image, error distributions in some group
when they are maximum or minimum are shown in Figure 6,
7, respectively.

In Figure 6, we can see that the model distribution is close
to an actual distribution when k is small. On the other hand,
in Figure 7, we can see that the model distribution is close to
an actual distribution when k is large.Thus, when we encode
”camera”, small order predictions are enough to improve the
coding performance. To the contrary, when we encode cou-
ple, we have to design predictors using large k to improve the
coding performance.

5. Conclusion
From Figure 5, 6, and 7, we see that predictor order k have

a distribution shaping effect, and the coding performance will
be improved using the optimize k. However, the reason for
rippling phenomena of Figure 5 is under consideration.

As the future work, we are due to investigate the coding
simulation using this effect.
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(a) k = 51

(b) k = 7

Figure 6. Error distribution(camera).

(a) k = 7

(b) k = 43

Figure 7. Error distribution(couple).
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