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Abstract: In this paper, a new approximate algorithm for
model predictive control of hybrid systems is proposed. The
proposed algorithm consists of the off-line computation and
the on-line computation. In the off-line computation, lower
and upper bounds of the optimal value of a given cost function
for each mode sequence are calculated. In the on-line com-
putation, after the mode sequence is decided by using off-line
computation results, the finite-time optimal control problem,
i.e., the quadratic programming problem is solved. So the re-
duction of the computation time in the on-line computation
is achieved. In this paper, the effectiveness of the proposed
algorithm is shown by a numerical example.

1. Introduction

Hybrid systems consist of continuous dynamical systems
such as differential/difference equations and discrete dynam-
ical systems such as if-then rules and finite automata. In the
last few years, there have been a lot of studies contributed to
analysis and control of hybrid systems in both the computer
science community and the systems and control community.
As is well known, analysis/control problems of hybrid sys-
tems are in general reduced to a combinatorial optimization
problem. So it is difficult to apply the framework of hybrid
systems to practical plants.

In particular, model predictive control (MPC) [2], which
must solve the finite-time optimal control problem repeatedly
at each time step, causes the above difficulty critically. Then
it is important from the practical viewpoint to discuss the fast
and approximation algorithm with guaranteed accuracy. For
the standard linear constrained systems, the off-line comput-
ing (precomputing) method of the MPC problem has been
proposed (e.g. [4] and so on). This method can be extended
to the hybrid systems case. However, in the case that the ref-
erence signal is time-varying, the off-line computing method
cannot be applied. On the other hand, for the on-line com-
putation of the finite-time optimal control problem of hybrid
systems, approximation algorithm has been proposed in [1].
This method is simple and effective, but is only the on-line
computation.

In this paper, using on-line and off-line computations, a
new approximation algorithm to solve the MPC problem of
hybrid systems is proposed. In the proposed method, as the
off-line computation, candidates of mode (discrete state) se-
quences such that the MPC problem is feasible are computed.
In the on-line computation, first, from candidates of mode se-
quences, the suboptimal mode sequence is selected by simple
calculations. Next, using the obtained mode sequences, the
MPC problem, i.e., the quadratic programming problem, is

solved. So in the proposed method, the on-line computation
is simple, and can be used to real-time control.

Notation: Let R and Z, express the set of real numbers
and the set of semi-positive integers, respectively. Let I,, ex-
press the n x n identity matrix. For a given matrix M, Let
MT express the transpose matrix of M.

2. Problem Formulation

Consider the following discrete-time piecewise affine system

z(k+1)= Aj(k)x(k) + B](k)u(k) +arw, )
I(k+1)=1 ifx(k+1) S

where (k) € X C R™ and u(k) € U C R™ are the state
and the input, respectively. X and U are given closed and
bounded convex sets. I(k) € M := {1, 2, ---, M} is
the mode of system (discrete state), and suppose that mode
transition constraints are given by a finite automaton (directed
graph). Further, for guaranteeing the well-posedness of the
DT-PWA system (1), assume that S; is the bounded convex
polyhedron satisfying | J;c \(S; = & and S;(S; = 0 for
all I #J e M.

For this DT-PWA system, the following finite-time control
problem is considered.

Problem 2.1. Suppose that the DT-PWA system (1), the cur-
rent time ¢ € Z,, the current state 2(t) = z; € R"™ and the
current mode I(t) = I; € M are given. Then for the DT-
PWA system (1), find u(k), k = ¢, t+1, ---, t+ N —1
minimizing the cost function

t+N-—1

J(xp,u,xq) = Z {jT(z)QJE(z) —l—uT(i)Ru(i)}

+27(t+ N)Qsz(t + N) )

where Q > 0, R > 0, Qf > 0 and z(¢) := (i) — zq(i),
x4(4) is the reference (offset) vector, and is given by

xq(k) =ah, k=t t+1, -, t+L—1, 3)
za(k) =2t k=t+ L, t+L+1, -, t+N. (4

In this paper, we discuss the case that there is the switching
from z}; to :CZH. In practical plants, e.g., the temperature
control and the vehicle control, there exists the switching of
the reference vector frequently. For simplicity of discussion,

the following assumption is made:

Assumption A2.1. The switching number of the reference
vector is less than or equal to 1.

In the case that there does not exist the switching of the ref-
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Figure 1. Illustration of MPC with the time-varying reference
vector in the case of N = 4

erence vector, suppose that ), = x d+1 holds, and the switch-
ing time L is a suitable positive integer in the interval [1, N].

In the MPC problem, Problem 2.1 must be solved repeat-
edly at each time step ¢, t 4+ 1, t + 2, --- . Then suppose that
the reference vector is given by

wq(k) =2k, k=t t+1, ,t+ Ly —1,
l‘d(k'):T k—t+L1,t+L1—|—1
t+L1—|—L2—1,

(%)
v—1 v—1
vak) =a), k=t+Y Lit+» Li+1, -,
=0 =0

Y
t+ZL,-—1

1=0

where L; € Z, satisfying Assumption A2.1. Because in the
reference vector of Problem 2.1,

{z, o'} € {{ah, o}, {23, 23}, - {=), 2]},
{xgla m?l}v {x?lv xfl}, R {mgil’ xz}}

(6)

holds, note here that the non-switching case must be included
in Problem 2.1.

Finally, the illustration of MPC with the time-varying ref-
erence vector is shown in Fig. 1.

3. The Proposed Algorithm

Problem 2.1 can be written as the mixed integer quadratic
programming (MIQP) problem. So for solving this problem
within the practical computational time, Problem 2.1 must be
a small scale problem, i.e., the number of modes in (1) must
be small. In this paper, an approximation algorithm for Prob-
lem 2.1 is proposed. The proposed algorithm consists of the
off-line computation algorithm and the on-line computation
algorithm. In the proposed off-line algorithm, the list of mode
sequences, which are feasible from each initial mode, is gen-
erated. Futhermore, the switching of the reference vector is
considered. In the proposed on-line algorithm, based on the
information obtained via the off-line algorithm, the mode se-
quence is decided, and Problem 2.1 is solved approximately.
Tharefore, the computation cost of the on-line algorithm is
small, and is useful for practical plants.

914

3.1 Off-line Algorithm

First, for each reference vector of (5), consider the follow-
ing cost function

t+N-—1

Z {z] T (i)Ru(i)}
xj( )Qij( )7 ]:]—7 27 Tty

zta

v (D
where 7 (1) := z(i) — a:fl. Note that there exists no switching
action of the reference vector in (7). Then we compute lower
and upper bounds of (7) under (1). By using the KCLP-HS
tool [3], which is based on the constraint logic programming,
lower/upper bounds and feasible mode sequences can be com-
puted easily.

Next, consider the difference between (2) and (7). For
fixed j = r and 27, # 277", the difference between J and
J, is obtained as

t+N—-1

= > {20 -2 Qi)

1=t+L

=2zt —ap) " Qa(t+ N)+n  (8)

where 7 is some constant. Then lower and upper bounds of
J — J, can be computed as follows:

of < =2 —al)"Qx < ah, vz € 8y, ©)
—1
gL < =2l —al) ' Qpu < By, VxS, (10)
l:1725 '7’7_17121’27"'7M
and
4 =l 1, 7
ot
I 9 ’ I 9 .

Similarly, for each element of the finite set of (6), lower and
upper bounds of J — J,. are computed.
From the above discussion, we obtain
(i) Feasible mode sequences and corresponding lower/
upper bounds of (7),
(i) Lower and upper bounds (9), (10) of all J — J,. of (8).

Remark 1: Obtained mode sequences may not be feasible in
the entire region of Sy,. In this case, it is necessary to com-
pute convex polyhedra such that each mode sequence is fea-
sible. Then the procedure of the on-line algorithm in the next
subsection can be used similarly. Also, by using lower/upper
bounds of (7) and J — J,, the accuracy of the optimal value
of (2) can be guaranteed.

3.2 On-line Algorithm

First, for the current state 2:(¢) = x; and the current mode
I(t) = I, the suboptimal mode sequence is decided. In the
case of x}; = x;l+ we select the mode sequence correspond-
ing to the lower bound of (7) among all mode sequences start-
ing from I;. In the case of z}, # a:”'l the lower bound of

J — J, is also used. The details are omltted.



Next, using the obtained mode sequence, Problem 2.1 is
solved. Then Problem 2.1 can be written as the quadratic pro-
gramming (QP) problem. The QP problem can be solved eas-
ily by using a suitable solver, e.g., ILOG CPLEX [5].

Finally, we show the proposed on-line algorithm for model
predictive control.

Procedure of the on-line computation algorithm:

Step 1: Suppose that o and Ij are given. Set ¢ = 0, 2:(0) =
i) and I(O) = I().

Step 2: Check whether these exists the switching action of
the reference vector from (5). If there exists the switching
action, then go to Step 3, else go to Step 5.
Step 3: Decide the switching time L and z7,, x&“.

Step 4: Decide the mode sequence by using the list of mode
sequnces and lower and upper bounds (9), (10). Then based
on the characteristics of a given plant, the mode sequence
must be determined.

Step 5: Decide the reference vector ), = zZ'H from (5),
and select the mode sequence, which corresponds to mini-
mum lower bound in the list of mode sequences.

Step 6: Solve Problem 2.1, i.e., the quadratic programming
problem using the derived mode sequence, the current state
x; and the current mode I;, and find the optimal control input
sequence u(k), k=t,t+1, -, t+ N -1

Step 7: Apply u(t) to the plant.

Step 8: Sett =t + 1, and go to Step 2.

The accuracy of the approximate solution obtained by the
above procedure is guaranteed in the sense that lower and up-
per bounds are given by using (9), (10) and so on.

4. Numerical Example

As a numerical example, consider the 2nd-order and 6-mode
DT-PWA system where

A, [1.0254 081097 , _ [0.1239 27306

' 0.2169 1.6021 | 72T | 0.0998 0.8010 |
A [ 0.6462 0.9246 4, — | 10105 0.4241

7| —0.4168 1.6046 | “* T | 0.1083 0.7903 |’
4 [ —1.0502 0.4840 4. | 0-8487 0.2641

° 7| 0854 1.3514 |* ¢ | 0.1084 1.5251
and

BI:|:(1):|;CLI:|:8:|7I:1a27"'76'

The partition of the state space and the mode transition con-
straints are given by Fig. 2 and Fig. 3, respectively. Also, the
input constraints are given by —1 < u(k) < +1. For this DT-
PWA system, let us consider the finite-time optimal control
problem (Problem 2.1). The current state, the reference vec-
tors, the switching time, and the prediction horizon are given
by

oo [F197] L[4 ] e[ 15
N I R R I T I I 1
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Figure 2. Partition of the state space

Figure 3. Mode transition constraints expressed via the di-
rected graph

and L = 5, N = 10. The weighting matrices are given by
Q = Q¢ =1000I3 and R = 1.

Now we consider to use the proposed algorithm. First, by
the off-line algorithm, we obtain the list of mode sequences
in Table 1. Futhermore, In Table 1, we show only mode se-
quences from the initial mode 1. (9) is given by

~1.2x10°% < —2(z"! — 2T Qx < —0.2x10°,

Vo € Sy,
—0.6x10° < —2(2 " — 25)TQx < +1.0x10°
Vo € So,
+0.6x10° < —2(2/ " — 2)TQz < +1.6x10°
Vr € 83,
—1.4x10° < —2(z"' — 27)TQx < —0.6x10°
Vo € Sy,
—0.8x10° < —2(z" — 27)TQx < +0.6x 10°
Vo € S5,
+0.4x10° < —=2(2/ M — 2T Qz < +1.2x10°
Vx € Sg

From @ = Qy = 100013, (9) and (10) are equivalent. From
these data, we obtain

af = —0.7x108,
ad = 4+0.2x 108,
ad = +1.1x108, an
ad = —1.0x109,
af = —0.1x108,
ad = 4+0.8x106.
In this example, min; |a¢| = —0.1 x 106 (i = 5).

In the on-line algorithm, the mode sequence is selected
among mode sequences in Table 1 by using (11). In this



Table 1. Enumerated mode sequences from the initial mode 1,
where the unit of lower/upper bounds is [x 10°].

[ I Time I Bounds |
[« JOoJ1[2[3[4[5[6[7]8]9]10 || lower | upper |
1 1121313365 ]2]|5]|2 5 0.9 8.4
2 112|133 |6|5[2]5]|2]|5 2 0.9 9.6
3 1123|6325 ]2]|5]|2 5 0.9 4.8
4 11213325 |2|5]2]65 2 0.9 5.1
5 112133252 ]5]|2]|5 2 1.0 5.3
6 112|136 |5 [2]|5]2]|5]|2 5 1.0 10.9
7 112|525 ]2 |5|2]|5]2 5 1.0 6.4
8 1 1121363 ]6|5|2]5 2 1.5 8.2
9 111|123 |6[3|2]|]5]|2]|5 2 1.5 5.5
10 1111213365 ]2]|5]|2 5 1.5 9.4
11 1 1213|325 |2|5]2 5 1.5 5.9
12 1 1121325252165 2 1.5 6.1
13 1 11213652 |5|2]5 2 1.5 10.8
14 1 1125|252 |5|2]5 2 1.6 15.2
15 1 1 112363652 5 2.1 8.1
16 1 1 1123|365 |2]|5 2 2.1 9.3
17 11|12 3|63 ]2]|5]|2 5 2.1 6.3
18 11|12 3[3]2]|]5]|2]|5 2 2.1 6.6
19 1 1 112132 |5 |2|5]2 5 2.1 6.8
20 1 1 11236 |5 |2|5]|2 5 2.1 10.7
21 1 1 112|525 |2|5]|2 5 2.2 15.0
22 1 1 1 1,123 ]6|3|2]5 2 2.7 7.0
23 1 1 1 1,123 ]6|3|6]5 2 2.7 8.0
24 11|11 23[3]2]|5]|2 5 2.7 7.7
25 1111233 ]6]|5]|2 5 2.7 91.7
26 1 1 1 112132 |5]|2|5 2 2.7 8.1
27 1 1 1 112136 |5]|2]|5 2 2.7 10.5
28 1 1 1 12|52 |5|2]5 2 2.8 14.9
29 1 1 1 1/2|3]6|3|6]5 4 3.3 7.8
30 1 1 1121363654 4 3.3 7.1
31 1 1 1 1 1123 ]2]5]|2 5 3.3 8.9
32 1|11]2]|3|6|3|]6|]5]|4]4 4 3.3 6.3
33 1123|133 |6|5]4]|4]4 4 3.4 5.6
34 1 1 1 1 1125|252 5 3.4 9.4
35 1|11} 1123|3]6]|5]|4 4 3.9 7.3
36 111|123 |3|]6|]5]|4]|4 4 3.9 6.6
37 1 1 1 1 1 1125 ]2]|5 2 3.9 10.1
38 1 1123|365 ]4]4]4 4 4.0 5.7
39 112336541444 4 4.0 5.1
40 11|11 12|3|6|]5]|4]|4 4 4.6 8.6
41 11|12 |3|6|5]4|4]|4 4 4.6 7.9
42 1 11213654 4|4]4 4 4.6 7.1
43 1(12|13|6 |54 |4|4|4]4 4 4.6 10.1
44 1 1 (414|444 |4|4]|4 4 5.9 7.1
45 1 1 1 1 1 1 1 1 114 4 6.5 7.1
46 1 1 1 1 1 1 1]14]141]4 4 7.0 14.5
47 11|11 (1(1(4]4]|4]|4 4 7.0 14.6
48 1111|1444 |4]|4 4 7.0 14.8
49 1 1 1 114144 |4]4]|4 4 7.1 7.4
50 1 (414|444 |4|4]|4]|4 4 7.1 15.3
[ [1T[1[1[1]2[3][6[3][6][]5] 4 [ Approximate |
[ [1]1]1]2]3[3]6[5[4]4] 4] Optimal |

exmaple, we obtain the mode sequence “1, 1, 1, 1, 2, 3, 6,
3, 6, 5, 4”. The detail is omitted due to the limited space.
Then the state trajectories are shown in Fig. 4. In Fig. 4,
for simplicity, the finite-time optimal control problem (Prob-
lem 2.1) is solved only one time. From Fig. 4, we see that
the state trajectory obtained via the proposed approximation

algorithm is similar to the optimal state trajectory.
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Figure 4. State trajectories

5. Conclusion

In this paper, a new approximation algorithm for model
predictive control of hybrid systems has been proposed. The
proposed algorithm consists of the off-line and the on-line
computation. In particular, because the computational time
of the on-line algorithm is similar to that of the quadratic pro-
gramming problem, the proposed algorithm is useful from the
practical viewpoint.

One of the future topics is to estimate more exactly the ac-
curacy of the approximate solution obtained via the proposed
algorithm.
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