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Abstract: This paper presents a semi-blind channel
estimation scheme for OFDM systems with multiple re-
ceive antennas. Using the statistical property of the re-
ceived signal, we combine the pilot-based least-squares
estimator with the subspace-based blind estimator. To
improve the performance of the subspace-based method,
we reduce the effect on the residual error which affects
the accuracy of the noise subspace. Simulation results
show that the proposed method is effective and improves
the performance.

1. Introduction

In wireless communication systems for OFDM, a co-
herent signal detection requires a reliable estimate of the
fading channel. One method to estimate the channel is to
insert pilot symbols among transmitted data symbols [1],
but the use of pilot symbols decreases the transmission
bandwidth. Blind channel estimation techniques do not
require any pilot but need to have many sample blocks to
obtain reliable channel information [2]. A rather promis-
ing method consists of combining pilot-based and blind-
based channel estimation, which is often referred to a
semi-blind channel estimation. The semi-blind approach
may allow a significant reduction in the number of pilot
symbols and reduce the bit error rate in severe recep-
tion conditions. Thus, a semi-blind channel estimation
for OFDM systems has been studied extensively in the
recent years [3]-[4].

In this paper, we propose a semi-blind channel esti-
mation scheme for OFDM systems with multiple receive
antennas. To overcome the shortcoming of the subspace-
based blind channel estimation approach, the pilot-based
least-squares estimator is combined with the subspace-
based blind estimator. Thus, both the statistic of the
received signals and the known information of pilot sym-
bols are used to estimate the channel. In addition, to
improve the performance of the subspace-based method,
we reduce the effect on the residual error which affects
the accuracy of the noise subspace.

2. System Model

We consider an OFDM system with NR receive anten-
nas. Let the number of subcarriers be N , where NP sub-
carriers are reserved for pilot symbols and ND = N−NP

subcarriers are used for data symbols. The transmitted
symbols of the frequency domain are denoted by X(i) =
[x(0), · · · , x(N − 1)]T and the received symbols are de-

noted by Y(i) = [[Y(i)(0)]T , · · · , [Y(i)(N − 1)]T ]T with
Y(i)(k) = [y(i)

1 (k), y(i)
2 (k), · · · , y

(i)
NR

(k)]T where y
(i)
j (k) is

the received signal by the j-th receive antenna on subcar-
rier k of the i-th block. Then, the transmitted symbols
are fed to an inverse discrete fourier transform (IDFT)
to produce the OFDM signal, and a cyclic prefix (CP) is
inserted in front of the IDFT output vector, which is a
cyclic extension of the IDFT output sequence in order to
eliminate the inter-block interference (IBI). The guard
interval is chosen to be longer than the maximum delay
spread of the channel. Let us define the DFT matrix as

F (i) :=
1√
N

[e−j2πi(0)/N , · · · , e−j2πi(N−1)/N ]T (1)

F := [F (0), · · · , F (N − 1)] (2)

This results in the time domain signal of the i-th OFDM
symbol written as

s(i) = FHX(i) (3)

where (·)H denotes complex conjugate transpose of (·).
The transmitted signal passes through a dispersive chan-
nel and is corrupted by a spatially and temporally zero
mean uncorrelated complex Gaussian noise with variance
σ2

z . At the receive antenna, the received signal is ex-
pressed as

r(i)(n) =
L∑

l=0

h(i)(l)s(i)(n − l) + z(i)(n),

n = 0, · · · , N − 1 (4)

where L is the maximum channel order, z(i)(n) is an
additive white Gaussian noise vector, and

r(i)(n) = [r(i)
1 (n), · · · , r

(i)
NR

(n)]T (5)

h(i)(l) = [h(i)
1 (l), · · · , h

(i)
NR

(l)]T (6)

where h
(i)
j (l) is the channel impulse response from the

transmit antenna to the j-th receive antenna. Note that
s(i)(n) for n < 0 are symbols from the CP. For notational
simplicity, we will drop the block index (i) in the sequel
except where it is needed for clarification to show the
explicit dependence on the block sequence.

3. Channel Estimation

3.1 Subspace-based Blind Estimation

In order to consider the i-th block of N transmitted
symbols, the received signal r(i)(n) in (4) can be written
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in a matrix-vector form as

r = Hd + z = HFHX + z = GX + z (7)

where

r = [[r(0)]T , · · · , [r(N − 1)]T ]T ,

d = [s(N − L), · · · , s(N − 1), s(0), · · · , s(N − 1)]T ,

F = [F (N − L), · · · , F (N − 1), F (0), · · · , F (N − 1)]

and

H =

⎡
⎢⎢⎢⎢⎣

h(L) · · · h(0) 0 · · · 0

0 h(L) · · · h(0)
...

...
. . . . . . 0

0 · · · 0 h(L) · · · h(0)

⎤
⎥⎥⎥⎥⎦
(8)

From (7), the data model is applicable to both a block
stationary channel and a static channel, and does not
impose any constraints on the number of CPs. Then,
the statistical covariance matrix of r is written as

Rr = E{rrH}
= GE{XXH}GH + σ2

zINNR

= GRxGH + σ2
zINNR

(9)

If G is of full column rank, the rank of GRxGH is N .
Since the rank of Rr has full rank, the covariance ma-
trix Rr has two mutually orthogonal subspaces, i.e., a
signal subspace with dimension N and a noise subspace
with dimension d = NNR − N . Here, the noise eigen-
vectors are denoted by Vi where i = 1, 2, · · · , d. Using
the techniques in the standard subspace method [3], we
have

VH
i G = 0, i = 1, 2, · · · , d (10)

That is, Vi spans the left null space of G. To find the
signal and noise subspaces, the true Rr is required. How-
ever, in practice, Rr is estimated over Nb OFDM blocks
as R̂r = 1

Nb

∑Nb

i=1 r(i)[r(i)]H . Thus, when a channel is es-
timated by the orthogonal relationship in (10), only esti-
mate V̂i of the eigenvectors spanning the noise subspace,
which are obtained by the eigenvalue decomposition of
R̂r, is available in practice.

In order to use the Sylvester structure of H, V̂i

is divided into blocks as V̂i = [v̂T
i (0), · · · , v̂T

i (N −
1)]T where v̂i(m) is a NR × 1 vector. Denote h =
[hT (0), · · · ,hT (L)]T as the NR(L+1)×1 channel impulse
response vector. Then, (10) can be expressed equiva-
lently as

V̂H
i h = 0N×1 (11)

where

V̂i =

⎡
⎢⎢⎢⎣

v̂i(0) · · · v̂i(N − 1)
v̂i(1) · · · v̂i((N)N )

...
...

v̂i(L) · · · v̂i((N − 1 + L)N )

⎤
⎥⎥⎥⎦

where (k)N denotes the residue of k modulo N .
By stacking across d vectors from the noise subspace,

(11) is generalized as

V̂Hh = 0dN×1 (12)

where V̂ = [V̂1, · · · , V̂d] is an NR(L + 1) × dN matrix.
When the number of OFDM blocks is insufficient to

estimate the covariance matrix Rr, it causes the resid-
ual error which affects the accuracy of the noise sub-
space and degrades the performance of the subspace-
based blind estimation [5]. To improve the performance
of the subspace-based estimation method, it is needed to
reduce the residual error. In order to reduce the effect
on the residual error, we present a method to improve
the accuracy of V̂ composed of the noise subspace.

Then, the weighting factor c(i) is defined to consider
the orthogonality between vectors a, b ∈ VC. Using
the weighting factor c(i), we propose a blind channel
estimation algorithm based on the weighted vector set.
First, we obtain an initial decision matrix D through
the existing channel estimation method. Note that the
decision matrix D has the same dimension as that of h.
Using the decision matrix D and equation (12), we define
the weighting factor c(i) between V̂(i) and D as follow

c(i) := 1 − || cos θC(V̂(i),D)||2, (13)

cos θC(V̂(i),D) =
(V̂(i) · D)C

||V̂(i)||2 · ||D||2
(14)

where V̂(i) denotes the i-th column vector of the matrix
V̂ in (12). We introduce the modified V̄ as

V̄ = {V̄(i) | V̄(i) = c(i)V̂(i), 1 ≤ i ≤ dN} (15)

Then, using the obtained V̄, we reconstruct equation (12)
as follow

V̄Hh = 0dN×1 (16)

In the semi-blind estimation, we can use pilot symbols
to obtain the decision matrix D.

3.2 Semi-Blind Estimation

In this section, we propose the simple semi-blind chan-
nel estimation method for OFDM systems. The idea
for devising a semi-blind channel estimation consists of
the pilot-based least-squares estimator and the subspace-
based blind channel estimator, and it is given as the fol-
lowing cost function :

Csemi = λ||Y − Wh||2 + (1 − λ)hH V̄V̄Hh (17)

where λ is a scalar weight coefficient that determines
the contribution of the pilot-based estimator and the
subspace-based blind estimator of the cost function Csemi

and λ ∈ [0, 1]. Taking the derivative of the cost function
with respect to hH , the semi-blind channel estimator is
obtained.
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By letting a set of NP pilot tones be P =
{P (1), · · · , P (NP )}, the p-th received symbol at the r-th
receive antenna Yr(p) is expressed as follows

Yr(p) =
L∑

l=0

x(p)e−j 2π
N lphr(l) + Zr(p), p ∈ P(18)

Note that h = [hT (0), · · · ,hT (L)]T . Thus, we obtain

Y(p) = Wph + Z(p) (19)

where Y(p) = [Y1(p), · · · , YNR(p)]T and Wp =
Wp,LWp,R with Wp,L = x(p) ⊗ INR

, Wp,R =
[e−j 2π

N (0)p, · · · , e−j 2π
N (L)p]⊗ INR

. Then, we can form the
NP NR × NR(L + 1) system of linear equations as

Ỹ = W̃h + Z̃ (20)

where

Ỹ =

⎛
⎜⎝

Y(P (1))
...

Y(P (NP ))

⎞
⎟⎠ , Z̃ =

⎛
⎜⎝

Z(P (1))
...

Z(P (NP ))

⎞
⎟⎠ (21)

and

W̃ =

⎡
⎢⎣

WP (1),L

. . .
WP (NP ),L

⎤
⎥⎦

⎡
⎢⎣

WP (1),R

...
WP (NP ),R

⎤
⎥⎦ (22)

Thus, the estimate of channel coefficient matrix h is ob-
tained by

ĥ = arg min
||h||=1

[λ||Ỹ − W̃h||2 + (1 − λ)hH V̄V̄Hh] (23)

When we find ĥ satisfying ∂Csemi/∂hH = 0, the semi-
blind channel estimator is obtained as

ĥ = λ[λINR(L+1) + (1 − λ)V̄V̄H ]−1Ỹ (24)

With the proposed semi-blind algorithm, a complete
channel estimate scheme is obtained over a block sta-
tionary channel as well as a static channel.

4. Identifiability

For the channel to be identified by the noise subspace
method, the matrix G in (7) should have full column
rank as shown in [2], [3]. Since FH is a unitary matrix,
rank(G) where G = HFH is equal to rank(H). Therefore,
the condition for H to have full column rank guarantees
that G has full column rank. For the identifiability of
blind scheme, refer to [2].

Now, we consider the identifiability conditions for the
pilot-based least-squares channel estimation. From (24),
h is determined uniquely when W̃ is full column rank,
which is given as

NP ≥ (L + 1) (25)

Let x denote the space spanned by the solution of
arg min

||h||=1
||Ỹ − W̃h||2 and the null space of V̄H denote

null[V̄H ]. For the semi-blind identifiability, we have

dim(null[V̄H ] ∩ x) = 1 (26)

Because of the existence of pilot symbols, the ambiguity
caused by the null space of V̄H is eliminated.

5. Simulation Results

To demonstrate the performance of the proposed
semi-blind channel estimation algorithm, we compare the
performance with the work of [6] (which we refer to as the
Muquet’s algorithm in the results that follow) and the
work of [5] (which we refer to as the Ding’s algorithm).
We consider a multipath channel with order L = 2. The
number of subcarriers N is set to 16 and a OFDM system
with the 3 receive antennas is considered. Data symbols
are chosen from a quadrature phase shift keying (QPSK)
constellation and a guard interval is chosen to be longer
than the maximum delay spread of the channel in order
to eliminate the inter-block interference. In our simula-
tions, the covariance matrix Rr is estimated to find sig-

nal and noise subspaces as Rr =
1

Nb

Nb∑
i=1

r(i)[r(i)]H where

Nb is the number of OFDM blocks. Note that Nb = 1
in a block stationary channel and Nb = 30 in a static
channel. For the comparison purpose with a block sta-
tionary channel, the pilot symbols are transmitted at the
first OFDM block in a static channel. Figures 1 and 2
show the bit error rate (BER) to compare the perfor-
mance with the existing semi-blind channel estimation
schemes, in which we consider a block stationary chan-
nel and a static channel. As shown in Figs. 1-2, the
performance of the proposed semi-blind algorithm is bet-
ter than those of the existing estimation methods. The
reason of this improvement is that the proposed semi-
blind algorithm considers the orthogonality for the noise
eigenvectors by using the weighting factor. To evaluate
the estimation error, the normalized root mean squared
error (NRMSE) [3] is used and defined as

NRMSE =

√√√√ 1
Ns(L + 1)NR

Ns∑
i=1

||ĥ(i) − h(i)||22
||h(i)||22

(27)

where Ns is the number of simulation times, ĥ
(i)

and h(i)

are the estimated channel and the true channel (without
ambiguity) respectively. To obtain the NRMSE perfor-
mance as shown in Fig. 5, we execute the simulation of
10000 times to obtain the averaged results and set the
Eb/No to 10 dB.

6. Conclusion

In this paper, we proposed a semi-blind channel esti-
mation algorithm for OFDM systems with multiple re-
ceive antennas, which is characterized by its simplicity
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Figure 1. BER performance of channel estimation
schemes for block stationary channel
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Figure 2. BER performance of channel estimation
schemes for static channel (number of OFDM
blocks = 30)

and better performance. In order to reduce the residual
error for the noise eigenvectors, we consider the orthog-
onality by using the weighting factor which is obtained
by the Hermitian angle. Thus, our proposed semi-blind
channel estimation algorithm is robust to the limited
amount of available data. Simulation results show that
in a block stationary channel and a static channel, the
proposed semi-blind algorithm is able to achieve better
performance as compared with other algorithms.
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Nb for channel with Eb/No = 10 dB
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