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Abstract: Quasi-periodic bifurcations have attracted consid-
erable attention in recent years. In this study, we discuss two
coexisting two-dimensional tori in an Arnol’d tongue gener-
ated in a three coupled delayed logistic map. The two coexist-
ing two-dimensional tori comprise 93 invariant closed curves.
One of two-dimensional tori disappear by a quasi-periodic
saddle-node bifurcation, and the other two-dimensional torus
bifurcates to a three-dimensional torus via a quasi-periodic
saddle-node cycle bifurcation. The generation of the three-
dimensional torus is confirmed by observing the attractor on

a double Poincaré section.
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Latex, Coupled delayed logistic map

1. Introduction

Quasi-periodic oscillations and quasi-periodic bifurcations
been the subjects of intensive research in recent years [1],
(2], [31, [4], [5], [6], [71, [8], [9], [10], [11], [12], [13],
[14], [15], [16], [17], [18], [19], [201, [21], [22], [23], [24],
[25], [26], [27], [28], [29], [30], [31]. Vitoro et al. demon-
strated that there are two possible bifurcation routes from a
two-torus to a three-torus. One is a quasi-periodic Hopf bi-
furcation, and the other is a quasi-periodic saddle-node bifur-
cation [10]. Quasi-periodic Hopf bifurcations are also called
quasi-periodic Neimark—Sacker (NS) bifurcation.

One of the major concerns in studying Arnol’d tongues in
dynamics that can generate three- or higher quasi-periodic
attractors is to find out how an Arnol’d tongue transits to a
higher-dimensional Arnol’d tongue near quasi-periodic Hopf
bifurcation. Takens and Wagener conducted a bifurcation
analysis for such complex bifurcation [27] Kuznetsov and
Meijer conducted Lyapunov analysis and clarified the bifurca-
tion structure near a codimension-two bifurcation point they
named flip-NS bifrucation [28]. Broer et al. reported more
complex transitions [1].

In this study, we investigate complex quasi-periodic bifur-
cations for two coexisting two-dimensional tori in an Arnol’d
tongue generated by a three-coupled delayed logistic map.
We find a novel bifurcation structure where there exists an
conventional Arnold’d tongue wherein two periodic attrac-
tors with period 93 coexist. This Arnol’d tongue bifurcates
to a two-dimensional torus-resonance tongues in which two
two-dimensional tori that comprise 93 invariant closed circles
(ICCs) coexist.

One of these ICCs disappear via a quasi-periodic saddle-
node bifurcation, and the other bifurcates to a three-

dimensional torus quasi-periodic due to a quasi-periodic
saddle-node cycle bifurcation. We confirmed these complex
quasi-periodic bifurcations by illustrating one-parameter bi-
furcation diagrams.
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Figure 1. Two-parameter Lyapunov diagram near the QHs
bifurcation curve (M = 10,000,000 and N =
10, 000, 000 with a grid mesh of 1, 000 x 1, 000).

2. Analysis

We carry out a Lyapunov analysis of the three-coupled de-
layed logistic map expressed by the following equation.

F((xnvynv Zn7wnaun7vn)—r) :

Tn+1 = Yn,
Yn+1 = Blyn<1 - mn) + €1Wn + E2Un,
Zn+1 = Wn, (1)

Wp41 = Bowy (1 — 2p,) + €30y, + €4y,
Up+1 = Un,

Un41 = B3vn(1 - un) + E5Yn + E6Wn,

where €1,¢9,€3, €4, €5, and €¢ are coupling parameters. Be-
cause the single delayed logistic map exhibits an invariant
one-torus that corresponds to a two-dimensional torus in vec-
tor fields via an NS bifurcation, the three-coupled delayed lo-
gistic map can generate an invariant three-torus that corre-
sponds to a four-dimensional torus in vector fields with three
zero Lyapunov exponents. Throughout the this study, we fix

€1 =001, 6, =0002, ¢5= 0001, &4 =002,
5 = 0.01, g6 = 0.01, By = 2.05,

and allow parameters B; and Bs to vary.



The six Lyapunov exponents in Eq. (1) are calculated by
the following procedure.
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where M and N are sufficiently large integers.

In the figure, orange, blue, black, and dark green de-
note regions generating a periodic solution, an invariant one-
torus, an invariant two-torus, and an invariant three-torus,
respectively. In addition, NS, QH, SN, QSN indicate a
Neimark—Sacker bifurcation, a quasi-periodic Hopf bifurca-
tion, a saddle-node bifurcation, and a quasi-periodic saddle-
node bifurcation curve, respectively. A magnified view of
Fig. 1 is shown in Fig. 2. At a point marked P, two periodic
solutions with period 93 are observed. Moreover, two invari-
ant one-tori that comprise 93 ICCs are observed at a point Q.
Figure 3 shows a one-parameter bifurcation diagram in which
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Figure 2. Magnified view of Fig. 1 .

one of the attractors is colored in red, and the other is colored
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in green, which is traced to left from the point P. One of the
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Figure 3. One-parameter bifurcation diagram. The bifurcation
parameter B; decreases from P.

2.1393200  2.1393205  2.1393210

periodic solutions with period 93 denoted in red disappears
owing to an SN bifurcation at a point marked blue line, which
is derived rigorously by the procedure presented in [36]. In
contrast, the other periodic solution denoted by green bifur-
cates to an invariant one-torus that comprises 93 ICCs at the
red line, which can be an SN cycle bifurcation. The attractor
in the state space is shown in Fig. 4. The solution is identi-
fied as an invariant one-torus because the dynamics have one
exact zero Lyapunov exponent. In addition, we trace the bi-

02

0.16 018

'xll

Figure 4. Invariant one-torus that is observed after the saddle-
node cycle bifurcation.

furcation parameter from P to right. In this case, the periodic
solution denoted in green disappears by an SN bifurcation de-
noted in the red line as shown in Fig. 5, and furthermore, the
other periodic solution bifurcates to an invariant one-torus via
an SN cycle bifurcation denoted by the blue line.

In contrast, by decreasing the parameter By from Q, one-
parameter bifurcation diagram shown in Fig. 6 is obtained.
One of the invariant one-tori that comprises 93 ICCs denoted
in red disappears owing to a QSN bifurcation. Furthermore,
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Figure 5. One-parameter bifurcation diagram. The bifurcation
parameter B increases from P.
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Figure 6. One-parameter bifurcation diagram. The bifurcation
parameter B; decreases from Q.

2.139317 2.139318 2.139319

the other invariant one-torus denoted in green bifurcates to an
invariant two-torus via QSN cycle bifurcation. The attractor
after the quasi-periodic saddle-node bifurcation is identified
as an invariant two-torus because the attractor on the double
Poincaré section forms an ICC as shown in Fig. 7. The bi-
furcation parameter values at which the QSN bifurcation and
the QSN cycle bifurcation can be obtained by observing the
attractors.

Finally, one-parameter bifurcation diagram that is obtained
by tracing the bifurcation parameter B to right from Q is pre-
sented in Fig. 8. In this case, an invariant one-torus denoted
in red disappears at the blue line in the figure via a quasi-
periodic saddle-node bifurcation. Furthermore, the other in-
variant one-torus denoted in green bifurcates to an invariant
two-torus through a quasi-periodic saddle-node cycle bifur-
cation.

Acknowledgement

805

0.49

0.48

0.47

0.46

0.45

0.44
0.44

0.45 0.47

Z

n

0.46 0.48 0.50

Figure 7. Invariant two-torus on the double Poincaré section
that is observed after the quasi-periodic saddle-node cy-
cle bifurcation.
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Figure 8. One-parameter bifurcation diagram. The bifurcation
parameter Bj increases from Q.

This work was supported by JSPS KAKENHI Grant Number
16K06430.

References

[11 H. Broer, C. Sim6, R. Vitolo, The Hopf-saddle-node bi-
furcation for fixed points of 3D-diffeomorphisms: the
Arnol’d resonance web, Bull. Belg. Math. Soc. Simon
Stevin 15 (2008) 769-787.

PS. Linsay, A.W. Cumming, Three-frequency
quasiperiodicity, phase locking, and the onset of
chaos, Physica D 40 (1989) 196-217.

C. Baesens, J. Guckenheimer, S. Kim, R.S. MacKay,
Three coupled oscillators: mode locking, global bifur-
cations and toroidal chaos, Physica D 49 (1991) 387-
475.

A.P. Kuznetsov, S.P. Kuznetsov, I.R. Sataev, L.V. Turuk-
ina, About Landau-Hopf scenario in a system of coupled

(2]

(3]

(4]



self-oscillators, Phys. Lett. A 377 (2013) 3291-3295.
N.V. Stankevich, J. Kurths, A.P. Kuznetsov, Forced
synchronization of quasiperiodic oscillations, Commun.
Nonlinear Sci. Numer. Simulat. 20 (2015) 316-323.
A.P. Kuznetsov, Y.V. Sedova, Low-dimensional dis-
crete Kuramoto model: Hierarchy of multifrequency
quasiperiodicity regimes, Int. J. Bifurc. Chaos 24 (2014)
1430022.
Y.P. Emelianova, A.P. Kuznetsov, I.LR. Sataev, L.V.
Turukina, Synchronization and multi-frequency os-
cillations in the low-dimensional chain of the self-
oscillators, Physica D 244 (2013) 36-49.
Y.P. Emelianova, A.P. Kuznetsov, L.V. Turukina, I.R.
Sataev, N.Y. Chernyshov, A structure of the oscillation
frequencies parameter space for the system of dissipa-
tively coupled oscillators, Commun. Nonlinear Sci. Nu-
mer. Simulat. 19 (2014) 1203-1212.
H. Broer, C. Simé, R. Vitolo, Hopf saddle-node bifurca-
tion for fixed points of 3D-diffeomorphisms: Analysis
of a resonance ‘bubble,” Physica D 237 (2008) 1773-
1799.
R. Vitolo, H. Broer, C. Sim6, Quasi-periodic Bifurca-
tions of Invariant Circles in Low-dimensional Dissipa-
tive Dynamical Systems, Regular and Chaotic Dynam-
ics 16 (2011) 154-184.
V.S. Anishchenko, M.A. Safonova, U. Feudel, J. Kurths,
Bifurcation and transition to chaos through three-
dimensional tori, Int. J. Bifurc. Chaos 4 (1994) 595-607.
[12] V. Anishchenko, S. Nikolaev, J. Kurths, Bifurcational
mechanisms of synchronization of a resonant limit cycle
on a two-dimensional torus, Chaos 18 (2008) 037123.
[13] V.S. Anishchenko, S.M. Nikolaev, J. Kurths, Synchro-
nization mechanisms of resonant limit cycle on two-
dimensional torus. Rus. J. Nonlin. Dyn. 4 (2008) 39-56.
S. Hidaka, N. Inaba, M. Sekikawa, and T. Endo, Bifur-
cation analysis of four-frequency quasi-periodic oscilla-
tions in a three-coupled delayed logistic map, Phys. Lett.
A 379 (2015) 664—668.
K. Kamiyama, N. Inaba, M. Sekikawa, and T. Endo, Bi-
furcation boundaries of three-frequency quasi-periodic
oscillations in discrete-time dynamical system, Physica
D 289 (2014) 12-17.
V. Anishchenko, S. Astakhov, T. Vadivasova, Phase dy-
namics of two coupled oscillators under external peri-
odic force, Europhys. Lett. 86 (2009) 30003.
V. S. Anishchenko, S. V. Astakhov, T. E. Vadivasova,
A. V. Feoktistov, Numerical and experimental study of
external synchronization of two-frequency oscillations,
Nelin. Dinam. 5 (2009) 237-252.
A P. Kuznetsov, I.R. Sataev, L.V. Tyuryukina, Synchro-
nization of quasi-periodic oscillations in coupled phase
oscillators, Tech. Phys. Lett. 36 (2010) 478—48]1.
[19] A.P. Kuznetsov, I.LR. Sataev, and L.V. Turukina, On the
road towards multidimensional tori, Commun. Nonlin-
ear Sci. Numer. Simulat. 16 (2011) 2371-2376.
[20] A.P. Kuznetsov, J. P. Roman, Properties of synchroniza-
tion in the systems of non-identical coupled van der Pol

[9]

[10]

[11]

[14]

[15]

[16]

[17]

[18]

806

and van der Pol-Duffing oscillators. Broadband synchro-

nization, Physica D 238 (2009) 1499-1506.

Y.P. Emelianova, A.P. Kuznetsov, and L.V. Turukina,

Quasi-periodic bifurcations and amplitude death in low-

dimensional ensemble of van der Pol oscillators, Phys.

Lett. A 378 (2014) 153-157.

M. Sekikawa, N. Inaba, T. Tsubouchi, K. Aihara,

Novel bifurcation structure generated in piecewise-

linear three-LC resonant circuit and its Lyapunov analy-

sis, Physica D 241 (2012) 1169-1178.

M. Sekikawa, N. Inaba, K. Kamiyama, K. Aihara,

Three-dimensional tori and Arnold tongues, Chaos 24

(2014) 013137.

P. Ashwin, Boundary of two frequency behaviour in a

system of three weakly coupled electronic oscillators,

Chaos Sol. Frac. 9 (1998) 1279-1287.

K. Itoh, N. Inaba, M. Sekikawa, T. Endo, Three-torus-

causing mechanism in a third-order forced oscillator,

Prog. Theor. Exp. Phys. 2013 (2013) 0903A02.

N. Inaba, M. Sekikawa, Y. Shinotsuka, K. Kamiyama,

K. Fujimoto, T. Yoshinaga, T. Endo, Bifurcation scenar-

ios for a 3D torus and torus-doubling, Prog. Theor. Exp.

Phys. 2014 (2014) 023A01.

F. Takens, F.0.0. Wagener, Resonances in skew and re-

ducible quasi-periodic Hopf bifurcations, Nonlinearity

13 (2000) 377-396.

Y.A. Kuznetsov, H.G.E. Meijer, Remarks on interacting

Neimark-Sacker bifurcations, J. Diff. Equ. and Appl. 12

(2006) 1009-1035.

K. Kamiyama, M. Komuro, T. Endo, Bifurcation of

quasi-periodic oscillations in mutually coupled hard-

type oscillators: Demonstration of unstable quasi-

periodic orbits, Int. J. Bifurc. Chaos 22 (2012) 1230022.

K. Kamiyama, M. Komuro, T. Endo, Algorithms for ob-

taining a saddle torus between two attractors, Int. J. Bi-

furc. Chaos 23 (2013) 1330032.

S. Hidaka, N. Inaba, K. Kamiyama, M. Sekikawa, and

T. Endo, Bifurcation structure of an invariant three-torus

and its computational sensitivity generated in a three-

coupled delayed logistic map, NOLTA IEICE, 6 (2015)

433-442.

T. Tsubone, N. Inaba, T. Tsubouchi, T. Yoshinaga, Syn-

chronization phenomena from an extremely simplified

piecewise-constant driven oscillator, IEICE Trans. J93-

A (2010) 375-383 (in Japanese).

T. Tsubone, T. Saito, Manifold piecewise constant sys-

tems and chaos, IEICE Trans. Fundamentals E82-A

(1999) 1619-1626.

[34] 1. Shimada, T. Nagashima, A numerical approach to er-
godic problem of dissipative dynamical systems, Prog.
Theor. Phys. 61 (1979) 1605-1616.

[35] D. Ruelle, F. Takens, On the nature of turbulence, Com-
mun. Math. Phys. 20 (1971) 167-192.

[36] H. Kawakami, Bifurcation of periodic responses in
forced dynamic nonlinear circuits: computation of bi-
furcation values of the system parameters, IEEE Trans.
Circuits Syst. CAS-31 (1984) 248-260.

(21]

(22]

(23]

(24]

[25]

(26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]



