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Abstract: This work is related to interfacial phase
bounadry estimation in sedimentation monitoring using
electrical impedance tomography. The fluid is assumed to
settle into three different phases separated by sharp
interfacial boundary. The time evolution of the phase
interface  gives important information about the
sedimentation process which can be used to control and
optimize the sedimentation process. Phase interface
location and their corresponding conductivities estimation
is treated as a stochastic nonlinear state estimation problem
with the nonstationary interfacial phase boundary (state)
being estimated online with the aid of unscented Kalman
filter. Numerical experiments are performed to evaluate the
performance of the proposed approach and is compared
with conventional extended Kalman filter.

1. Introduction

Settling of the suspensions in settling tanks has attracted
much attention. In sedimentation process solid-fluid
suspension is separated into its components under the
influence of gravity. It is widely used in many industrial
processes such as mining, waste water treatment and pulp
and paper industry [4,5]. Sedimentation monitoring
provides information about the properties of sediments and
thus can be used to control and optimize the industrial
processes. In the modeling of sedimentation process, fluid
is assumed to settle into three different layers. The top layer
is clear liquid, the middle is dilute slurry where the actual
sedimentation takes place by unhindered settling and the
bottom layer is a compact layer where hindered settling
occurs. These layers settle with a velocity which is assumed
to be a function of the solid composition of the layers. The
phase interface location with respect to time is termed as
the settling curves and the rate of change of these settling
curves gives rise to settling velocities. These parameters
provide necessary information about the sedimentation
process [2,3]. Several measurement techniques have been
employed to obtain settling curves and velocities. These
include light based techniques, image processing tools and
electrical methods. Electrical methods do not require any

additional models to obtain parameters such as conductivity.

Also, another major advantage with the electrical methods
is that transparent sedimentation tanks are not needed
unlike the other measurement techniques. Considering the
advantages of the electrical methods over other techniques,
electrical impedance tomography (EIT) has been used in
sedimentation monitoring [6,7]. In EIT, a set of electric
currents are passed through the electrodes mounted on the

surface of the object to be imaged and the excited voltages
are measured. Based on the current-voltage relationship,
internal conductivity distribution is reconstructed.

Reconstruction algorithms for EIT can be classified into
static and dynamic imaging techniques. The former
technique, usually employed for time invariant internal
conductivity distribution, often fails when there are fast
impedance changes. The later technique enhances the
temporal resolution for situations where the conductivity
distribution inside the body changes rapidly. One of the
most widely used dynamic algorithms for nonlinear systems
is Extended Kalman filter (EKF). However, it requires
calculating the Jacobian matrix which is not always
available. It is difficult to implement, difficult to tune, and
is only reliable for systems that are almost linear on the
time scale of the updates.

In this paper we introduce an effective way to estimate the
sharp interfacial phase boundaries in three-dimensional
sedimentation monitoring using electrical impedance
tomography with the aid of unscented Kalman filter (UKF).
Unscented Kalman filter uses unscented transform to
propagate mean and covariance information through a
nonlinear transformation [1]. To locate the interfacial phase
boundaries we use first-order kinematic model as an
evolution model for better estimation of settling velocities.
Kinematic models popularly used in motion tracking can be
used as an appropriate evolution model for parameters
changing with constant velocity between the measurements
[2,8,9].

>

Figure 1. Schematic layout for sedimentation monitoring using
EIT. The measurement electrodes are denoted by the square patch
on the surface of the phantom. S, denotes the ki sub region with
different phases, o; denotes the conductivity of the kth phase, y;
denotes location of kth interface.
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2. Mathematical model

In sedimenation monitoring using EIT, electrical currents
are injected into the electrodes atttached on the periphery of
the sedimentation tank. When electrical currents are

I,(I=1,2,...,L) injected into the object Qe %3 through the
e(=12...L)
with the internal structure, the conductivity distribution &
is known for Q, then corresponding electrical potential u
on the Q can be determined uniquely from the partial

differential equation, which can be derived from the
Maxwell equations as

electrodes attached on the boundary 9Q

V-(6Vu)=0 in Q (1
with the following boundary conditions based on the
complete electrode model:

u+zlaa—u=l7, on & ,l=12,.,L (2)
on
foas =T 1=1,2..L 3
on
&
L
9" _0 on 32\ U & C))
on =1

where z; is the effective contact impedance between Ith
electrode and electrolyte, U, =U,(r,) is the potential on the
Ith electrode at time k, 7, =1,(z,) is the injected current on
the lth electrode at time k, ¢ is Ith electrode, n is outward
unit normal, and L is the total number of electrodes.
Furthermore, the following two constraints for the injected
currents and measured voltages are needed to ensure the

existence and uniqueness of the solution:
one is using the conservation of charge

ST =0 5)
=1

and by choosing the ground electrode such that
L
37,0 ©)
I=1

The computation of the potential # on Q and voltages U,

on the electrodes for the given conductivity distribution o
and boundary conditions is called the forward problem. In
general, the forward problem cannot be solved analytically,
thus we have to resort to the numerical method. In this
paper, we used the FEM to obtain numerical solution. For
more details on the forward solution and the FEM approach,
see [2].

3. Boundary representation

In this section we describe the shape parameterization of
the phase interface for the sedimentation model shown in
Figure 1. Sedimenation tank consists of three layers of
different phases separated by  sharp interfaces. The
conductivity function are parameterized by the location of
the phases interfaces (y;, k =1,2) and the conductivities of
the phase layers (gy, k = 1,2,3). The phase interface C, at

location 7, can be represented by a horizontal plane as

C,(r)={we R’ (w-r) n=0}, 0
where n =(0,0,1)" is the normal vector of the plane and the
position vector is of the form , =(0,0,5,)". Here, apart

from the conductivities, the phase interface is also
ioestimated. Therefore, the forward solver has to be
modified. Let us assume that the region Q is divided into
disjoint regions S, given by,

a={Js, ®)
k=1

where three regions exist in domain as shown in Figure 1.
If y,(r) denotes the characteristic function of subregion S, ,
we can express the conductivities of each layer as

o=Y 0. 9)

This parameterization effects the system matrix in FEM
formulation. The complete description of this FEM
formulation in this regard can be found in [2,3].

4. Inverse problem

The inverse problem here is to estimate the time-varying
interface location, velocities of the interface along with the
conductivity distribution inside the object based on the
injected currents and the measured voltages. We consider
the underlying inverse problem as a state estimation
problem to estimate rapidly time-varying distribution inside
the domain. In the state estimation problem, we need the
so-called dynamic model which consists of the state
equation, i.e., the temporal evolution of the state and the
observation equation, i.e., the relationship between the state
and boundary voltage.

First of all, consider the state evolution model. Here, the
state equation is assumed to be of multiple linear form with
different process noise [2].

(11

where F, e ®VV is the state transition matrix, N is the

X1 = Frx +Dpwy

number of unknown state parameters, w is the process noise
(assumed zero mean Gaussian noise) and D; represent the
transition matrix of the process noise. The measurement
equation corresponding to boundary voltages is given by

Uy, =hy(x)+v, (12)
where iy, (x;) represents the forward solution through FEM

and v represents the measurement noise governed by zero
mean Gaussian noise.

4. 1 Formulation of extended Kalman filter

In Kalman filtering we estimate the state x, based on all
the measurements taken up to the time kT. With the
Gaussian assumptions, the required estimate is obtained by
minimizing the cost functional which is formulated based
on the above state and measurements equations (11) and
(12) respectively. The cost functional for the extended
Kalman filter EKF is of the form

1 _
G(x )= 5[” X = Xy 1 (T ) ™! (13)
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where Il x ”R denotes XTRX s Trlke—1 = E[(Xg = Xgpe—1) (Xx —)Ck|k_1)T]

Minimizing the cost functional (13) and solving for the
updates of the associated covariance matrices, we obtain the
recursive extended Kalman filter algorithm for each model,
which consists of the following steps

Xi—1 = Frm X (14)

Timr = Foton (Feo)' + D D 5)
Ky =T ()T (D" + R (16)
g = Xy + K (U = (1) a7

Ui = Uy = K JOT ke (18)

where J, represents the Jacobian with respect to the

previous state. One of the main task in Inverse solver is the
computation of Jacobian. The detailed describtion of
obtaining Jacobian can be seen in [2,3].

4. 2 Formulation of unscented Kalman filter

In contrast to the EKF, which makes use of a Gaussian
random variable (GRV) to estimate the state distribution
and linearizes it using Jacobian matrices, which is prone to
to large errors, the unscented Kalman filter (UKF) uses a
deterministic sample-and-propogate approach to capture the
mean and variance estimates. The underlying algorithm for
the UKF is explained as follows[1]:

Initialize with:

)2‘0=E[x0] (19)
P =E[(x,—%,)(x,—%,)"]

For ke {1, ..., ©}, calculate the sigma points:

X = |:£k71 o+ N E — P ] (20)

Time Update: 1)
X = Flx ]
2M
X = zWi“mxi.k\kA 22
i=0
2M
P = Zvvi(”[xi.k\k—l X s — % I'+0, 23)
i=0
Y-t = Hl X1 (24)
oM
Yo = zvvi(m)yi.k\k—l (25)
i=0
Measurement Update:
o N s (26)
Pg‘k,\"k = ZVV: [igwar =V g = 9 1 + R,
i=0
2M p
P = zw(r)[xx,klk—l XY, i = Vi 27N

i=0

Ko =P, P, (28)
B =3 +K, (=90 29
B =P —K.P,; K| (30)

where M is dimension of the state vector, y=.[(m +4) ,
J=0(M +k) — M is the composite scaling paratmeter and o
is another scaling parameter which determines the spread of
the sigma points. Q, is the process noise covariance and
R, is the mesurement noise covariance. W; are the weights
defined as follows:

_— 2 31)
0 (M +2)
o A - (32)
« (M+l)+(1 a+p)

W —wom :;,izl..lM (33)
i LM A

Here, f is used to incorporate a prior knowledge of the
distrubution of x.

5. Results and discussion

Numerical experiments were carried out with the
sedimentation model shown in Figure 1. The tank is
composed of 32 electrodes arranged in four vertical arrays
of eight electrodes each. The size of the electrode is 1 cm x
1 cm and the vertical separation between the electrodes
center is 2.5 cm. A simple current injection protocol
composed of four current injections is used. In each current
injection, current is injected through top and bottom
electrodes of the vertical array and voltage is measured
across the adjacent vertical electrodes. Only non-current
carrying electrodes are involved in the measurement.
Therefore, a total of 104 (4 x 26) measurements are
available for each iteration. The true conductivities of the
top, middle and bottom layer are set to 0.15 mS/cm, 0.125
mS/cm, and 0.1 mS/cm, respectively. The contact
impedance of 0.35 Q x cm? is used. The time between the
consecutive measurements is set to one min. Different
meshes are used for forward and inverse solver in order to
avoid inverse crime. Forward solver was used to compute
the boundary voltages using 4401 nodes and 19672
tetrahedral elements. On the other hand, 3885 nodes and
17705 tetrahedral elements were used in inverse solver. In
generating the voltage data 1% Gaussian noise is added to
emulate the real situation. Extended Kalman filter and
unscented Kalman filter are used as inverse algorithms in
estimation and the performance is compared. The results for
phase interface estimation are shown in Figure 2, it can
seen that, UKF has better estimation compared to EKF. The
upper interface is estimated better by UKF. On the other
hand the lower interface estimation has little problem at the
end. It is due to lower value of the estimated conductivity
of the bottom layer (Figure 4). The reconstruction results
for the interface velocities are given in Figure 3. UKF has
better estimation of interface velocities as compared to that
of EKF. In regard to the conductivities (Figure 4), the
estimation performance of UKF for upper and middle
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conductivities is better than EKF. However, lower
conductivity estimation is relatively poor in both UKF and
EKF. By using UKF as an inverse solver, there are several
performance gains over conventional extended Kalman
filter (EKF). In the case of UKF, the mean and covariance
of the state estimate is calculated up to second order where
as in EKF it is accurate up to first order. Therefore, UKF
always gives better results as compared to EKF. Secondly,
no analytical Jacobian is needed to be calculated, as the key
point in UKF is the nonlinear unscented transform which
uses the nonlinear measurement equation as such.

20— T T T T T T T

D 1 1 1 1 1 1 1 L 1
2 4 B g m 12 14 18 18 20

Tirne {min)
Figure 2. Phase interface location for the test case. (Gray line
represents the true interface location, black line represents the
estimated phase interface, solid represents UKF, and dotted line
represents EKF. Diamond (0), triangle (A), represents the location
of upper and lower interface.)
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Figure 3. Settling velocities for the test case. (Gray line represents
the true velocity, black line represents the estimated velocities,
solid represents UKF, and dotted line represents EKF. Diamond
(©), triangle (A), represents the velocities of upper and lower
interface.)

6. Conclusions

In this paper, the UKF was used to estimate the interface
location. To locate the interfacial phase boundaries we use
first-order kinematic model as an evolution model. Also,
the evolution of interface boundary using kinematic model
can be used as a priori information and can be incorporated
into state equation to obtain better estimation of interface
locations. Furthermore, the rate of change of phase
interfaces, i.e., settling velocities can be incorporated as a

state parameter and therefore we can obtain the settling
velocities as a part of the solution directly without the need
of post differentiation of phase interface locations.
Extensive numerical experiments have been carried out for
the verification of the proposed approach. Results show that
the proposed unscented Kalman filter approach has better
estimation of the phase interface locations, interface
velocities and the conductivity values as compared to
extended Kalman filter.
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Figure 4. Phase conductivities for the simulated test case. (Gray
line represents the true conductivities and black line represents the
estimated conductivities, solid represents UKF, dotted line
represents EKF. Diamond (0), square (0), triangle (A), represents
the conductivities of upper, middle and lower phase layer.)

References

[1] SJ. Julier and J.K. Uhlmann, “Unscented filtering and
nonlinear estimation” Proc. IEEE vol. 92, pp.401-422, 2004.

[2] O.P. Tossavainen, M. Vauhkonen and V. Kolehmainen. “A
three-dimensional shape estimation approach for tracking of
phase interfaces in sedimentation processes usingelectrical
impedance tomography”. Meas.sci.Technol., vol. 18, pp.1413-
1424, 2007.

[3] O.P. Tossavainen, M. Vauhkonen, V. Kolehmainen and K.Y.
Kim. “Tracking of moving interfaces in sedimentation processes
using electrical impedance tomography” Chemical Engineering
Science., vol. 61, pp.7717-7729, 2006.

[4] H. Yoshida, T. Nurtono and K. Fukui. “A new method for the
control of dilute suspension sedimentation by horizontal
movement” Powder Technol, vol.150, pp. 9-19, 2005.

[5] D.A. White and N. Verdone. “Numerical Modeling of
sedimentation processes” Chem.Eng.Sci., vol. 55, pp. 2213-2222,
2002.

[6] G.T. Bolton, C.H. Qiu, and M. Wang. “A novel electrical
tomography sensor for monitoring the phase distribution in
industrial reactors” In 7 th UK conference on mixing, Bradford,
UK, 2002.

[7] F.Ricard, C. Brechtelsauber, X.Y. Xu, and C.J. Lawrence.
“Monitoring of multiphase pharmaceutical processes using
electrical resistance tomography” Ceresdes, vol. 83, pp.794-805,
2005.

[8] X. Rong Li. “Canonical transform for tracking with kinematic
models” IEEE trans. Aerospace and Electronic Systems, vol. 33,
pp-1212-1224, 1997.

[9]1 Y. Bar-Shalom and X.R. Li. Estimation and Tracking:
Principles, Techniques and Softwares, Artech House, 1993.

360




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


