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Abstract:    This work is related to interfacial phase  
bounadry estimation in sedimentation monitoring using 
electrical impedance tomography. The fluid is assumed to 
settle into three different phases separated by sharp 
interfacial boundary. The time evolution of the phase 
interface gives important information about the 
sedimentation process which can be used to control and 
optimize the sedimentation process. Phase interface 
location and their corresponding conductivities  estimation 
is treated as a stochastic nonlinear state estimation problem 
with the nonstationary interfacial phase boundary (state) 
being estimated online with the aid of unscented Kalman 
filter. Numerical experiments are performed to evaluate the 
performance of the proposed approach and is compared 
with conventional extended Kalman filter.  

1.  Introduction 

Settling of the suspensions in settling tanks has attracted 
much attention. In sedimentation process solid-fluid 
suspension is separated into its components under the 
influence of gravity. It is widely used in many industrial 
processes such as mining, waste water treatment and pulp 
and paper industry [4,5]. Sedimentation monitoring 
provides information about the properties of sediments and 
thus can be used to control and optimize the industrial 
processes. In the modeling of sedimentation process, fluid 
is assumed to settle into three different layers. The top layer 
is clear liquid, the middle is dilute slurry where the actual 
sedimentation takes place by unhindered settling and the 
bottom layer is a compact layer where hindered settling 
occurs. These layers settle with a velocity which is assumed 
to be a function of the solid composition of the layers. The 
phase interface location with respect to time is termed as 
the settling curves and the rate of change of these settling 
curves gives rise to settling velocities. These parameters 
provide necessary information about the sedimentation 
process [2,3]. Several measurement techniques have been 
employed to obtain settling curves and velocities. These 
include light based techniques, image processing tools and 
electrical methods. Electrical methods do not require any 
additional models to obtain parameters such as conductivity. 
Also, another major advantage with the electrical methods 
is that transparent sedimentation tanks are not needed 
unlike the other measurement techniques. Considering the 
advantages of the electrical methods over other techniques, 
electrical impedance tomography (EIT) has been used in 
sedimentation monitoring [6,7]. In EIT, a set of electric 
currents are passed through the electrodes mounted on the 

surface of the object to be imaged and the excited voltages 
are measured. Based on the current-voltage relationship, 
internal conductivity distribution is reconstructed.  

Reconstruction algorithms for EIT can be classified into 
static and dynamic imaging techniques. The former 
technique, usually employed for time invariant internal 
conductivity distribution, often fails when there are fast 
impedance changes. The later technique enhances the 
temporal resolution for situations where the conductivity 
distribution inside the body changes rapidly. One of the 
most widely used dynamic algorithms for nonlinear systems 
is Extended Kalman filter (EKF). However, it requires 
calculating the Jacobian matrix which is not always 
available. It is difficult to implement, difficult to tune, and 
is only reliable for systems that are almost linear on the 
time scale of the updates. 

 In this paper we introduce an effective way to estimate the 
sharp interfacial phase boundaries in three-dimensional 
sedimentation monitoring using electrical impedance 
tomography with the aid of unscented Kalman filter (UKF).
Unscented Kalman filter uses unscented transform to 
propagate mean and covariance information through a 
nonlinear transformation [1]. To locate the interfacial phase 
boundaries we use first-order kinematic model as an 
evolution model for better estimation of settling velocities. 
Kinematic models popularly used in motion tracking can be 
used as an appropriate evolution model for parameters 
changing with constant velocity between the measurements 
[2,8,9].  

Figure 1. Schematic layout for sedimentation monitoring using 
EIT.  The measurement electrodes are denoted by the square patch 
on the surface of the phantom. Sk denotes the kth sub region with 
different phases, σk denotes the conductivity of the kth phase, γk 

denotes location of kth interface. 
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2.  Mathematical model 

In sedimenation monitoring using EIT, electrical currents 
are injected into the electrodes atttached on the periphery of 
the sedimentation tank. When electrical currents are 

( 1,2,..., )lI l L=  injected into the object 3Ω ∈ ℜ  through the 

electrodes  ( 1,2,..., )le l L=    attached on the boundary ∂Ω   

with the internal structure, the conductivity distribution σ

is known for Ω , then corresponding electrical potential u
on the Ω  can be determined uniquely from the partial 
differential equation, which can be derived from the 
Maxwell equations as 

( ) 0uσ∇⋅ ∇ =   in  Ω                            (1) 

with the following boundary conditions based on the 
complete electrode model: 
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where lz is the effective contact impedance between lth

electrode and electrolyte, ( )l l kU U t=  is the potential on the   

lth  electrode  at  time k, ( )l l kI I t=  is  the injected current on 

the lth electrode at time k, lε  is lth electrode, n is outward 

unit normal, and L is the total number of electrodes. 
Furthermore, the following two constraints for the injected 
currents and measured voltages are needed to ensure the 
existence and uniqueness of the solution: 
one is using the conservation of charge 
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and by choosing the ground electrode such that  
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The computation of the potential u on Ω  and voltages lU

on the electrodes for the given conductivity distribution  σ

and boundary conditions is called the forward problem. In 
general, the forward problem cannot be solved analytically, 
thus we have to resort to the numerical method. In this 
paper, we used the FEM to obtain numerical solution. For 
more details on the forward solution and the FEM approach, 
see [2]. 

3. Boundary representation 

In this section we describe the shape parameterization of 
the phase interface for the sedimentation model shown in 
Figure 1. Sedimenation tank consists of three layers of 
different phases separated by  sharp interfaces. The 
conductivity function are parameterized by the location of 
the phases interfaces (γk, k =1,2) and the conductivities of 
the phase layers (σk, k = 1,2,3). The phase interface qC  at 

location qγ  can be represented by a horizontal plane as 

3( ) { ( ) 0}T
q q qC w w r nγ = ∈ℜ − = ,             (7) 

where n =(0,0,1)T is the normal vector of the plane and the 
position vector is of the form (0,0, ) .T

q qr γ=  Here, apart 

from the conductivities, the phase interface is also 
ioestimated. Therefore, the forward solver has to be 
modified. Let us assume that the region Ω  is divided into 
disjoint regions kS given by, 
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where three regions exist in domain as shown in Figure 1. 
If ( )k rχ  denotes the characteristic function of subregion kS , 
we can express the conductivities of each layer as 

0
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This parameterization effects the system matrix in FEM 
formulation. The complete description of this FEM 
formulation in this regard can be found in [2,3]. 

4. Inverse problem 

The inverse problem here is to estimate the time-varying 
interface location, velocities of the interface along with the 
conductivity distribution inside the object based on the 
injected currents and the measured voltages. We consider 
the underlying inverse problem as a state estimation 
problem to estimate rapidly time-varying distribution inside 
the domain. In the state estimation problem, we need the 
so-called dynamic model which consists of the state 
equation, i.e., the temporal evolution of the state and the 
observation equation, i.e., the relationship between the state 
and boundary voltage.  
First of all, consider the state evolution model. Here, the 
state equation is assumed to be of multiple linear form with 
different process noise [2]. 
                                1k k k k kx F x D w+ = +                               (11) 

where N N
kF ×∈ℜ is the state transition matrix, N is the 

number of unknown state parameters, w is the process noise 
(assumed zero mean Gaussian noise) and Dk  represent the 
transition matrix of the process noise. The measurement 
equation corresponding to boundary voltages is given by 
                      ( )k k k kU h x v= +                      (12) 

where ( )k kh x represents the forward solution through FEM 

and v represents the measurement noise governed by zero 
mean Gaussian noise. 

4. 1 Formulation of extended Kalman filter 

In Kalman filtering we estimate the state kx  based on all 

the measurements taken up to the time kT. With the 
Gaussian assumptions, the required estimate is obtained by 
minimizing the cost functional which is formulated based 
on the above state and measurements equations (11) and 
(12) respectively. The cost functional for the extended 
Kalman filter EKF is of the form 

1
| 1 | 1

1
( ) [|| || ( )             

2k k k k k kG x x x τ −
− −= −         (13) 
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where || ||Rx denotes Tx Rx , | 1 | 1 | 1[( )( ) ]T
k k k k k k k kE x x x xτ − − −≡ − −           

Minimizing the cost functional (13) and solving for the 
updates of the associated covariance matrices, we obtain the 
recursive extended Kalman filter algorithm for each model, 
which consists of the following steps 

| 1 1 1| 1k k k k kx F x− − − −=                                (14) 

| 1 1 1| 1 1 1 1 1( )T T
k k k k k k k k kF x F D Q D− − − − − − − −Γ = +             (15) 

1
| 1 | 1( ) ( )T T

k k k k k k k k kK J J J R −
− −= Γ Γ +                   (16) 

| | 1 | 1( ( ))k k k k k k k kx x K U h x− −= + −                  (17) 

| | 1( )k k N k k k kI K J −Γ = − Γ                          (18) 

where kJ represents the Jacobian with respect to the 
previous state. One of the main task in Inverse solver is the 
computation of Jacobian. The detailed describtion of 
obtaining Jacobian can be seen in [2,3]. 

4. 2 Formulation of unscented Kalman filter 

In contrast to the EKF, which makes use of a Gaussian 
random variable (GRV) to estimate the state distribution 
and linearizes it using Jacobian matrices, which is prone to 
to large errors, the unscented Kalman filter (UKF) uses a 
deterministic sample-and-propogate approach to capture the 
mean and variance estimates. The underlying algorithm for 
the UKF is explained as follows[1]: 
Initialize with:  
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where M is dimension of the state vector, ( )Mγ λ= + ,          
λ=α2(M +k) – M is the composite scaling paratmeter and α
is another scaling parameter which determines the spread of 
the sigma points.  kQ  is the process noise covariance and 

kR  is the mesurement noise covariance. Wi are the weights 
defined as follows: 
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Here, β is used to incorporate a prior knowledge of the 
distrubution of x. 

5. Results and discussion 

Numerical experiments were carried out with the 
sedimentation model shown in Figure 1. The tank is 
composed of 32 electrodes arranged in four vertical arrays 
of eight electrodes each. The size of the electrode is 1 cm x 
1 cm and the vertical separation between the electrodes 
center is 2.5 cm. A simple current injection protocol 
composed of four current injections is used. In each current 
injection, current is injected through top and bottom 
electrodes of the vertical array and voltage is measured 
across the adjacent vertical electrodes. Only non-current 
carrying electrodes are involved in the measurement. 
Therefore, a total of 104 (4 x 26) measurements are 
available for each iteration. The true conductivities of the 
top, middle and bottom layer are set to 0.15 mS/cm, 0.125 
mS/cm, and 0.1 mS/cm, respectively. The contact 
impedance of 0.35 Ω x cm2 is used. The time between the 
consecutive measurements is set to one min. Different 
meshes are used for forward and inverse solver in order to 
avoid inverse crime. Forward solver was used to compute 
the boundary voltages using 4401 nodes and 19672 
tetrahedral elements. On the other hand, 3885 nodes and 
17705 tetrahedral elements were used in inverse solver. In 
generating the voltage data 1% Gaussian noise is added to 
emulate the real situation. Extended Kalman filter and 
unscented Kalman filter are used as inverse algorithms in 
estimation and the performance is compared. The results for 
phase interface estimation are shown in Figure 2, it can 
seen that, UKF has better estimation compared to EKF. The 
upper interface is estimated better by UKF. On the other 
hand the lower interface estimation has little problem at the 
end.  It is due to lower value of the estimated conductivity 
of the bottom layer (Figure 4). The reconstruction results 
for the interface velocities are given in Figure 3. UKF has 
better estimation of interface velocities as compared to that 
of EKF. In regard to the conductivities (Figure 4), the 
estimation performance of UKF for upper and middle 
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conductivities is better than EKF. However, lower 
conductivity estimation is relatively poor in both UKF and 
EKF. By using UKF as an inverse solver, there are several 
performance gains over conventional extended Kalman 
filter (EKF). In the case of UKF, the mean and covariance 
of the state estimate is calculated up to second order where 
as in EKF it is accurate up to first order. Therefore, UKF 
always gives better results as compared to EKF. Secondly, 
no analytical Jacobian is needed to be calculated, as the key 
point in UKF is the nonlinear unscented transform which 
uses the nonlinear measurement equation as such. 

Figure 2. Phase interface location for the test case. (Gray line 
represents the true interface location, black line represents the 
estimated phase interface, solid represents UKF, and dotted line 
represents EKF. Diamond (◊), triangle (∆), represents the location 
of upper and lower interface.) 

Figure 3. Settling velocities for the test case. (Gray line represents 
the true velocity, black line represents the estimated velocities, 
solid represents UKF, and dotted line represents EKF. Diamond 
(◊), triangle (∆), represents the velocities of upper and lower 
interface.) 

6.  Conclusions
 In this paper, the UKF was used to estimate the interface 
location. To locate the interfacial phase boundaries we use 
first-order kinematic model as an evolution model. Also, 
the evolution of interface boundary using kinematic model 
can be used as a priori information and can be incorporated 
into state equation to obtain better estimation of interface 
locations. Furthermore, the rate of change of phase 
interfaces, i.e., settling velocities can be incorporated as a 

state parameter and therefore we can obtain the settling 
velocities as a part of the solution directly without the need 
of post differentiation of phase interface locations. 
Extensive numerical experiments have been carried out for 
the verification of the proposed approach. Results show that 
the proposed unscented Kalman filter approach has better 
estimation of the phase interface locations, interface 
velocities and the conductivity values as compared to 
extended Kalman filter. 

Figure 4. Phase conductivities for the simulated test case. (Gray 
line represents the true conductivities and black line represents the 
estimated conductivities, solid represents UKF, dotted line 
represents EKF. Diamond (◊), square (□), triangle (∆), represents 
the conductivities of upper, middle and lower phase layer.) 
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