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Abstract: The 3-vertex-connectivity augmentation problem
of a graph with degree constraints, 3VCA-DC, is defined as
follows: “Given an undirected graph G = (V, E), and an
upper bound b(v) € Z* U {oo} on vertex-degree increase
for each v € V, find a smallest set E’ of edges such that
(V, EUE") is 3-vertex-connected and such that vertex-degree
increase of each v € V by the addition of £’ to G is at most
b(v), where Z7 is the set of nonnegative integers” In this
paper we show that checking the existence of a feasible so-
[ution and finding an optimum solution to 3VCA-DC for any
bi-connected graph G can bedonein O(|V| + |E|) time.

1. Introduction

Given an undirected graph G = (V, E) and a subset S C
V, G is said to be k-vertex-connected (or k-connected) with
respect to S if and only if G has at least k internally-digioint
paths between any pair of verticesin S, whereif S = V then
“with respect to S” is neglected.

The k-vertex-connectivity augmentation problem for a
specified set of vertices of a graph with degree constraints,
kVCA-SV-DC, is defined as follows: “Given a positive inte-
ger k, anundirected graph G = (V, E), aspecifiedset S C V
and an upper bound b(v) € Zt U {oo} on vertex-degree in-
crease for each v € V, find a smallest set E’ of edges such
that G + E’ is k-connected with respect to S and such that
vertex-degree increase of each v € V' by the addition of E’ to
Gisatmostb(v), where G+ E' = (V,EUE’) and Z* isthe
set of nonnegative integers.” We call any set F' of edges a so-
lution to kVCA-SV-DCif G + F is k-connected with respect
to S, and we say that any set I of edgesis feasible (or more
precisely b-feasible) if F’ includes at most b(v) edges inci-
dent to v for each v € V. Any feasible solution of minimum
cardinality is called an optimum solution to £V CA-SV-DC.
kVCA-SV-DC has application to designing communication
networks. kVCA-SV-DC with S = V is denoted as £V CA-
DC. kVCA-SV-DC with b(v) = oo for dl v € V is denoted
as kVCA-SV. kEVCA-SV with S = V is denoted as £V CA.
Figure 1 shows an instance of 3VCA-DC.

We summarize known results on kVCA-SV-DC. For
2VCA, a polynomial time algorithm was proposed by
Eswaran and Tarjan [1], and a linear time a gorithm was pro-
posed Rosenthal and Goldner [11] and Hsu and Ramachan-
dran [5]. For 3VCA, a polynomia time algorithm was de-
vised by Watanabe and Nakamura [14], and a linear time al-
gorithm was proposed by Hsu and Ramachandran [4]. For
4V CA, Hsu [3] devised a polynomial time agorithm. For
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Figure 1. Aninstance, G = (V,E)and b : V — Z*T U {0},
of 3VCA-DC, where G is bi-connected and the number
beside each vertex v € V denotes b(v). The edge set
{(b,j), (d,g), (f,h)} shown by bold dotted lines is an
optimum solution. Notice that if b(b) = 0 then thereis
no feasible solution since b({a, b}) = b(a) + b(b) = 0.

any fixed k, Jackson and Jordan [6] first devised a polyno-
mial time agorithm for £V CA. Concerning £V CA-SV, it was
shown that £V CA-SV can be solved in linear time by reduc-
ing it to KV CA by Watanabe, Higashi, and Nakamura [13] if
k = 2 and by Mashima and Watanabe [10] if ¥ = 3. For
2V CA-SV-DC, we proposed alinear time algorithm [8].

In this paper we show that checking the existence of afea-
sible solution and finding an optimum solution to 3VCA-DC
for any bi-connected graph G can be donein O(|V| + |E|)
time. All proofs are omitted due to shortage of space. The
full version of the paper appearsin [9].

2. Preliminaries
2.1 Basic definitions

An undirected graph G = (V(G), E(G)) consists of afinite
and nonempty set V' (G) of vertices and afinite set E(G) of
undirected edges. V' (G) and E(G) areoften denoted as V' and
E, respectively. We assume that graphs have neither multiple
edges nor self-loops unless otherwise stated. An edge whose
endvertices are v and v is denoted by (u, v). The degree of a
vertex v in G, dg(v), isthe number of edgesincident to v in
G. For aset E' of edgeswith E'NE = (), G + E’ denotesthe
graph (V,EUE'). Foraset X C VUE, G — X denotesthe
graph obtained from G by deleting X, where any edge inci-
denttov € X isasoremoved. A subgraph of G isany graph
Hsuchthat V(H) CV(G)and E(H) C E(G).For X C V,
lel(X;G)={veV-X|(u,v) € E(G)forsomeu €
X}. If G isclear from the context, I'(X'; G) may be denoted
asT'(X). For any function f : V — Z* U {oo} and any set
X C V,weusethenotation f(X) =3 _« f(v).



A path between v and v, or a (u,v)-path, is an alter-
nating sequence of vertices and edges u = wvg,e1,v1, ...,
Un_1,€n,Vp = v (n > 0)suchthatif n > 1thenuvy,...,v,
aredl distinct and e; = (v;_1,v;) foreachi, 1 < i < n. If
n > 2 then the vertices vy, vo, - -+ , v, are called the inner
vertices of the path. A set of pathsis said to be internally-
digoint if no two of them have an inner vertex in common.
Any maximal connected subgraph of G is called a connected
component or simply a component of G. A treeisan acyclic
connected undirected graph. A leaf of atreeis avertex with
only one edge incident to it.

Let G beaconnected graph. Any subset R of V iscaled a
separator of G if and only if G — R isdisconnected. Any sep-
arator of minimum cardinality is called a minimum separator
of G. The vertex-connectivity x(G) of G is the cardinality
of any minimum separator of GG, where if G is a complete
graph then x(G) isdefined to be |V| — 1. If k(G) > k for a
positive integer k then G is said to be k-vertex-connected (or
k-connected); in particular, if <(G) > 2 (k(G) > 3) then G
is said to be bi-connected (tri-connected, respectively). Note
that <(G) > k holdsif and only if G has at least k internally-
digoint paths between any pair of verticesin V.

Let G be a bi-connected graph. For any pair of vertices
u,v € V, {u,v} iscaled aseparation pair of G if and only if
{u,v} isaseparator of G. Let SP(G) denote the class of all
separation pairs of G, where the part “(G)” is often omitted
for simplicity unless any confusion arises. Let K € SP(G).
Any component of G — K iscalled a K-component of G. The
separating degree of K in G isthe number of K'-components
of G, and it is denoted by dg(K) or simply d(K). In this
paper, we often identify a K -component (or a component)
with its vertex set.

2.2 Tri-components and 3-block graph

Let G be a bi-connected graph. Tri-connected components
(tri-components for short) [2,12] of G are constructed from
G by thetwo operations “ split” and “merge”. Tri-components
can be partitions into three classes: tri-connected graphs,
polygons and bonds, where a bond is a graph consisting of
two vertices and at least three multiple edges between them.
For the details of tri-components, refer to [2,12]. Figure 2
shows tri-components of the graph G in Fig. 1. Any sepa-
ration pair shared by at least two tri-components, each being
either a tri-connected graph or a polygon, is called a separa-
tion pair of adjacent type, and any separation pair consisting
of nonadjacent verticesin apolygoniscalled a separation pair
of nonadjacent type. Let SPA(G) = {K € SP(G) | K isof
adjacent type}, wherethe part “(G)” is often omitted for sim-
plicity unless any confusion arises.

The 3-block graph [4], 3-blk(G), of a bi-connected graph
G is constructed as follows. The vertex set of 3-blk(G) con-
sists of three kinds of vertices called o-vertices, m-vertices or
(-vertices: we create a o-vertex for each separation pair of
adjacent type, a-vertex for each polygon, and a 3-vertex for
each tri-component that is a tri-connected graph. Then dis-
tinct vertices u, v created above are connected by an edge if
and only if either (1) or (2) holds: (1) {w,v} isapar of a
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Figure 2. Tri-components of the graph G in Fig. 1. Edges
represented as broken lines are virtual edges.

{abed} {cdefg)

Figure 3. 3-blk(G) of the graph G in Fig. 1.

o-vertex and a 3-vertex, and the separation pair represented
by the o-vertex is contained in the tri-connected graph rep-
resented by the g-vertex; (2) {u,v} is a pair of a o-vertex
and a w-vertex, and the separation pair represented by the
o-vertex is contained in the polygon represented by the 7-
vertex. Moreover, for each each vertex w € V(G) with
de(w) = 2, do the following: create a §-vertex u for {w},
and a o-vertex v for T'(w; G); connect v and v by an edge;
connect by an edge the vertex v and the w-vertex represent-
ing the polygon to which w belongs. The resulting graph
is 3-blk(G). 3-blk(G) is a tree and can be constructed in
O(|V| + |E|) time by using the algorithm in [2] for finding
tri-components of G. Figure 3 shows 3-blk(G) of the graph
G inFig. 1.

Let v € V(3-blk(G)). The degree of v in 3-blk(G) is
denoted by dz.pike)(v) or simply d(v) unless any confusion
arises. If d(v) = 1 thenwv iscalled aleaf of 3-blk(G).

Any subset K C V represented by a o-vertex of 3-blk(G)
iscaled ao-pair of G. Any graph represented by a g-vertex
of 3-blk(G) is called a 3-block of G. Any 3-block B of G is
called asingleton 3-block if B consists of asingle vertex of G;
otherwise B isatri-connected 3-block. For any 3-block B of
G, letdg(B) or simply d(B) denote the number of separation
pairs K € SP(G) with K C V(B), wherewesetdg(B) =1
for any singleton 3-block B. For any polygon P of G, let
de(P) or simply d(P) denote the sum of the number of sepa-
ration pairs K € SPA (G) with K C V (P) and the number of
singleton 3-blocks included in P. For any v € V(3-blk(G)),
let K, B, or P, denotethe o-pair, the 3-block or the polygon
represented by v, respectively. Note that d(v) = dg(B,) for
any S-vertex v and that d(u) = dg(P,) for any w-vertex u.

Any separation pair K of G issaid to beaprimary separa-
tion pair if either d(K) > 3 or K C V(B) for some 3-block
Bwithd(B) > 3. Forany v € V withd(v) = 2, let Pg(v) or



Figure4. Aninstance for which thereisno feasible solution to
3VCA-DC, where I(G) = d(G) = 5 and the condition
(2) does not hold. {b,d} is the separation pair K with
d(K) =d(GQ). Sinceb(V-K) =5 < 8=2(d(G)-1),
there is no feasible solution.

simply P(v) denotethe polygon of G containingv. Let T¢; or
simply 7" denotethe set {v € V' | d(v) = 2,d(P(v)) > 3}.

2.3 Lower bounds

Let G be a bi-connected graph with |[V| > 4. Let v be any
leaf of 3-blk(G) and let u be the o-vertex adjacent to v in 3-
bIk(G). Then the subset V(B,) — K,, C V iscalled aleaf of
G or theleaf of G represented by v. Let £(G) denotethe class
of all leaves of GG, and let I(G) denote the number of leaves
of G (or equivalently the number of leaves of 3-blk(G)). Note
that X N X’ = () for any distinct X, X’ € L(G). Let d(G)
denote the maximum separating degree of all separation pairs
of G (or equivalently the maximum degree of all o-verticesin
3-blk(G)). For G inFig. 1, L(G) = {{a,b}, {f}, {g}, {h},
{1,j}} I(G) =5,and d(G) = 3.

Lemma 1. For any feasible solution F' to 3VCA-DC for G
and b, |F| > max{d(G) — 1, [I(G)/2]}. W

Lemma 2: If either (d(G)—1 > [I(G)/2]) or (d(G)—1 =
[1(G)/2] and I(G) is odd) then there is the unique o-vertex
v € V(3-bIk(G@)) with d(v) = d(G); furthermore, K, isthe
unique separation pair K € SP(G) withd(K) = d(G). 1

3. The Existence Condition for Feasible
Solutions

In this section we show a necessary and sufficient condition
for the existence of a feasible solution to 3VCA-DC for any
biconnected graph G with |V| > 4.
Theorem 3: There is a feasible solution to 3VCA-DC for
a bi-connected graph G with degree constraints by ¢ if and
only if the following (1)—(3) hold.
1) b(X) > 1forany leaf X € L(G).
(2) If either (d(G)—1 > [I(G)/2]) or (d(G) —1 = [I(G)/2]
and I(G) isodd) then b(V — K') > 2(d(G) — 1) for the sepa-
ration pair K with d(K) = d(G). (SeeFig. 4.)
3) If (d(G) — 1 < [I(G)/2] and I(G) is odd) then the fol-
lowing (a)—(c) hold.
@uV) > UG) + 1.
(b) If no polygon P with d(P) > 3 exists and one vertex
u € V isshared by all primary separation pairs of G, then
b(V — {u}) > I(G) + 1. (SeeFig. 5.
(0) If I(G) = 3, thereisapolygon P with d(P) = 3, and
P includesat least one singleton 3-block, thenb(V —T') >
I(G)+1—|T|. (SeeFig.6.) 1
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Figure5. Aninstancefor which thereisno feasible solution to
3VCA-DC, where [(G) = 5, d(G) = 3, and the condi-
tion (3)(b) does not hold. Vertex b is shared by all mem-
bersof {K € SP(G) | d(K) > 3} = {{b,f},{b,h}}
and {K € SP(G) | K C V(B) for some 3-block
B withd(B) > 3} = {{b,c},{b,d},{b,f}}. Since
b(V —{b}) =5 < 6 = I(G) + 1, thereis no feasible
solution.

()2

Figure 6. An instance for which there is no feasible solution
to 3VCA-DC, where I(G) = 3, d(G) = 2, and the con-
dition (3)(c) does not hold. Polygon P with V(P) =
{b,c,e,f,g} hasd(P) = 3,and T = {v € V(P) |
dg(v) =2} ={f}. Sinceb(V -T)=2<3=4—1T],
there is no feasible solution.

We call the set of the conditions (1)—(3) given in Theo-
rem 3 the existence condition for feasible solutions. Note that,
in the condition (2), K isunique by Lemma 2.

Given G and b, we can check whether or not the existence
condition for feasible solutions holds in O(|V'| + |E|) time.
Hence we have the following theorem.

Theorem 4: Checking the existence of a feasible solution
to 3VCA-DC for any bi-connected graph G can be done in
O(|V]| + |E|) time. R

4. A Linear TimeAlgorithm

In this section, we assume that a bi-connected graph G with
degree congtraints by b satisfies the existence condition for
feasible solutions. We partition the problem into the follow-
ing three cases:

Case 1. (d(G)—1>[l(G)/2])or
(d(G) —1=[l(G)/2] and I(G) is odd);
Case 2 (d(G)—1<[l(G)/2] and(G) iseven);

Case 3 (d(G)—1< [l(G)/2] and I(G) isodd).

And, we present three linear time agorithms, Algorithm
1 for Case 1, Algorithm 2 for Case 2, Algorithm 3 for
Case 3, for finding an optimum solution. Our algorithm
Solve_3VCA-DC_aug2to3 for finding an optimum solution to



3VCA-DC for any hi-connected graph G consisits of apply-
ing one of three algorithms according to the case to which the
problem belongs.

4.1 Algorithm 1 and Algorithm 2

The following Algorithms 1 and 2 solve Cases 1 and 2, re-
spectively. Algorithm 1 is based on the algorithm in [7], and
Algorithm 2 uses an algorithm for 3V CA.

Algorithm 1 /* for Case 1 */

1. Find the separation pair K of G with d(K) = d(G).

2. k — d(G). Let C4,...,Cy bethe k components of G —
K,andlet¢; (i =1,...,k) bethe number of leaves of G
contained in C;.

3. Letas,...,a; bek integers satisfying Zle a; = 2(k —
land?; < a; <b(C;)foreachi=1,... k.

4. Construct atree T withV(T) = {v; | 1 <14 < k} setisfy-
ingdr(v;) = a; foreachv; € V(7).

5. E* «— (. For each (v;,v;) € E(T), add an edge which
connects avertex in C; with avertex in C; into E* so that
E* finally satisfies that every leaf of G contains a vertex
incident to some edgein E* aswell as b-feasibility of E*.
Output £*.

Lemma5: Algorithm 1 finds an optimum solution to
3VCA-DCinCaselandrunsin O(|V| + |E|) time. &

Algorithm 2 /* for Case 2 */

1. Find an optimum solution F' for 3V CA for G.

2. E* — (. For each (u,v) € F, do thefollowing: find two
leaves X (u), X (v) € L(G) containing u, v, respectively;
select a vertex v/ € X (u) with b(v') > 1 and a vertex
v € X(v) withb(v') > 1; and add an edge (v, v') into
E*. Output E*.

Lemma 6: Algorithm 2 finds an optimum solution to
3VCA-DCinCase2and runsin O(|V| + | E|) time. &

4.2 Algorithm 3

In Case 3, we use the strategy of reducing the problem to Case
1 or Case 2 by adding several number of edges which can be
asubset of an optimum solution. In Algorithm 3, at most two
edges are added before the reduction. We omit the description
of Algorithm 3 due to space limitation.

Lemma 7: Algorithm 3 finds an optimum solution to
3VCA-DCinCase3andrunsin O(|V| + |E|) time. &

From Lemmas 5, 6 and 7, Solve_3VCA-DC_aug2to3 finds
an optimum solution and runsin O(|V|+| E|) time. Weobtain
the following theorem.

Theorem 8: If a bi-connected graph G with degree con-
straints by b satisfies the existence condition for feasible so-
[utions then finding an optimum solution F' to 3VCA-DC
for G and b can be done in O(|V| + |E|) time and |F| =
max{d(G) — 1, [I(G)/2]}. 1

5. Concluding Remarks

We have shown that checking the existence of a feasible so-
[ution and finding an optimum solution to 3V CA-DC for any
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bi-connected graph G can bedonein O(|V| + | E|) time. De-
vising a polynomial time agorithm for 3V CA-DC for not bi-
connected graph is left for future research.
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