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Abstract: This paper proposes an efficient error detection 
algorithm for phase offset enumeration of binary codes 
including PN (Pseudo Noise) sequences based on the 
number theoretical approach. The proposed error detection 
scheme does not need a parity check bit. The error detection 
failure probability of the proposed method is derived, and it 
is confirmed by simulation results. And very efficient circuit 
realization of the proposed algorithm is also discussed. 

1. Introduction 
Phase offsets of spreading sequences in the CDMA (Code 

Division Multiple Access) systems are used to achieve the 
acquisition and are used to distinguish each base station [1]. 
When the period of the sequence is not very long, the 
relative phase offset between the sequence and its shifted 
replica can be found by comparing them, but as the period 
of the sequence increases it becomes difficult to find the 
phase offset.  

Willet proposed a method to calculate a phase offset of a 
maximal length sequence (m-sequence) [2]. For the phase 
offset of a binary sequence to be calculated by Willet’s 
method, it is required that the sequence should be an m-
sequence over GF(2)={0,1}. To overcome this restriction, 
more generalized method applicable to a binary sequence is 
proposed in [3]. Since this method is based on the number 
theoretical approach, it becomes very easy to find the phase 
offsets. Although [3] is more generalized and easy method 
compared to [2], it aslo did not show an error detection 
algorithm for phase offset enumeration. This paper presents 
an error detection algorithm for phase offset based on [3]. 
Thus this paper is an extension of [3]. The phase offset error 
detection method is derived based on the number theoretical 
approach and we show that the proposed scheme does not 
need any parity check bits. Furthermore the circuit 
realization of the proposed algorithm is also deiscussed. The 
error detection failure probability of the proposed algorithm 
is derived in closed form, and it is confirmed by simulation 
results over AWGN (Additive White Gaussian Noise) and 
Rayleigh fading channels. 

2. Definitions and notations 
Let S  be the set of all n-tuple binary codes. We define a 
cyclic shift operator T :  by  SS

),,,()( 201 nn CCCT C                    (1) 

 for every code SC ),,,( 110 nCCC . For two integers 
 and j,i

),,,()()( 11 jnjnjn
ji CCCTT CC         (2) 

where ) (mod nji . Here we define . We 
construct the following polynomial C x

CC)(0T
 corresponding to a 

code .SC)(jT

1
11)( n

jnjnjn xCxCCxC            (3) 

We define an enumeration function  : S  by  lA Z

1
)())((A

x

ljl xCx
dx
dT C                         (4) 

for all , where  is the set of all integer numbers 
and l is an integer [3]. Here we call the integer l weight of 
the accumulator function. The code  is said to be a 
reference code of the accumulator function with weight l  if 
it satisfies . The function A

is expressed as  if  and  if 

SC)(jT Z

)(CiT

) (mod 0))((A nT il C ))(( Cil T

))((A1 Cil T }1,1{iC ))((A0 Cil T
}1,0{iC , respectively. 

3. Error detection algorithm 

Theorem 1: Let  and   be the number of ’s or 0’s in 
n-tuple binary codes C  and , respectively. And assume 
that the greatest common divisor of  and ,

k k̂ 1
Ĉ

k2 n 1),2( nk
for }1,1{iC  and the greatest common divisor of k  and 

,n 1),( nk  for }1,0{iC , . Then if 

,

}1,,1,0{ nIi

kk ˆ

)(mod1)]ˆ(A))ˆ(([A* nTa ll CC                 (5) 

)(mod1)1(ˆ* nCa .                                       (6) 

where a  is an arithmetic inverse of a  modulo  such that n
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}1,1{for    )  (mod 12 *
iCnka                 (7) 
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Proof: For the cases of  and ,0k̂ nk̂
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Now we will show the theorem for . Let 
, where  and 

1ˆ1 nk
kkk̂ 0k 2nk . From [3], we see 

that
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Thus
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For , (15) becomes  -1,1}{iC
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where . From the assumption of 

, we see that  and  [5]-[6]. 
Thus  and

)(mod2 * nab
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Similarly, we can also prove this theorem for 0,1}{iC .                     

Corollary 1: Let  and   be the number of k k̂ 1’s or 0’s in 
n-tuple binary codes C  and , respectively. And assume 
that the greatest common divisor of  and ,

Ĉ
k2 n 1),2( nk

for }1,1{iC  and the greatest common divisor of  and 
,

k
n 1),( nk  for }1,0{iC , . Then 

 if and only if .
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and thus . From theorem 1, if ,
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Fig. 1 Phase offset error detection algorithm. 
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Corollary 1 tells us that  is identical to 

. If  , we assume that the received 

code has no error since  . Otherwise phase offset error 
is declared becase this is the case of  . If we add all 
elements in the received code C , we can obatin . Fig. 
1 shows the phase offset error detection algorithm based on 
the result of corollary 1.  

)(mod1)1(ˆ* nCa

kk ˆ )(mod1)1(ˆ* nCa

kk ˆ

kk ˆ
ˆ )1(Ĉ

4. Error detection failure probability 
If the error pattern in the received code satisfies the 
following 3 conditions simultaneously, 

1) The number of errors in the received code C  is 
even.

ˆ

2) The number of errors in k  -1’s or 0’s of C  is 
identical to the number of errors in  1’s. 

ˆ
)( kn

3) The number of errors in C  is less than or equal to 
.

ˆ
),min(2 kkn

the proposed phase offset error detection method fails to 
detect errors in the received code . Since this is the 
case of . Thus the derived error detection failure 
probability is

CĈ
kk̂

),min(

1

22 )1(
kkn

i

ini
u pp

i
k

i
kn
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where p is the average bit error probabiliy. The average bit 
error probability of coherent BPSK in AWGN (Additive 

White Gaussian Noise) channel is 
0

erf12
1

N
Ebp ,

where 
x u duex

0
2 2

)(erf  [6].  is the received bit 

energy and  is the single-sided noise power spectral 

density. 

bE

0N

b

bp 12
1 1  for Rayleigh fading channel, 

where b  is the average SNR (Signal-to-Noise Ratio) [6]. 
Figure 2 and 3 show the error detection failure probability 
for binary sequences with n=30, k=1,7,11,13, respectively 
over AWGN and Raleigh fading channels, respectively. The 
theoretical curves of figure 2 and 3 are very close to the 
simulation results. This confirms the derived error detection 
failure probability of (19) is exact. From figure 2 and 3, we 
see that  is propotional to k . This comes from the fact 
that the chances of 2) and 3) occurence decrease as the value 
of  becomes smaller. We find that  goes down at very 
low and high SNRs. This interesting phonomenon can be 
explained as follows. Very low SNR causes very high bit 
error rate and this reduces the chance of the condition 3) 
occurrence. Hence  goes down at very low SNR. Now 

consider the case of very high SNR. We know that bit error 
probability in the received code becomes very rare and thus 

 goes down at very high SNR.  

uP

k uP

uP

uP
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Fig. 2 Phase offset error detection failure probability over 
AWGN channel in the case of n=30, k=1,7,11,13. 
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Fig. 3 Phase offset error detection failure probability over 
Rayleigh fading channel in the case of  n=30, k=1,7,11,13. 

Once  and  are fixed,  is simply determined by the 
value of . The maximum value of  is 
for even  and 

uP p uP
k ),min( kkn 2/n
n 2/)1(n  for odd . Hence the maximum 

value of  is given by 
n

uP
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The length of PN sequences is odd [7] and  

2/)1(),min( nkkkn .                    (21)  

Thus the phase offset error detection failure probability for 
PN sequences is  for odd  of (20). Figure 4 and 5 uPmax n
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show the error detection failure probability for PN 
sequences over AWGN and Rayleign fading channels, 
respectively. The theoretical curves are very close to the 
simulation results. This confirms the derived error detection 
failure probability of (20) is also correct. 
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 Fig. 4 Error detection failure probability for PN sequences 
with ,  over AWGN channel. 12Ln 5,4,3L
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 Fig. 5 Average error detection failure probability for PN 
sequences with ,  over Rayleigh fading 
channel.
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Fig. 6 Phase offset error detection circuit. 
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Fig. 7 Circuit for calculating the accumulator function with 
weight l.
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Fig. 8 Phase offset calculation curcuit with error detection. 

5. Circuit realization 
Phase offset error can be checked by just simply calculating 

. This is easily implemented by using figure 6. 
Figure 7 is the circuit for calculating the accumulaor 
function [3]. We can find some commonalities between 
figure 6 and 7. Therefore if we combine two circuits we can 
realize phase offset calculation circuit with error detection 
which is depicted in figure 8. 

)1(ˆ*Ca

6. Conclusion 
In this paper we have proposed the efficient phase offset 

error detection algorithm for binary sequences. By theorem 
1 and corollary 1, if k n 1  for Ci 0 1  and 

2 1k n  for Ci 1 1 , the method is applicable to 
phase offset calculation and error detection without a parity 
check bit. The error detection failure probability of proposed 
algorithm has been derived. We confirmed the formula over 
AWGN and Rayleigh fading channels through intensive 
computer simulation. The simple circuit realization of the 
algorithm has been also described in detail. 

References 
[1] Physical Layer Standard for cdma2000 Spread Spectrum 

Systems, TIA/EIA/IS-2000-1a, March 2000. 
[2] M. Willet, “The index of an m-sequence,” SIAM J, Appl.,

vol 25, no.1, pp.24-27, July 1973. 
[3] Y. Y. Han and Y. J. Song, “Phase Offset of Binary Code 

and Its Application to the CDMA Mobile 
Communications,” IEICE Trans. Fundamentals, vol. E81-
A, no.6, pp.1145-1151, June 1998. 

[4] I. Niven and H. S. Zukerman, An Introduction to the 
Theory of Number, John Wiley & Sons, 1980. 

[5] K. Ireland and M. Rosen, A Classical Introduction to 
Modern Number Theory, Springer, 1990. 

[6] J. G. Proakis, Digital Communications, McGraw-Hill, 4th

edition, 2001. 
[7] M. Simon, J. Omura, R. Scholtz, B. Levitt, Spread 
Spectrum Communications Handbook, McGraw-Hill, 1994. 

1672



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.00000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.00000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.00000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


