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Abstract: The even-shift orthogonal sequence (E-sequence)
is a binary sequence, whose out-of-phase aperiodic auto-
correlation function takes zero at any even shift. This pa-
per considers the generalization of E-sequence to multi-
dimension. It is shown that multi-dimensional E-sequences
can be constructed by multi-dimensional complementary
sequences. Especially a logic function generating multi-
dimensional E-sequences of power-of-two length is formu-
lated, which can give multi-dimensional E-sequences with a
good correlation property that almost 3/4 of all shifts is zero.

1. Introduction
Even-shift orthogonal sequences (E-sequences) are binary se-
quences whose out-of-phase aperiodic auto-correlation func-
tion takes zero at any even shift[1] - [4]. E-sequences have
been applied for spread spectrum communication.

In this paper we consider the generalization of E-
sequences to multi-dimension. We clarify the construction
of multi-dimensional E-sequences of S2� with S = 1, 10, 26
and � ≥ 1, and formulate a logic function generating them of
length 2�. In addition, their aperiodic auto-correlation prop-
erties are investigated.

In section 2, multi-dimensional E-sequences are intro-
duced. In section 3, it is shown that multi-dimensional E-
sequences can be derived from multi-dimensional comple-
mentary sequences of half length, which mean a pair of binary
sequences and the sum of these aperiodic auto-correlation
function takes zero except all zero shifts [4][17]. In sec-
tion 4, we formulate a logic function of multi-dimensional
E-sequences, and investigate correlation properties of multi-
dimensional E-sequences.

2. Definition of multi-dimensional E-sequences
Let e be a multi-dimensional (n-dimensional) binary se-
quence of length L = L1 × L2 × · · · × Ln, expressed as

e = {ei1,i2,··· ,ij ,··· ,in ∈ {1,−1}|0 ≤ ij < Lj}.
The aperiodic auto-correlation function of e is written as

Cee(τ1, τ2 · · · , τn)

=
L1−1∑
i1=0

L2−1∑
i2=0

· · ·
Ln−1∑
in=0

ei1,i2,...,inei1+τ1,i2+τ2,...,in+τn ,

where ei1,i2,··· ,ij ,··· ,in = 0 for ij < 0 and ij ≥ Lj . If the out-
of-phase aperiodic auto-correlation function is zero at even
shift,i.e.,

Cee(2m1, 2m2, · · · 2mn) =
{

L for m1=m2 = · · ·=mn =0,
0 otherwise.

e is called a multi-dimensional E-sequence, or an n-
dimensional E-sequence.

3. Construction of multi-dimensional
E-sequences

In this section, we show that n-dimensional E-sequences
can be constructed from n-dimensional complementary se-
quences of half length.

Let a and b be n-dimensional binary sequences of length
L=L1×L2×· · ·×Ln, expressed by

a = {ai1,i2,··· ,ij ,··· ,in ∈ {1,−1}| 0 ≤ ij < Lj},
b = {bi1,i2,··· ,ij ,··· ,in ∈ {1,−1}| 0 ≤ ij < Lj}.

If the sum of their aperiodic auto-correlation functions can be
written as

Caa(τ1, τ2, · · · , τn) + Cbb(τ1, τ2, · · · , τn)

=
{

2L for τ1 = τ2 = · · · = τn = 0,
0 otherwise,

the pair of the sequences, [a, b], is called multi-dimensional
(n-dimensional) complementary sequences or complemen-
tary arrays [17]．They can be constructed as shown in the
following theorems.
[Theorem 1] Let [a, b] be n-dimensional complementary
sequences.

1. Interchanging a and b gives an n-dimensional comple-
mentary sequence. i.e., [b, a].

2. Inversion of a gives an n-dimensional complementary
sequence, i.e., [−a, b].

3. Interchanging some axes gives n-dimensional comple-
mentary sequences, [{aik1 ,ik2 ,··· ,ikn

}, {bik1 ,ik2 ,··· ,ikn
}]

with 1 ≤ km(�= kj) ≤ n.
4. Reversing of a is a mate of b, i.e.,

[{aL1−i1−1,L2−i2−1,··· ,Ln−in−1,}, b].
5. Reversing at some axio gives complementary arrays,

[{ai1,··· ,Lj−ij−1,··· ,in}, {bi1,··· ,Lj−ij−1,··· ,in}].

Note that Theorem 1 can produce a lot of n-dimensional
complementary sequences. For example, use of 2, 3, 2, and 3
in Theorem 1, in order, gives n-dimensional complementary
sequences, [−a,−b].
[Theorem 2] Let [a, b] be n-dimensional complementary
sequences of length L. We have (n + 1)-dimensional com-
plementary sequences [â, b̂] of length 2L, which are written
as

âi1,i2,··· ,in,in+1 =
{

ai1,i2,··· ,in for in+1 = 0,
bi1,i2,··· ,in for in+1 = 1,

b̂i1,i2,··· ,in,in+1 =
{

ai1,i2,··· ,in for in+1 = 0,
−bi1,i2,··· ,in for in+1 = 1.
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Multi-dimensional complementary sequences can be eas-
ily produced by interleaving and concatenation methods, as
well as 1-dimensional complementary sequences [4][5].

[Theorem 3] Let [a, b] be n-dimensional complementary se-
quences of length L. We have n-dimensional complementary
sequences [â, b̂] of length 2L expressed by

âi1,··· ,i′j ,··· ,in
=

{
ai1,··· ,ij ,··· ,in for i′j = 2ij ,
bi1,··· ,ij ,··· ,in for i′j = 2ij + 1,

b̂i1,··· ,i′j ,··· ,in
=

{
ai1,··· ,ij ,··· ,in for i′j = 2ij ,
−bi1,··· ,ij ,··· ,in for i′j = 2ij + 1.

[Theorem 4] Let [a, b] be n-dimensional complementary se-
quences of length L. We have n-dimensional complementary
sequences [â, b̂] of length 2L expressed by

âi1,··· ,i′j ,··· ,in
=

⎧⎪⎪⎨
⎪⎪⎩

ai1,··· ,ij=i′j ,··· ,in

for 0 ≤ i′j < Lj ,
bi1,··· ,ij=i′j−Lj ,··· ,in

for Lj ≤ i′j < 2Lj ,

b̂i1,··· ,i′j ,··· ,in
=

⎧⎪⎪⎨
⎪⎪⎩

ai1,··· ,ij=i′j ,··· ,in

for 0 ≤ i′j < Lj ,
−bi1,··· ,ij=i′j−Lj ,··· ,in

for Lj ≤ i′j < 2Lj .

The construction methods in Theorems 3 and 4 are well-
known as interleaving and concatenation methods, respec-
tively. We note that n-dimensional complementary sequences
of length L = S2� with S = 1, 10 or 26 can be derived from
1-dimensional complementary sequences of length S, called
kernels [1][4].

We give a special construction method of n-dimensional
complementary sequences of length 2�, as the following con-
jecture.

[Conjecture 1] Let [a, b] be n-dimensional complementary
sequences of length L = 2�. Let K = 2k ≤ L. We have
n-dimensional complementary sequences [â, b̂] of length 2L
expressed by

âi1,··· ,i′j ,··· ,in
=

⎧⎪⎪⎨
⎪⎪⎩

ai1,··· ,ij=m2K+m1,··· ,in

for i′j = 2m2K + m1,
bi1,··· ,ij=m2K+m1,··· ,in

for i′j = (2m2 + 1)K + m1,

b̂i1,··· ,i′j ,··· ,in
=

⎧⎪⎪⎨
⎪⎪⎩

ai1,··· ,ij=m2K+m1,··· ,in

for i′j = 2m2K + m1,
−bi1,··· ,ij=m2K+m1,··· ,in

for i′j = (2m2 + 1)K + m1,

with 0 ≤ m1 < K, 0 ≤ m2 < L/K, 0 ≤ i′j < 2Lj , and
0 ≤ lk < Lk.

Note that combination of Theorems 1-4 and Conjecture 1
can give a lot of n-dimensional complementary sequences.

[Theorem 5] Let [a, b] be n-dimensional complimentary se-
quences of length L = L1 × · · · × Lj/2 × · · · × Ln and
[â, b̂] be n-dimensional complimentary sequences of length
2L = L1 × · · · × Lj × · · · × Ln. Each of â and b̂ given
by applying Theorem 3 are E-sequences. It is proved as fol-

lows. The aperiodic auto-correlation functions of the above
n-dimensional complementary sequences â and b̂ can be ex-
pressed by

Cââ(τ1, τ2, · · · , 2mj , · · · , τn)
= Cb̂b̂(τ1, τ2, · · · , 2mj , · · · , τn)
= Caa(τ1, τ2, · · · , mj , · · · , τn) + Cbb(τ1, τ2, · · · , mj , · · · , τn)

=
{

2L (τ1=τ2 = · · ·=mj = · · ·=τn =0)
0 otherwise.

Since Cââ(·) and Cb̂b̂(·) are zero if either of τ1, τ2, · · · , τn is
even, we have the following theorem.

We show some example for the construct of E-sequence.
[Example 1] Let a and b be 2-dimensional complimentary
sequences of length 8 × 2 as expressed by

a =
(

+ + + − + − + +
+ + + − − + − −

)
,

b =
(

+ + + − + − + +
− − − + + − + +

)
,

where + and − are 1 and −1 respectively. Theorem 3 gives
2-dimensional E-sequences of length 8 × 4 .

â =

⎛
⎜⎜⎝

+ + + − + − + +
+ + + − + − + +
+ + + − − + − −
− − − + + − + +

⎞
⎟⎟⎠

b̂ =

⎛
⎜⎜⎝

+ + + − + − + +
− − − + − + − −
+ + + − − + − −
+ + + − − + − −

⎞
⎟⎟⎠

The aperiodic auto-correlation functions of â and b̂ can be
written as

Cââ(τ1, τ2) =

⎛
⎜⎜⎝

32 0 0 0 0 0 0 0
0 1 2 −3 0 1 2 1
0 0 0 0 0 0 0 0
0 −3 2 1 0 1 2 1

⎞
⎟⎟⎠ ,

Cb̂b̂(τ1, τ2) =

⎛
⎜⎜⎝

32 0 0 0 0 0 0 0
0 −1 −2 3 0 −1 −2 −1
0 0 0 0 0 0 0 0
0 3 −2 −1 0 −1 −2 −1

⎞
⎟⎟⎠ .

[Example 2] Let a and b be 3-dimensional complimentary
sequences of length 4 × 4 × 2 as expressed by

a =

⎛
⎜⎜⎝

+ + + − + + + −
+ + + − − − − +
+ − + + + − + +
− + − − + − + +

⎞
⎟⎟⎠ ,
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b =

⎛
⎜⎜⎝

+ + + − − − − +
+ + + − + + + −
+ − + + − + − −
− + − − − + − −

⎞
⎟⎟⎠ .

Theorem 3 gives 3-dimensional E-sequences [â, b̂] of length
4 × 4 × 4

â =

⎛
⎜⎜⎝

+ + + − + + + −
+ + + − − − − +
+ + − + + + − +
+ + − + − − + −

+ + + − + + + −
− − − + + + + −
− − + − − − + −
+ + − + − − + −

⎞
⎟⎟⎠

b̂ =

⎛
⎜⎜⎝

+ + + − − − − +
+ + + − + + + −
+ + − + − − + −
+ + − + + + − +

+ + + − − − − +
− − − + − − − +
− − + − + + − +
+ + − + + + − +

⎞
⎟⎟⎠

The aperiodic auto-correlation functions of â and b̂ are

Cââ(τ1, τ2, τ3) =

⎛
⎜⎜⎝

64 0 0 0 0 0 0 0
0 0 0 0 0 5 6 1
0 0 0 0 0 2 4 2
0 0 0 0 0 −1 −2 −1

0 0 0 0 0 0 0 0
0 0 0 0 0 1 −2 −3
0 0 0 0 0 −2 −4 −2
0 0 0 0 0 −1 −2 −1

⎞
⎟⎟⎠ ,

Cb̂b̂(τ1, τ2, τ3) =

⎛
⎜⎜⎝

64 0 0 0 0 0 0 0
0 0 0 0 0 −5 −6 −1
0 0 0 0 0 −2 −4 −2
0 0 0 0 0 1 2 1

0 0 0 0 0 0 0 0
0 0 0 0 0 −1 2 3
0 0 0 0 0 2 4 2
0 0 0 0 0 1 2 1

⎞
⎟⎟⎠ .

4. Logic functions of E-sequences
We consider the function of n-dimensional E-sequences of
length 2�. From Theorem 4 and the reference [17], we can
have
[Theorem 6] Let ei1,i2,··· ,ij ,··· ,in be an n-dimensional E-
sequences of length L = L1 ×L2 × · · ·×Ln. Let f(·) be the
logic function. Let �ij = (ij1, ij2, · · · ij�j

) ∈ V�j be a binary
vector of order �j , whose elements are coefficients expressed

by binary expansion of an integer ij(0 ≤ ij < Lj = 2�j ),
i.e.,

ij = ij12
0 + ij22

1 + · · · + ij�j
2�j−1.

The n-dimensional E-sequences e can be written as

ei1,i2,··· ,ij ,··· ,in = (−1)f(
−→
i1 ,

−→
i2 ,··· ,−→in),

The functions f(·) is logic function defined by

f(
−→
i1 ,

−→
i2 , · · · ,

−→
in)

= λ1λ2 ⊕ λ1λ3 ⊕ · · · ⊕ λ�−1λ�

⊕ c1,1i1,1 ⊕ c1,2i1,2 ⊕ · · · ⊕ c1,�1i1,�1

⊕ c2,1i2,1 ⊕ c2,2i2,2 ⊕ · · · ⊕ c2,�2i2,�2

...

⊕ cn,1in,1 ⊕ cn,2in,2 ⊕ · · · cn,�nin,�n ⊕ d,

where ⊕ denotes addition of module 2, i.e., EXOR,
c1,1, · · · , cj,�j ∈ {0, 1} and d ∈ {0, 1} are parameter to
give different E-sequences, λk(1 ≤ k ≤ � =

∑n
j=1 �j)

ij1, ij2, · · · , ij�j
of �ij with λk �= λm for k �= m, and either

of λ1 or λ� must be ij1 .
[Example 3] Let

f(
−→
i1 ,

−→
i2 ) = i12i11 ⊕ i11i13 ⊕ i13i22 ⊕ i22i21, (1)

be a logic function, where we set thatλ1 = i12,λ2 = i11,λ3 =
i13,λ4 = i22,λ5 = i21, c1,1 = c1,2 = c1,3 = c2,1 = c2,2 = 0 and
d=0.

Table 1. The truth table of function (1)
f(
−→
i1 ,

−→
i2 ) i12 0 0 0 0 1 1 1 1

i11 0 0 1 1 0 0 1 1
i10 0 1 0 1 0 1 0 1

i21 i20

0 0 0 0 0 1 0 1 0 0
0 1 0 0 0 1 0 1 0 0
1 0 0 0 0 1 1 0 1 1
1 1 1 1 1 0 0 1 0 0

Converting 0 and 1 in Table 1 into + and − respectively gives
the 2-dimensional E-sequence in Example 1.
[Example 4] Let a logic function be

f(
−→
i1 ,

−→
i2 ) = i11i12 ⊕ i12i13 ⊕ i13i22 ⊕ i22i21,

where λ1 = ij1, λ� = ik1(j �= k). We can make following
E-sequences of length 8 × 4.

e =

⎛
⎜⎜⎝

+ + + − + + − +
+ + + − + + − +
+ + + − − − + −
− − − + + + − +

⎞
⎟⎟⎠
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which its aperiodic auto-correlation function is written as

Cee(τ1, τ2) =

⎛
⎜⎜⎝

32 0 0 0 0 0 0 0
0 1 0 1 0 1 0 1
0 0 0 0 0 0 0 0
0 −3 0 5 0 1 0 1

⎞
⎟⎟⎠ .

Note that the out-of-phase aperiodic auto-correlation function
takes zero if either τ1 or τ2 is even.

This is a good correlation property that almost 3/4 of the
correlation values is zero. We show one more example of 3-
dimensional E-sequences.
[Example 5] If

f(
−→
i1 ,

−→
i2 ,

−→
i3 ) = i21i22 ⊕ i12i22 ⊕ i22i32 ⊕ i32i11 ⊕ i11i31,

E-sequence of length 8 × 4 is given as

e =

⎛
⎜⎜⎝

+ + + + + − + −
+ + − − + − − +
+ + − − + − − +
+ + + + + − + −

+ − + − + + + +
+ − − + + + − −
− + + − − − + +
− + − + − − − −

⎞
⎟⎟⎠ ,

with

Cee(τ1, τ2, τ3) =

⎛
⎜⎜⎝

64 0 0 0 0 0 0 0
0 0 0 0 −4 −3 −2 3
0 0 0 0 0 0 0 0
0 0 0 0 −4 1 −2 −1

0 0 0 0 0 0 0 0
0 0 0 0 −4 −3 −2 −1
0 0 0 0 0 0 0 0
0 0 0 0 −4 −3 −2 −1

⎞
⎟⎟⎠ .

Note that the out-of-phase aperiodic auto-correlation function
takes zero if either τ2 or τ3 is even. So that we can pro-
duce some n-dimensional E-sequences with a good correla-
tion property that almost 3/4 of all shifts is zero.

5. Conclusion
In this paper, we have considered the generalization of
E-sequences to the multi-dimension. We have clarified
that n-dimensional E-sequences can be constructed from n-
dimensional complementary sequences of half length. We
have derived the logic function of n-dimensional E-sequences
of length 2� from the logic function of n-dimensional comple-
mentary sequences. In addition, the logic function can pro-
duce multi-dimensional E-sequences with the good correla-
tion property that almost 3/4 of all shifts is zero.
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