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Abstract: In digital circuit design using a hardware de-
scription language, some elementary functions and user
defined functions can not be expressed directly. In such
cases, the target function is approximated as a polyno-
mial to be implemented by additions and multiplications.
If an approximation error exceeds the permissible one, it
can be corrected with a look-up table (LUT). However,
considering discrete and nonlinear relation between the
approximation error and the circuit area, optimization of
reducing the total hardware cost would be more complex.
In this research, for an arbitrary function, we propose the
optimization technique of minimizing the hardware cost.
The proposed method starts with multiple initial solu-
tions based on two hardware models. Furthermore, for
optimization algorithm, tabu search (TS) is used, and it
is parallelized to make a global search.

Keywords— finite word length approximation, coeffi-
cient quantization, optimization, tabu search

1. Introduction

Recently, in digital circuit design, an operation speci-
fication is provided using software algorithm like a C
language. However, in design of some elementary func-
tions and user defined functions, it is necessary to convert
from software description to hardware description using
hardware description language, ex.) VHDL and Verilog
HDL. For example, sine function is described by “sin”
in the software description, but in the hardware descrip-
tion, such function is described by the polynomial using
adder, multiplier and bit shift, and/or the LUT using
ROM. For functions as general as the elementary func-
tion, the hardware description method is well known.
However, for user defined functions, there is no general
method of conversion to hardware description.

In general, arbitrary functions designed by the poly-
nomial are represented by the Chebyshev’s approxima-
tion. However, in representation of the polynomial using
the Chebyshev’s approximation, coefficients need infinite
word length. In the other case of using the LUT [1], to
store all the output values of function, many amounts
of the memory are needed. In both case, the hardware
cost is very high. Then, to reduce the hardware cost,
the target function is approximated as the polynomial
using finite word length to be implemented by additions
and multiplications, and the approximation error exceeds
the permissible one, it can be corrected with the LUT [2].
However, relationship of reducing of the hardware cost of

Figure 1. Block diagram of the polynomial representa-
tion

the arithmetic circuit and that of the LUT are trade-off.
In addition, considering the discrete and nonlinearity re-
lation between the coefficient quantization and the hard-
ware cost of the LUT, optimization of the total hardware
cost would be more complex.

In this research, for an arbitrary function, we propose
the optimization technique of selecting the appropriate
hardware model with less quantization error, and min-
imizing the hardware cost using the TS. The proposed
method starts with multiple initial solutions based on
two hardware models, and the TS is parallelized to makes
a global search.

2. Circuit Representations

In digital circuit design, an arbitrary function is rep-
resented as any approximation using simple operations
such as multiplications, additions and shifts. For hard-
ware model of the arbitrary function representation, we
employ two type models, the polynomial representation
and a factorized representation.

2.1 Polynomial Representation

In general, the polynomial representation is used for the
approximation of the function. The target function F (x)
is approximated as an N -th polynomial, F ′(x) is ex-
pressed as Equation 1 and Figure 1,

F ′(x) =
N∑

i=0

Cix
i (1)

where each Ci is a coefficient of the polynomial. In
this method, the Chebyshev’s approximation using co-
efficients with infinite word length is effective. However,
actual circuits using coefficients with finite word length
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Figure 2. Block diagram of the factorized representation

have the quantization error. To correct such error, the
LUT is used.

2.2 Factorized Representation

For the approximation of some functions with oscilla-
tion component, the factorized representation is effective.
The polynomial F ′(x) is transformed into the factorized
form as

F ′′(x) = α

N∏

i=0

(x − Ci) + β(x) (2)

where α and β(x) are scale factor and linear element, re-
spectively. In this representation, the value of the func-
tion oscillates with respect to β(x). When x = Ci, ap-
proximated function crosses to the β(x), then divergence
of this function is prevented. A schematic view of the fac-
torized representation circuit is shown as Figure 2. The
quantization error are corrected by the LUT, same as the
polynomial representation.

3. Optimization Method

As described above, arithmetic circuits are consisted of
the approximation circuits and the LUT. The hardware
cost of the LUT depends on a word length of the quanti-
zation error. However, to reduce the quantization error,
large word length of coefficients of the approximation
function is necessary. Therefore, the quantization error
and the hardware cost of the LUT are trade-off. Then,
it is difficult to reduce the hardware cost of the approx-
imation circuit and the LUT simultaneously.

In this research, to reduce the total hardware cost of
the arithmetic circuit is dealt with combinatorial opti-
mization problem. To solve such problem, genetic algo-
rithm, simulated annealing, TS and so [3] on are well
known. In this problem, coefficients obtained from the
Chebyshev’s approximation are used as initial solution
of optimization. The TS [3]-[5] is useful tool for local
search. Then, selection of hardware model and coeffi-
cients of approximated function are optimized using the
TS.

aspiration criteria

aspiration criteria

Figure 3. Flowchart of parallel tabu search

3.1 Parallel Tabu Search

The TS is a meta-heuristic algorithm that can be used
for solving the combinatorial optimization problems pro-
posed by Fred Glover [4][5], and it is belonging to the
class of local search techniques. The feature of the TS is
cycling back to previously visited solutions is prevented
by the use of memories, called tabu lists, that record the
recent history of the search.

Since the TS depends on initial solution, initial value
setting are very important. In this research, the TS is
parallelized with multi search points and probabilistic
selection is added to spread a search area using plural
initial solutions. So the parallel TS (PTS) have plu-
ral initial solutions. Main initial solutions of the PTS
are obtained from coefficients of the polynomial using
the Chebyshev’s approximation and the factorized form.
Each coefficient is rounded in finite word length. In ad-
dition to these, 4 initial solutions are used. These are
summarized below.

(1) all coefficients are zero
(2) all coefficients are maximum value
(3) all coefficients are minimum value
(4) all coefficients are given at random
In the case of (1), the arithmetic circuit is not use,

namely the target function is composed of only the LUT.
By this solution, the circuit designed only with the table
is obtained in worst case. (2) and (3) are edge of so-
lution space, and these cover the solution space widely.
(4) is irregular and the solution that cannot be expected
quite can be obtained. These supply another possibil-
ity that can not obtain from rounded coefficients of the
Chebyshev’s approximation.

Furthermore, in this research, the tabu list is shared
by all solutions of the PTS, since the relation of each
solution is deep. A flowchart of this method is shown in
Figure 3.

3.2 Solution Representation

Solutions of the PTS are represented as a sequence of
all coefficients. The format of each coefficient is one sign
digit and decimal fraction expressed by binary. N coeffi-
cients are aligned in ascending order, for the polynomial
form. In the factorized form, the scale factor α is added.
Since the total word length of solution is same, the degree
of the factorized is smaller than the polynomial. Exam-
ple of solution representation of the polynomial and the
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Figure 4. Solution representation of the polynomial and
the factorized form

Figure 5. Generation of neighborhoods

factorized form are shown in Figure 4.
The neighborhood solution is generated by changing

the least significant bit of coefficients. All coefficients
do not generate neighborhood solution because of con-
vergence of neighborhood solution and increase of com-
putation time. The changing coefficients are selected at
random using short-term and long-term memory. The
sort-term memory registers the number of chance not to
have been selected as candidate for each coefficient, and
long-term memory has accumulation number in which
neighborhood is generated. By using these memories,
the coefficient with a little selected frequency is selected
by priority. Figure 5 shows an example of generation of
neighborhoods, when coefficients C0, C1 and CN−1 are
selected.

3.3 Evaluation

In this research, solutions are evaluated by the hardware
cost of the arithmetic circuit and the LUT. The cost of
the LUT depends on the word length of maximum value
of an error (le) between the target function and the ap-
proximation. le can be paraphrased as an input word
length of the LUT. The dependency of the hardware cost
of the LUT on the input word length is shown in Figure
6. The hardware cost of the arithmetic circuit is evalu-
ated by number of adders that compose the circuit. The
number of adders is obtained from the number of non-
zero bit of each coefficient. In this research, coefficients
are expressed as canonical signed-digit (CSD) [6]. CSD
representation has fewest nonzero digits and can be effi-

Figure 6. Relationship between the input word length
and the hardware cost of the LUT

ciently realized by using a small number of adders. The
cost of the LUT (Ctable) is expressed by below equation.

Ctable = 2le (3)

The hardware cost of the LUT is evaluated using Ctable,
but evaluation of the total hardware cost needs a consid-
eration of reduction of the cost of the arithmetic circuit.
Then, the total hardware cost is evaluated by

EV =
1

Ctable
+

1
Ctable × Cadders

, (4)

where Cadders is the number of adders of the arithmetic
circuit, and the evaluation value is so good that the value
is large.

4. Simulation Results

To show the effectiveness of the proposed method, de-
sign simulations of two typical arbitrary functions have
been achieved. Each target function is a combination of
polynomials and elementary functions with 9-bit word
length of input/output. The specification of these target
functions F1(x) and F2(x) are shown in Figure 7 and 8,
respectively. Design parameters used in this simulation
of each example are shown below.

TS:
# of tabu list : 7
# of changing coefficients : 3
# of neighborhood : 27
# of iteration : 20000
# of parallels : 12

Target Functions:
F1(x) = cos(x)log(x + 1)
F2(x) = (x + 1)log(x + 1)

Degree N : 8
Range of x : 0≤x≤8

Since F1(x) has oscillation component, the factorized
form is used, and F2(x) is optimized using the polynomial
representation. Table 1 shows these simulation results
using the proposed method together with the compari-
son with the circuit obtained by the Chebyshev’s approx-
imation with quantized coefficients of 9-bit.
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Figure 7. Specification
of function F1(x)

Figure 8. Specification
of function F2(x)

Table 1. Comparison of the hardware cost between pro-
posed method and the Chebyshev’s approximation
with finite word length coefficients

function F1 : cos(x)log(x + 1)
proposed method Chebyshev

# of adders 15 19
table size 1 8
function F2 : (x + 1)log(x + 1)

proposed method Chebyshev
# of adders 11 11
table size 5 8

As seen from these results, function F1(x) is designed
both with reduction in the number of adders by 20% and
with reduction in the size of the LUT by 90%. For func-
tion F2(x), the number of adders is same, but the size of
the LUT reduce to about 60%. These results show that
the total hardware cost obtained from proposed method
is smaller than that of the Chebyshev’s approximation
with finite word length coefficients for typical arbitrary
functions both with and without oscillation component.

5. Summary

In this research, we propose an optimization method for
design of arithmetic circuits of arbitrary functions. For
the problem of trade-off between reducing the hardware
cost of the arithmetic circuit and that of the LUT, opti-
mization of coefficients of approximated function is nec-
essary. Furthermore, two circuit representations of the
polynomial and the factorized form are used. By using
the PTS, hardware model and these coefficients are opti-
mized, and the total hardware cost is reduced. As results
of simulations, the proposed method is very effective in
design of arithmetic circuits of arbitrary functions.
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