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Abstract: The stochastic proximity embedding (SPE) is a
method of data visualization in research area of data clus-
tering and mining. The SPE can visualize high-dimensional
data by embedding them in a low-dimensional space accord-
ing to a given similarity among input data. This paper ex-
tends the SPE by applying a simple iterative learning process.
Without any knowledge on data, the extended SPE can au-
tomatically optimize the similarity of data and can produce
low-dimensional embeddings more accurately than the origi-
nal SPE.

1. Introduction
Data mining aims to search hidden knowledges, unexpected
patterns and rules in large volumes of data. The process of
data mining includes data selection, cleaning, clustering and
prediction [1]. The stochastic proximity embedding (SPE) is
a method for data clustering and visualization [2]. The SPE
can embed high-dimensional data in a low-dimensional space
according to a given similarity (or distance) among input data.
The algorithm of SPE is so simple that the SPE can be applied
to large volumes of high-dimensional data in various scien-
tific problems. For example, the SPE can solve the protein
structure determination problem which is one of optimization
problems [4]. If the similarity used for SPE was appropriately
defined for the input data, the low-dimensional embedding
can show a clear cluster structure and characteristic feature of
the input data. Thus, the definition of the similarity is very
important. Usually, the similarity is empirically defined ac-
cording to our knowledge on the data.

In this paper, we extend the SPE and propose a method
which automatically optimizes the similarity by a simple it-
erative learning without any knowledge. The extended SPE
can embed the input data more accurately than the origi-
nal SPE. Using relatively low-dimensional artificial data and
high-dimensional practical data, we demonstrate the effec-
tiveness of our proposed method for data clustering and min-
ing.

2. Stochastic Proximity Embedding
The SPE allocates large volumes of high-dimensional data
in a low-dimensional space according to their proximities or
similarities.

2.1 Algorithm

The algorithm of the SPE is as follows:
1) Assign initial D-dimensional coordinates

yi = (yi
1, y

i
2, . . . , y

i
D)T (i = 1, 2, . . . , N)

to given input data, where N is the number of input data.
2) Set appropriate values of the neighborhood radius
rc and the learning rate λ and calculate similarities
rij (j = 1, 2, . . . , N) among input data. (The smaller
the similarity of data is, the larger the value of rij be-
comes. Therefore, we should call rij a dissimilarity.
However we use the word “proximity” or “similarity”
for a sake of convenience.)

3) Select two data, say i and j, at random and calculate
the Euclidean distance dij(≡||yi − yj ||).

4) If

(rij ≤ rc) ∨ ( (rij > rc) ∧ (dij < rij) ), (1)

then update the coordinates yi
d and yj

d (d = 1, 2, . . . , D)
as follows:

yi
d ←− yi

d + λ
1
2

rij − dij

dij + ε
(yi

d − yj
d) (2)

yj
d ←− yj

d + λ
1
2

rij − dij

dij + ε
(yj

d − yi
d) (3)

where ε is a small number used to avoid division by zero.
For accurate embeddings of the data which are close to
each other, if rij ≤ rc, or if rij > rc and dij < rij , the
coordinates yi

d and yj
d are updated so that the distance

dij matches more closely the similarity rij .
5) Repeat 3) – 4) for a prescribed number S of learning
steps.

6) Reduce λ by a decrement Δλ.
7) Repeat 3) – 6) for some cycles C.

In general, it is desirable to set λ = 2, Δλ = 0.02, C = 100,
and the value of rc needs to be chosen enough larger than the
similarities rij [2].

2.2 Error Function

To evaluate the performance of the SPE, we use the following
error function E:

E =
∑
i>j

f(dij , rij)/
∑
i>j

r2
ij (4)

f(dij , rij) =
{

(dij−rij)2 if (rij ≤ rc) ∨ (dij < rij )
0 otherwise

The error function is expected to be minimized in the
above iterative embedding [3].
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3. Optimization of Similarity
The SPE can embed high-dimensional data in a low-
dimensional space according to a similarity among input data.
Let us denote the input data as xi = (xi

1, x
i
2, . . . , x

i
M ) (M is

the dimension of the input data and is supposed to be much
larger than the dimension D of the embedding space). Let the
similarity rij between xi and xj be expressed by

rij =
1
M

√√√√ M∑
m=1

{wm(xi
m − xj

m)}2 (5)

where wm is the weight for the m-th component of the M -
dimensional input data.

3.1 Optimization of Similarity by the Gradient Descent
Method

In this paper, we seek the optimal value of wm so that the
embedding error E could be minimized:

minw1,w2,...,wM E

s.t. wm ≥ 0 (m = 1, 2, ...,M)

The optimization of wm is solved by a simple iterative learn-
ing of the gradient descent method:

wm ←− wm − η
∂E

∂wm
(6)

where η is a learning rate. ∂E/∂wm is determined by

∂E

∂wm
=

∂

∂wm

(∑
i>j

(dij − rij)2/
∑
i>j

r2
ij

)

= −2

[∑
i>j

(dij − rij)(xi
m − xj

m) ·
∑
i>j

r2
ij

+
∑
i>j

rij(xi
m − xj

m) ·
∑
i>j

(dij − rij)2
]

/
N

(∑
i>j

r2
ij

)2

(7)

Further explanation on ∂E/∂wm is given in Section 4.

3.2 Algorithm of the Extended SPE

The algorithm of the extended SPE is as follows:
1) Assign initial D-dimensional coordinates

yi = (yi
1, y

i
2, . . . , y

i
D)T (i = 1, 2, . . . , N)

to given M -dimensional input data, where N is the num-
ber of input data.

2) Set appropriate values of the neighborhood radius rc,
the learning rate λ and the initial values of the weights
wm (m = 1, 2, . . . ,M ).

3) Calculate similarities rij (j = 1, 2, . . . , N) among in-
put data according to Eq. (5).

4) Select i and j, at random and calculate the Euclidean
distance dij .

5) If (rij ≤ rc)∨ ((rij > rc) ∧ (dij < rij)), then update
the coordinates yi

d and yj
d (d = 1, 2, . . . , D) according

to Eqs. (2) and (3).
6) Repeat 4) – 5) for a prescribed number S of learning
steps.

7) Reduce λ by a decrement Δλ.
8) Update the weights wm as follows:

wm ←− wm − η
∂E

∂wm

9) Repeat 8) for a prescribed number R of weight update.
10) Repeat 3) – 9) for some cycles C.

4. Performance comparison of the original SPE
with the extended SPE

We use three kinds of input data and embed them into a low-
dimensional space by three methods: the original SPE, the
extended SPE and the principle component analysis (PCA)
which is one of basic methods for dimensionality reduction.
The first set of data is two-dimensional artificial data, the
second set is five-dimensional artificial data and the third
set is high-dimensional practical data in UCI Repository [6].
The values of parameters are set as C = 100 S = 1000
λ = 2.1 Δλ = 0.2 rc = 10. By embedding these data, we
compare the performance of the three methods.

Experiment 1
Firstly, we embed two-dimensional artificial data in a one-
dimensional space. The input data are denoted as xi(=
(xi

1, x
i
2) (i = 1, 2, ..., 10)). The first component xi

1 of the
two-dimensional input data xi is equally spaced, while the
second component xi

2 is randomly spaced as shown in Fig. 1.
By embedding these input data in a one-dimensional space,
we examine whether the regularity of the input data is pre-
served by the embedding or not. In this experiment, we set
the iteration number R of weight update to 1 or 10 and all
initial values of wm to 1.

Table 1 and Fig. 2 show the results of one-dimensional em-
beddings of two-dimensional artificial data. In Table 1, we
can see the errors of the original SPE and the extended SPE.
The error of the extended SPE is less than that of the origi-
nal SPE, and the error of the case of R = 10 is much less
than that of R = 1. Figure 2 shows the one-dimensional
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Figure 1. Input data in Experiment 1. Each point corresponds
to each input datum, and the circled number labeled to
each point shows the datum number i.
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Table 1. Error E in Experiment 1
method E

the original SPE 9.61 × 10−4

the extended SPE (R = 1) 1.19 × 10−4

the extended SPE (R = 10) 1.37 × 10−6
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Figure 2. One-dimensional embeddings of two-dimensional
artificial data generated by (a) PCA, (b) the original SPE,
(c) the extended SPE (R = 1) and (d) the extended SPE
(R = 10).

embeddings generated by the PCA, the original SPE and the
extended SPE. We can see that the embedded data in Fig. 2(a)
is unequally spaced. On the other hand, in Figs. 2(b), (c) and
(d), the embedded data is equally spaced. These results show
that the iterative learning of weight wm is very effective to
reproduce or extract the regularity of the input data.

Here, we explain why the iterative learning of the extended
SPE is effective for the reproduction of the regularity. Let
us focus on Eq. (7). As described before, the SPE updates
the distance dij as dij � rij . From Eq. (7) , we can find
that if (xi

m − xj
m) is positive, ∂E/∂wm is negative, and vice

versa. We show the detailed explanation about (xi
m − xj

m) as
follows:

(i) the case that xi
m (i = 1, 2, . . . , N ) is equally spaced.

If xi
m is equally spaced e.g., (x1

m, x2
m, x3

m, · · · ) =
(1, 3, 5, . . . ), (xi

m − xj
m) is positive about any pair of

i and j (i > j). Therefore, ∂E/∂wm is negative under
this condition. This means that the weight wm for the
regular (equally spaced) component xi

m increases.
(ii) the case that xi

m is unequally spaced.
There is no rule which determines whether (xi

m − xj
m)

is positive or negative. Therefore, the weight wm for
the irregular (unequally spaced) component xi

m remains
near its initial values.

Experiment 2
Next, we embed five-dimensional artificial data in a two-
dimensional space. The input data are denoted as xi(=
(xi

1, x
i
2, x

i
3, x

i
4, x

i
5) (i = 1, 2, . . . , 100)). The first two com-

ponents xi
1 and xi

2 of input data are equally spaced according
to a 10×10 orthogonal lattice shown in Fig. 3. The other com-
ponents xi

3, xi
4 and xi

5 are given randomly between 1 and 10.
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Figure 3. The first two components xi
1 and xi

2 (i =
1, 2, ..., 100) of five-dimensional input data xi. Each
point corresponds to each input datum, and the circled
number labeled to each point shows the datum number i.
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Figure 4. Error E vs. cycle number C in the embedding of
five-dimensional artificial data.
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Figure 5. Two-dimensional embeddings of five-dimensional
artificial data generated by (a) PCA, (b) the original SPE,
(c) the extended SPE (R = 1) and (d) the extended SPE
(R = 10). The data points are connected according to
the reticular pattern in Fig. 3.

Other conditions are the same as Experiment 1.
Figures 4 and 5 show the results of two-dimensional em-

beddings of five-dimensional artificial data. In Fig. 4, we can
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Table 2. Datasets used in Experiment 3 (N : the number of
data, M : the dimension of each datum, K: the number
of classes)

N M K
Wine 178 13 3

Breast Cancer 400 9 2
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Figure 6. Error E vs. cycle number C in the embedding of
high-dimensional practical data. (a) “Wine” (b) “Breast
Cancer”

see how the errors change with the cycle numbers. The errors
of the extended SPE are less than those of the original SPE,
and the error of the case of R = 10 is much less than that of
R = 1. Figure 5 shows the two-dimensional embeddings
generated by the PCA, the original SPE and the extended
SPE. We can find that only the extended SPE with R = 10
has succeeded in generating the lattice structure of the input
data. These numerical results show that the optimization of
the similarity of the input data by an iterative learning is very
effective to embed and extract the regularity of the input data.

Experiment 3

In this experiment, we embed high-dimensional practical data
in a two-dimensional space. We use two datasets in UCI
repository [6]. One is named “Wine” and the other is “Breast
Cancer”. Table 2 summarizes the properties of these datasets:
the number of data N , the dimension of each datum M , the
number of classes (clusters) K. We set the number R of
weight update to 1. Other conditions are the same as Experi-
ment 1.

Figures 6 and 7 show the results of two-dimensional em-
beddings of the above data. In Fig. 6, we can see how the
errors change with the cycle numbers. The errors of the ex-
tended SPE are less than those of the original SPE. Figure
7 shows the two-dimensional embeddings generated by the
PCA, the original SPE and the extended SPE. The embedded
data are clustered accurately in all embeddings. In this exper-
iment, the input data are so simple that there is no difference
between the two-dimensional representations by the extended
SPE and those by other two methods.

The three experiments show that the extended SPE has at
least the same or better capability than the original SPE and
the PCA in embedding of high-dimensional data.
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Figure 7. Two-dimensional embeddings of high-dimensional
practical data. (a)(c)(e): “Wine”. (b)(d)(f): “Breast Can-
cer”. (a)(b): The PCA. (c)(d): The original SPE. (e)(f):
The extended SPE. The data points which belong in a
same cluster is represented by a same symbol.

5. Conclusions
The SPE is a simple and fast algorithm for produc-
ing low-dimensional representations or embedding of high-
dimensional data according to a similarity or metric. In this
paper, we extended the SPE to optimize the data similarity.
According to numerical experiments, we have shown that the
extended SPE is a better method than the original SPE and the
PCA in data embedding and visualization.
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