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Abstract: In this paper, we formulate the filter design prob-
lem based on modified least square criterion in the frequency
domain. Here the problem is expressed as quadratic form and
we optimize the filter coefficients by using branch and bound
method in discrete space. In the branch and bound method,
we calculate the relaxation solution based on the Lagrange
multiplier method and search in the domain in which good
possible solutions exist. In this method, the stable solutions
whose poles are all inside the unit circle are just acceptable,
so the stability of the filter can be guaranteed. Finally, numer-
ical example is given to illustrate the utility of the proposed
method.

1. Introduction

When designing the digital filters, it is general to assume
that the filter coefficients are expressed as continuous values
(not discrete values). However, when implementing the dig-
ital filter, the filter coefficients will be changed and the fre-
quency characteristics may be degraded. Furthermore, the fil-
ter may be unstable.

It is well known that the synthesis of low-sensitivity digi-
tal filter structures based on the coordinate transformation is
an effective method to reduce the degradation. However this
method is only available when the filter is described by the
state-space model. Thus when the filter is described by the
rational transfer function, the coordinate transformation can
not be used. Design of the filter coefficients in discrete space
is an alternative. However, if we search the filter coefficients
in discrete space, it will be time consuming. Hence, the de-
sign of digital filter with discrete coefficients is really hard.
The work for the design of digital filter coefficients with finite
word-length has been done [1]-[3]. In [3], the modified least
squared (MLS) error criterion [4] is used in the time domain.

In this paper, we propose a design technique for approxi-
mating the given frequency characteristic with the finite word-
length coefficients. Here the weighted modified least-square
(WMLS) criterion is derived in the frequency domain. Using
WMLS criterion, the design problem can be expressed as a
quadratic form and the finite word-length coefficients can be
designed based on the branch and bound method. The relax-
ation solution can be calculated by the Lagrange multiplier
method. Also, in this method, the coefficients whose poles
are all inside the unit circle are acceptable. Hence the stabil-
ity of the filter is guaranteed. Using the branch and bound
method, the search time (calculation cost) can be reduced.

Finally, we design the 10-th order low-pass digital filters
by the proposed method and show the magnitude response
and the phase characteristic of digital filter.

2. Problem Formulation
2.1 Weighted Modified Least-Square Criterion

Let the transfer function be

H(w) = (@) (D
where
Alw) = Zale*jl“, ap =1 (2)
=0
Blw) = bre . (3)
k=0

Here define a weighted estimation function as
T 2
E= / W(w)|Bw) - Ha@)A@)[*do (@)
0

where W (w) is the weighting function and H4(w) is the de-
sired response. The purpose of this paper is to design the
lowpass filter. So the desired response H,(w) is given as

efj'rw

i ={ ;

0<w<w,
ws <w<T

®)

where w,, and w; are the passband frequency and stopband
frequency, respectively.
Substituting (2),(3) and (5) into (4), we have

E= Z Zakalpk,l + 22 ZaklekJ

k=0 =0 k=0 [=0

+ Z Z brbi Ry

k=0 1=0
=a"Pa+2a"Qb+b'Rb

o 2[5 ]

=z"Kux (6)
where
_|a P Q
=i x=ler 7
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Here (9)-(11) are expressed as

a:[ao a am]t,aozl (7
Pr :/ ' W (w) cos ((k - l)w)dw,
0
k=0,1---m,1=0,1---n )
Qry=— / ' W (w) cos ((k -1+ T)w) dw,
0
k=0,1---m,1=0,1---n (10)

Riy = /0 7 W (w) cos ((k — ) s

+ /W W (w) cos ((k - l)w)dw,

k=0,1---m,1=0,1---n. (11)

The problem is to find the a; and b; which minimizes (4).
Note that (4) does not equal to minimize the mean square er-
ror(MSE). Hence if we minimize (4), the optimality in the
MSE sense is not guaranteed. However the MSE can be re-
duced effectively by minimizing (4). In this paper, we use the
matrix K for the design of IIR digital filter with finite word-
length coefficients.

2.2 Weighting Function

By adjusting the weighting function, the desired specifica-
tion in terms of passband and stopband can be achieved.

Consider the case when the weighting function in terms of
passband is given as follows

Wi w=0<w<uw
Wy w <w< ws
W) =4 . (12)

WN wn—1 <w < wy =wp

where Wy, Ws, - -
Let

W are all constants.

Wi

a(kl)l W;

)

cos ((k _ l)w)dw. (13)

Wi—1

If k —1 # 0, we have

agf)l kwjl (sm(k — lw; —sin(k — l)wifl)' (14

)

Also if k — [ = 0, we have

a(k)l = (w; — w;_1)W;. (15)

Hence

N
Z (sm — Dw; —sin(k — l)wi,l)
Py = - k—1#£0

is obtained.
Next, let k — [ + 7 # 0 and

Wi

Bl =w; cos ((k y T)w) dw, (17
we have
o__ W N
Bkl k—l-l—r(sm(k I+ 7)w;
“sin(k — 1+ T)wi_l). (18)

Also, if K — [ + 7 = 0, we have

58 (wi —wi—1)W;. (19)
Hence
Zk—l - (st =1+ e
Qg = —sm(k—l-i-r)wi 1) E—=l+1#0
- Z —wi-1) k—l+7=0
\ (20)
is obtained.

The weighting function in terms of stopband is given as
follows

Wit ws =wy <w < W41
Wrie wni1 <w < wni2

W(w) = . 2n
Wy wyi<w<wy=m

where W1, Wa o, - - - Wiy are all constants.
Then Ry, ; is calculated as

LW
—( sin(k — w; — sin(k — Nw;_
Z; k— 1( 1)

Ry, = - k—1#0

3. Finite-Wordlength Design
3.1 Lower Bound Estimation

If we try to search the combination of all coefficients val-
ues, it is very difficult to search everything based on the tree
model as Fig. 1. So we use the Lower bound estimation.

Assume that the temporary solution xp is obtained. Let
the discrete coefficients vector be xp and divide it into two
sets as

xp = {1, X2} (23)
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Figure 1. Tree structure of filter coefficients where d;, d> - - -
are candidate value for each coefficient.

where

1 :(561, T - 2171) (24)
Ty =(Tit1, Tita " TK). (25)
Hense x; indicates a subtree with depth 7. So there are a lot

of subtrees under x;.
Here the vector in which x» is relaxed is written as

xp = {z1, x5} (26)

As mentioned before, & indicates a subtree and x1, x5 - - - x;
are fixed as discrete values. The vector which minimizes F
under the constraints is x7,.

If

E(wp) < E(w)), @7)

asubtree x5 in &}, which is better than the temporary solution
x p is not exited. Hence we do not have to search a subtree
which is located under ;. Thus we can bound the search
space based on the branch and bound method. In this method,
to find the good temporary solution quickly is very important
to search effectively.
3.2 Lagrange Multiplier Method

We show how to calculate the relaxation solution of (26).
Define

x'S =pt (28)

where

S :(317327 .. '7Si)
81 :(1,0,0, - ,O)t
p :(p17p27 v 7pi)t'

(28) indicates that some elements of « are discrete values.

The relaxation solution can be obtained by the L.agrange
multiplier method as follows. Let us apply the Lagrange mul-
tiplier method to the problem minimizes (6) under the con-
straint (28). Let

J(z,A) = %wtK:c — ('S —p)A. (29)

Here differentiate (29) by  and A and equating to 0, we have
oJ(x, \)

2 =Kz -S\=0 (30)
ox
oJ(x, \) '
- _ =0. 3
X z'S+p=0 31
From (30) and (31), we have
A= (S'K'S) 1p. (32)

Substituting (32) into (30), « can be obtained as
z=K 'S(S'K'S) !p. (33)

Hence by setting S and p with the appropriate values, the
relaxation solution can be calculated.

For example, S and x; which are corresponding to the
subtree Ty = {z1 =1, x5 = 0.5, x5 = 1.25} are as follows.

1 00
010
0 0 1
S=100 0 (34)
| 0 0 0|
xz; =(1, 0.5, 1.25)T. (35)

3.3 Search Algorithm

Let the depth of the tree be ¢ and the branch position be &,
respectively. Thus, the coefficients are z; and its candidates
are d withi = 1,2---K, k = 1,2---L where L is the
number of candidates.

STEP 1: Let the initial search point be ; = 1 and the
initial temporary solution be x p.

STEP 2: If all trees are terminated, the search is finished.

STEP 3: If i # m + 1, goto STEP 4. If i = m + 1, check
the stability of the filter. If it is stable, go to STEP 4. If not,
go to STEP 5.

STEP 4: Calculate the relaxation solution by (33). If
E(xzp) < E(x}), go to STEP 5. If not, let i — ¢ + 1,
and go to STEP 6 (See Fig. 2(a)).

STEP 5: If x; # dp, terminate the subtree under x; = dj,
and move to the next branch x; = dj1 (See Fig. 2(b)). If
r;, =dp,t —i—1landmovetox;,_; =d = T,_1 = dk+1
(Fig. 2(c)) and go to STEP 2.

STEP 6: If i # K, go to STEP 3. If ¢ = K, compare
the temporary solution with the obtained solution. If the ob-
tained solution is better than the temporary solution, update
the temporary solution and go to STEP 7.

STEP 7: If k # L, go to STEP 6. If k = L, go to STEP 2.
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Xi+l =d1 Xi+l =d2
(@)

Xi+1 =d1 Xi+1 =d2
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Xi-1 :dk

Xi-1 =dk+2

o

Xi-1 :dkH

Xz:dL
(©)

Figure 2. Movement of the search point.

4. Numerical Example

To show the effectiveness of the proposed method, we
design the digital filters in which the desired frequency re-
sponse:

efjrw

i) ={ &

0<w<wy
wi<w<n (36)

Fig. 3 shows the magnitude response of the designed fil-
ters where the filter order is m = n = 10 and the word-
length of the coefficients is 10 bits. The solid line indicates
the magnitude response of digital filter designed by the pro-
posed method. For comparison, we show the result of simple
roundoff case as the dotted line. Also, Fig. 4 shows the phase
characteristic of the filter designed by the proposed method
and simple roundoff. From Figs. 4, we can see the filter de-
signed by the proposed method has the linear phase charac-
teristic.

From Figs. 3 and 4, we can see the digital filter designed
by the proposed method outperforms that designed by the
simple roundoff.

5. Conclusion

In this paper, we have proposed the design method for TR
digital filter with discrete coefficients in the frequency do-
main. We have formed the filter design problem based on the
WMLS criterion and search the good solution using the lower

—— Propsed method
— — Simple roundoff

Amplitude characteristic (dB)

-100

. . . . . . . . .
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
w/x (rad/s)

Figure 3. Magnitude response of the digital filters.

—— Propsed method
— — Simple roundoff

Phase characteristic
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Figure 4. Phase characteristic of the digital filters.

bound estimation. Finally, we have confirmed the effective-
ness of the proposed method based on a numerical example.
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