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$EVWUDFW �7KH SUREOHP RI GHWHUPLQLQJ WKH VKDSH RI DQ LPSHUIHFWO\ FRQGXFWLQJ F\OLQGHU EXULHG

LQ D KDOI�VSDFH E\ WKH JHQHWLF DOJRULWKP LV LQYHVWLJDWHG� $VVXPH WKDW D FRQGXFWLQJ F\OLQGHU RI

XQNQRZQ VKDSH DQG FRQGXFWLYLW\ LV EXULHG LQ RQH KDOI�VSDFH DQG VFDWWHUV WKH ILHOG LQFLGHQW

IURP DQRWKHU KDOI�VSDFH ZKHUH WKH VFDWWHUHG ILOHG LV PHDVXUHG� %DVHG RQ WKH ERXQGDU\

FRQGLWLRQ DQG WKH PHDVXUHG VFDWWHUHG ILHOG� D VHW RI QRQOLQHDU LQWHJUDO HTXDWLRQV LV GHULYHG DQG

WKH LPDJLQJ SUREOHP LV UHIRUPXODWHG LQWR DQ RSWLPL]DWLRQ SUREOHP�

,� ,QWURGXFWLRQ

7KH LPDJH SUREOHP RI FRQGXFWLQJ REMHFWV KDV EHHQ D VXEMHFW RI FRQVLGHUDEOH

LPSRUWDQFH LQ QRQLQYDVLYH PHDVXUHPHQW� PHGLFDO LPDJLQJ� DQG ELRORJLFDO DSSOLFDWLRQ� ,Q WKH

SDVW �� \HDUV� PDQ\ ULJRURXV PHWKRGV KDYH EHHQ GHYHORSHG WR VROYH WKH H[DFW HTXDWLRQ�

+RZHYHU� LQYHUVH SUREOHP RI WKLV W\SH DUH GLIILFXOW WR VROYH EHFDXVH WKH\ DUH LOO�SRVHG DQG

QRQOLQHDU� $V D UHVXOW� PDQ\ LQYHUVH SUREOHPV DUH UHIRUPXODWHG DV RSWLPL]DWLRQ SUREOHPV�

*HQHUDO VSHDNLQJ� WZR PDLQ NLQGV RI DSSURDFKHV KDYH EHHQ GHYHORSHG� 7KH ILUVW LV EDVHG RQ

JUDGLHQW VHDUFK DSSURDFK VXFK DV WKH 1HZWRQ�.DQWRURYLWFK PHWKRG >�@� WKH /HYHQEHUJ�

0DUJXDUW DOJRULWKP >�@ DQG WKH VXFFHVVLYH�RYHUUHOD[DWLRQ PHWKRG >�@� 7KLV PHWKRG LV KLJKO\

GHSHQGHQW RQ WKH LQLWLDO JXHVV DQG WHQGV WR JHW WUDSSHG LQ D ORFDO H[WUHPH� ,Q FRQWUDVW� WKH

VHFRQG DSSURDFK LV EDVHG RQ WKH JHQHWLF DOJRULWKP >�@� ,W XVXDOO\ FRQYHUJHV WR WKH JOREDO

H[WUHPH RI WKH SUREOHP� QR PDWWHU ZKDW WKH LQLWLDO HVWLPDWH LV�

,,� 7KHRUHWLFDO )RUPXODWLRQ

/HW XV FRQVLGHU D LPSHUIHFWO\ FRQGXFWLQJ F\OLQGHU EXULHG LQ D ORVV\ KRPRJHQHRXV KDOI�

VSDFH� DV VKRZQ LQ )LJ �� 0HGLD LQ UHJLRQV � DQG � DUH FKDUDFWHUL]HG E\ SHUPLWWLYLW\ DQG

FRQGXFWLYLW\ ���
��

σε DQG ���
��

σε UHVSHFWLYHO\� 7KH PHWDOOLF F\OLQGHU ZLWK FURVV VHFWLRQ

GHVFULEHG LQ SRODU FRRUGLQDWHV LQ [\ SODQH E\ WKH HTXDWLRQ ��θ)S = LV LOOXPLQDWHG E\

WUDQVYHUVH PDJQHWLF �70� ZDYHV� :H DVVXPH WKDW WLPH GHSHQGHQFH RI WKH ILHOG LV KDUPRQLF

ZLWK WKH IDFWRU H[S� WMω �� /HW
LQF

( GHQRWH WKH LQFLGHQW ILHOG IURP UHJLRQ � ZLWK LQFLGHQW

DQJOH
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- LV WKH LQGXFHG VXUIDFH FXUUHQW GHQVLW\ ZKLFK LV SURSRUWLRQDO WR WKH QRUPDO

GHULYDWLYH RI HOHFWULF ILHOG RQ WKH FRQGXFWRU VXUIDFH�
���

�+ LV WKH +DQNHO IXQFWLRQ RI WKH

VHFRQG NLQG RI RUGHU ]HUR� 7KH ERXQGDU\ FRQGLWLRQ DW WKH VXUIDFH RI WKH VFDWWHUHU JLYHQ E\ >�@
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)RU WKH GLUHFW VFDWWHULQJ SUREOHP� WKH VFDWWHUHG ILHOG�
V

( � LV FDOFXODWHG E\ DVVXPLQJ

WKDW WKH VKDSH DQG WKH FRQGXFWLYLW\ RI WKH REMHFW DUH NQRZQ� 7KLV FDQ EH DFKLHYHG E\ ILUVW

VROYLQJ - LQ ��� DQG FDOFXODWLQJ
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XQNQRZQV IRU VKDSH IXQFWLRQ� 7KH JHQHWLF DOJRULWKP LV XVHG WR PLQLPL]H WKH FRVW IXQFWLRQ�
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DUH WKH PHDVXUHG

VFDWWHUHG ILHOG DQG WKH FDOFXODWHG VFDWWHUHG ILHOG UHVSHFWLYHO\� 7KH PLQLPL]DWLRQ RI
�

��
 θα )

FDQ EH LQWHUSUHWHG DV WKH VPRRWKQHVV UHTXLUHPHQW IRU WKH ERXQGDU\ RI ��θ) � 7KH EDVLF *$ IRU

ZKLFK D IORZFKDUW LV VKRZQ LQ )LJ� ��

,,,� 1XPHULFDO 5HVXOWV

/HW XV FRQVLGHU DQ LPSHUIHFWO\ FRQGXFWLQJ F\OLQGHU EXULHG LQ D KDOI�VSDFH

� �
��

== σσ �� 7KH SHUPLWWLYLW\ LQ UHJLRQ � DQG UHJLRQ � LV FKDUDFWHUL]HG E\
��

εε = DQG

��
���� εε = UHVSHFWLYHO\� 7KH IUHTXHQF\ RI WKH LQFLGHQW ZDYH LV FKRVHQ WR EH � *+]� 7KH

REMHFW LV EXULHG DW D GHSWK ��� P� ,Q WKH H[DPSOH� WKH VKDSH IXQFWLRQ LV FKRVHQ WR EH

θθ �FRV����������� +=) P ZLWK PDWHULDO σ  
�

������ × V�P� 7KH UHFRQVWUXFWHG VKDSH

IXQFWLRQ IRU WKH EHVW SRSXODWLRQ PHPEHU LV SORWWHG LQ )LJ� ��D� ZLWK WKH HUURU VKRZQ LQ )LJ�

��E�� ZKHUH '5 DQG '6,* DUH FDOOHG VKDSH IXQFWLRQ DQG FRQGXFWLYLW\ GLVFUHSDQFLHV

UHVSHFWLYHO\� ,Q WKH VHFRQG H[DPSOH� θθθ �VLQ������VLQ����������� ++=) P ZLWK

PDWHULDO
�

����� ×=σ V�P� *RRG UHVXOWV DUH REWDLQHG LQ )LJ� ��D� DQG )LJ� ��E��

,9� &RQFOXVLRQV

:H KDYH SUHVHQWHG D VWXG\ RI DSSO\LQJ WKH JHQHWLF DOJRULWKP WR UHFRQVWUXFW WKH VKDSH

DQG FRQGXFWLYLW\ RI D PHWDOOLF REMHFW WKURXJK NQRZOHGJH RI VFDWWHUHG ILHOG� %DVHG RQ WKH

ERXQGDU\ FRQGLWLRQ DQG PHDVXUHG VFDWWHUHG ILHOG� ZH KDYH GHULYHG D VHW RI QRQOLQHDU LQWHJUDO

HTXDWLRQV DQG UHIRUPXODWHG WKH LPDJLQJ SUREOHP LQWR DQ RSWLPL]DWLRQ SUREOHP� %\ XVLQJ WKH

JHQHWLF DOJRULWKP� WKH VKDSH DQG FRQGXFWLYLW\ RI WKH REMHFW FDQ EH UHFRQVWUXFWHG IURP WKH

VFDWWHUHG ILHOGV� 1XPHULFDO UHVXOWV DOVR LOOXVWUDWH WKDW WKH FRQGXFWLYLW\ LV PRUH VHQVLWLYH WR

QRLVH WKDQ WKH VKDSH IXQFWLRQ LV�

9� 5HIHUHQFHV

>�@ $� 5RJHU� ³1HZWRQ�.DQWRURYLWFK DOJRULWKP DSSOLHG WR DQ HOHFWURPDJQHWLF LQYHUVH

SUREOHP�´ ,((( 7UDQV� $QWHQQDV 3URSDJDW�� YRO� ��� �������� �����

>�@ '� &ROWRQ DQG 3� 0RQN� ³$ QRYHO PHWKRG IRU VROYLQJ WKH LQYHUVH VFDWWHULQJ SUREOHP IRU

WLPH�KDUPRQLF DFRXVWLF ZDYHV LQ WKH UHVRQDQFH UHJLRQ ,,�´ 6,$0 -� $SSO� 0DWK�� YRO�

��� SS� �������� -XQH �����

>�@ 5� (� .OHLQPDQ DQG 3� 0� YDQ GHQ %HUJ� ³7ZR�GLPHQVLRQDO ORFDWLRQ DQG VKDSH

UHFRQVWUXFWLRQ�´ 5DGLR 6FL� YRO� ��� SS� ���������� -XO\� $XJ� �����

>�@ &� &� &KLX DQG 3� 7� /LX� ³,PDJH UHFRQVWUXFWLRQ RI D SHUIHFWO\ FRQGXFWLQJ F\OLQGHU E\

WKH JHQHWLF DOJRULWKP�´ ,(( 3URF��0LFUR� $QWHQQDV 3URSDJDW�� YRO� ���� SS���������

-XQH �����

>�@ )� 0� 7HVFKH� ³2Q WKH LQFOXVLRQ RI ORVV LQ WLPH GRPDLQ VROXWLRQV RI HOHFWURPDJQHWLF

LQWHUDFWLRQ SUREOHPV� ³,((( 7UDQV� (OHFWURPDJQ� &RPSDW�� YRO� ��� SS� ���� �����
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)LJ� � *HRPHWU\ RI WKH SUREOHP LQ �[�\� SODQH )LJ� � )ORZ FKDUW IRU WKH JHQHWLF DOJRULWKP

)LJ� ��D� 6KDSH IXQFWLRQ� 7KH VROLG FXUYH UHSUHVHQWV WKH H[DFW VKDSH� ZKLOH WKH GDVKHG FXUYHV DUH FDOFXODWHG VKDSH LQ LWHUDWLRQ

SURFHVV� �E�6KDSH IXQFWLRQ HUURU DQG FRQGXFWLYLW\ HUURU�

)LJ� ��D� 6KDSH IXQFWLRQ� �E� 6KDSH IXQFWLRQ HUURU DQG FRQGXFWLYLW\ HUURU�
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