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. Introduction

The Left-handed metamaterial (LHM) is found to dmxhicounter-intuitive electromagnetic
properties [1] and its phase velocity,() and group velocity ;) are 188apart [1, 2], thus they
show negative refractive index [3]. We have begmeernenting on the structured meta-materials
for negative refractive index at microwave frequesc The paper is not regarding the
experiment, but nature of energy momentum transpddRM. The negative refraction is under
the experimental research for past decade [3Jf4. pulse of EM radiation is launched inside a
negative refractive index material (NRM), it getpisezed sharpened, and similarly a spherical
wave front in positive indexed media gets flattemedt propagates inside the NRM [4], yet it is
interesting if in the meta-material parlance péetivave theory be founded. Here we give
possible classical explanations to these countetiveé phenomena and also a new explanations
regarding energy momentum if applied to this negatidexed material; new definitions.

II. Phaseand group refractiveindex in NRM

Let us demarcate the two refractive indices, aigl demarcation is essential in explaining the
NRM theory. Take the refractive index dispersivattts a function of frequency call it phase

refractive index Op(a))). Expansion of Taylor series for this dispersiveage refractive index
(only to its first derivative expansion), is termasigroup refractive index( (@)). Meaning that

: dn,(a) _ d
N, (@) = n,(w) + W = dw{a,np(a))} 1)

We clarify that the, observed negative refract®ifor as;n, («,) <0 but alway$, () >0 as

per causality principle. Equation (1) should bedred a particulamw, resonant frequency of
interest, where we are observing a negative réf@ctdex. The (2) gives model of NRM.

Ny (@) =1~ (af) /(&) )
Differentiation (2) with respect t@ gives dnp(a))/da): 2(@52)/(4)3 putting this and (2) in (1)
gives

n, (@) =1+ («f) /(o) 3)



For plasmonic system to achieve NRM we negd —1whereg,_ =—landy,_ =-1, one can

have electric plasma frequency overlapped, cas = w,,, = aybelow which & _andy,_are
negative, so we get NRM as (2). Also from (2) we ndfi that
n,(w) = —1Whena)§/a)2 =2.Putting this value of frequency, we obtain that3

whenn, = -1at the frequency of operation Surface Mode Res@wanthus we say that the
phase refractive index is negative in NRM and thaup refractive index in positive in NRM.
Well n,is related to phase and phase velocity @i related to group or packets or energy
travel, thus group velocity.

[11. Particleinsidein NRM media

Let a photon pulse of monochromatic frequemngy be travelling in free space. Observer sitting
on the crest and another observer sitting on tlrelepe, will find the relative motion as zero as
in free space, =V, =C .While the photon enters the NRM the two obserwvelisbe travelling

in opposite directions, as inside NR¥| = -v, .This is this nature of canonical momentum that

is generator of infinitesimal translations, and tinfinitesimal translations of the ‘waves’
corresponds to motion of its crests and troughs ftiase), and in NRM ‘opposes’ the direction
of motion of radiation (the group). It is for thisason the canonical momentum points in the

opposite direction to the mechanical momentum sddRM. Well can we write canonical
def
momentum ag, =(sgnn, /,/‘npng‘ Yy, Ic? Let us postulate this new definition of canonical

momentum; the proof will come naturally as we peste

A slab of NRM of lengtld, is placed ag=d/2. Call v, phase velocity ang as group
velocity of monochromatic EM signal travelling irhet regio0D<z<(d/2), where the
n, (@) = +1with relative permeability;, =1, and permittivity,, =1.Conventionally, we can

write for the dispersion less ideal region< (d/2)) that; v v, = ¢’ .Here we are assuming that
v, =(wlk)=c; v, =(dw/dk) =cin a vacuum where EM waves are travelling is ideal
condition. Now for meta-material (lossless and lidease, Witmp =-1) we can write, an

approximate relation, for region of NRMd/2)<z< (3d/2)) wherei._ =¢&,_ =-1; with

r

refractive index an, (&) = -1, andn,(a}) O+1 this enables the propagating modes inside the

LHM slab. While inside NRM we assume, = C, we get approximately,v, 0-c?
Total energy mass momentum expression from redditivapproach is (4).
2 _ 2.2 2.4 _ 2 2

E? = p*c®+mT’=piv,v,) +miv,v,) (4)
WhereE is total energyp is canonical (wave) momentum of the partiale;is mass of the
particle. Now putv,v, = —c%in (4), to get (5), that is inside NRM (which ise).

E? = p’(-c’)+m*(-c?)*=mt +(-pt) 5)
What we are observing is that corpuscular energiaiméng to group velocity is retained by the

particle but the energy due to waves (phase vghocit due to carrier or due to canonical
momentum inside NRM is becoming imaginary. Thapasitive root of the second term of (5)



we getpc. We can also say that canonical momentum insiéeNRM where n, =-land

n,=+lisp,=-p= —hay I c, opposite of the canonical momentum of the frecepln this

case no corpuscular (mechanical) energy is traesféo the NRM medium.
We take our practical NRM witin ) = —1and n, = +3 Here we retard the group velocityatb3,

and have phase reversal with phase velocity inSRM as —C thenv,v, = —c*/3, and put the
same in (4) to get (6)

E? = p(v,v,) + m*(v,v,) = pA(-c?/3)+m*-c?/3)*= (mt ?/3) % (-p % 3x (6)
Here the particle inside the NRM has less totalrggnethe difference of energy has been
absorbed by the media itself. Expression (6) suggese third of the energyl/3)mc® is
retained by the ‘photon’ inside the NRM slab, ahd two thirds of its energy are given to the
NRM slab. Here too the wave-energy is imaginarypeﬁx/g , and corresponding canonical

momentum of the photon inside NRM 8, :—(1/\/1—3)p:—(1/\/—371a{) fc . Let us call this
particular ‘imaginary’ component of energy

V. A thought experiment and discussions

Well let us consider the length of NRM slab, Zsvith n, =-1 andn, =3. The photon is
retarded in comparison to its position in  absencef amedium by
distancez = (C—vg)Z/vg = (ngl —1) Z.

The relativistic form of Newton'’s first law of matn requires that the centre-of-mass energy of a

system not subjected to any external force shoeldstationary or in uniform motion. Our
medium is isolated from such external influencenttiee relevant total energy is sum of photon

energysa, and the rest mass energy of the mediied, where M is mass of medium. The fact

that photon has been retarded by the medium méensentre-of-mass-energy can only have
been in uniform motion if the medium has itself radvo the right by a distanadz , then the

moments arAz)(Mc?) = (2)(ka,) .Substituting z, we obtail\z = (2, Z)(n, -1)/Mc?.
This motion can only take place if energy trangbkes place from photon whilst inside the
medium. The required velocity of the medium\A'gs(Az)/Zfrom which we can readily obtain

momentump™®™ = Mv Az/ Z = (hay | )L~ (v, / ¢)] =(2/3)p,.Wherep, = ha,/cis  the

initial momentum of the photon in free space. Motuenconservation suggests that we ascribe
the difference between the initial momentum and thiedium momentum to the photon
momentum inside the medium. The mechanical momewtupmoton in this NRM would be via

classical definition asp = n2iicg, /n,c =v,n2ha,/c” = ha,/3c = (1/3)p, and the canonical
momentum of the photon inside the NRM slab is

p. =(sgnn, )/«/‘npng‘ Y, lc=- (1/\/_3)1&)0 c=- (1/\/_3)30 (7)

The above expressions, state that 1/3 of the maianomentum, is retained by the ‘photon’
inside this NRM. This is well equating as if 1/3 ‘phrticular’ photon corpuscular energy is
retained, the photon mass as though becoming t/8pwitrary to our classical theory that photon
does not have mass. Let us leave this argumehisastage. The contradiction is embedded in
principle of theory of ‘wave-particle’ duality. Ribaif we consider photon as particle that its



linear momentum wilp = mv be and this mechanical momentum is proportiongktocity. But
while considering photon or radiation as wave théts linear momentum is
p=h/A=hk=ha)v here, is inversely proportional to velocity. Thontradiction is

unessential if the medium is free space dispeisiss vacuum (wherg=c), but certain problem

if the photon is inside a media (positive refragtimdexed or negative refractive indexed).

Here in we could balance the retardation effedingiahat the corpuscular energy of photon is
transferred to the medium thereby inside NRM thardation of photon takes place. What was
intriguing was unaccounted imaginary energy of titeton inside the NRM. There are
phenomena in NRM slab as ‘growing nature of evagmsevaves’. Also, there are cusps
formations at the boundary as phase reversal ifdRIM gives those cusps, which travel in
transverse direction of the wave packet direction f(ee space). The activation of these
phenomena does require energy, perhaps comes éactive energy as discussed above that is
the ‘imaginary’ energy inside NRM. Therefore thésctive energy (imaginary component due to
canonical momentum) perhaps excites surface mdudiss in growing evanescent waves, and
forms oscillating travelling wave cusp of chargesd aurface currents at the NRM boundary, and
carries the crests and troughs in opposite dineétiside NRM! Could we reframe the canonical
momentum inside a media as, was postulated in quevi section too that

is p, =(sgnn, /,/‘npng‘ Yy, Ic, well energy balance says so. This is a new wagefine

canonical momentum inside slab, be it positiveaeifve indexed or negative refractive indexed
system.

V. Concluson

The new concepts regarding particle energy momentiside slab a NRM slab and new
concept of reactive energy inside Negative IndeMederial is proposed, to meet the future
theoretical advances on these realized negatiexetimaterials.
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