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Abstract—This paper considers a limit cycle control2. LIMIT CYCLE SYNTHESIS OF PIECEWISE
problem of a multi-modal and 2-dimensional piecewise AFFINE SYSTEMS
affine control system. First, we present a limit cycle syn- _ _ . _ .
thesis problem and derive a solution of the problem. In ad- I this section, we explain a synthesis method of piece-
dition, theoretical analysis on the rotational direction an¥/ise &fine systems which generate desired limit cycles.
the period of a limit cycle is shown. Next, the limit cycle Consider the 2-dimensional Euclidian spad®, its co-
control problem for piecewiseffine control system is for- Ordinate:x = [x; % ]" € R and the origin oR?: O. Let
mulated. Then, we obtain matching conditions such thais SetN (N > 3) pointsP; # O (i = 1,---,N) in R? and
the piecewise fiine control system with the state feedbackienote the vector fro®@ to P by p; = [ p! pf]". We also
law corresponds to the reference system which generaf@note the angle between the half @& and thexj-axis
a desired limit cycle. Finally, in order to indicate the ef-RY - Now, withoutloss of generality, we assume thatithe

fectiveness of the new method, a numerical simulation ROINtSPi (i = 1,---, N) are located in the counterclockwise
illustrated. rotation from thex;-axis, thatis, 0< 61 < 62 < --- < 6y

holds. Next, we define the semi-infinite regi®y which
is sandwiched by the half ling3P; andOP,,; and the line
1. Introduction segmenC; joining P; andP;,1, wherePy,1 = P;. Seta
polygon thatis a union o (i = 1,--- ,N) as
Limit cycles are known to be quite important concept
in various research fields and we can find limit cycles in N
real world. Researches on limit cycles have been eagerly C:= _UC" @)
done from both mathematical and engineering perspectives =1
sofar[1, 2, 3, 4]. Especially, some conditions for nonlineaFig. 1 shows an example of a Polygonal Closed Curve for
systems that generate periodic solutions and some appli¢d= 5. We then consider thdtme system defined iD;:
tions were shown in [1], and in [4], a synthesis method of .
hybrid systems whose solution trajectories converge to de- x=a +AX xeDbi )

sired trajectories was proposed. In these studies, it is Ul arex is the state variable armic R2, A = R22 are the

anteed that solution trajectories of the systems convergesg o term and the cécient matrix respectively. Hence

a desired closed curve, and the existence of limit cycles Wa% treat theN-modal and 2-dimensional piecewistine
confirmed by numerical simulations. However, the mathes'ystem ).

matical guarantee of the existence of limit cycles was not

shown. On the other hand, the authors proposed a syn- ff

thesis method of multi-modal and 2-dimensional piecewise

affine systems that generate desired limit cycles in [5, 6] ~ D2 P, 4 Dy

and showed a mathematical proof of the existence and the S //'

uniqueness of a limit cycle for the proposed system. In ad- Y G 2 / x

dition, some theoretical analysis on the rotational direction N / ' P; -
and the period of a limit cycle is derived. In this study, Ds Cs S N /’ - 7

we assume that the whole of a system can be designed. A /(‘U » 71
method to generate a desired limit cycle for a given piece- \ P s N\ Cs

wise dfine control system with tuning some parameters of ’ Cy S\

the system is more useful for a wide variety of situations. P /P4\\\ {p,

However, such a control method have not been proposed 7 Dy \ Ds

so far. Hence, we consider a limit cycle control problem of ¢ \

multi-modal and 2-dimensional piecewid@ime systems in

this paper. Fig. 1 : Example of Polygonal Closed Curvg € 5)
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The limit cycle synthesis problem for (2) is as follows. proposition.

Problem 1: For theN-modal and 2-dimensional piecewiseProposition 1: For theN-modal and 2-dimensional piece-

affine system (2), desiga, A (i = 1,---,N) such thata wise dfine system (2) with (3), its limit cycle solution tra-

given polygonal closed curv€ (1) is a unique and stable jectory moves in the counterclockwise rotation for >

limit cycle of the system. B 0 (@=1,---,N), and conversely it moves in the clockwise
A solution of Problem 1 has been derived in the author’#otation forw; <0 (i = 1,---,N). i

previous studies [5, 6], and them and A of (2) can be  From Proposition 1, it is confirmed that the rotational di-
designed as rections of limit cycles do not depend an Then, periods
a = of limit cycles of the system (2) with (3) can be character-

ized by the next proposition.
[ ~4i(p? = PR (BB — PPPLy) — wi(pf - PLy) ]

A(pt - pil+1)(pilpi2+1 —p? pi1+l) — wi(p? - pi2+1) Proposition 2: When a limit cycle solution trajectory of

theN-modal and 2-dimensional piecewid@iae system (2)

A= with (3) is suficiently close taC, the period with which it
[ —i(p? - p2,)? Ai(p? - P2 )(pt - pLy) } rotates aroun@ is given by
I (o Rl o) (i ) B [ ( il s P) L )
®3) 1
. . - T~ —. 4)
the main theorem on the existence of the limit cycle of the = lwil

system (2) with (3) is as follow [5, 6].

Theorem 1: For theN-modal and 2-dimensional piece- .
wise dfine system (2) with (3), assume that > 0 (i = From Proposition 2, we can also see that the period of a
1,---,N)orw; <0 (i=1---,N)holds. Then, the unique limit cycle solution trajectory of the system (2), (3) is not
and stable limit cycle of the system (2) with (3) is equivaindependent ofi. So, we can freely choose the valuelpf
lent toC. [

It is known that the system (2) with (3) has some impor-
tant properties. Now, the definition of rotational directions3‘ ,klll\:lzlllT\lECg\SSLTEEl\Slzg NTROL FOR PIECEWISE
of solution trajectories of the system (2) with (3) is given

by the next.

Definition 1[5, 6] : For limit cycle solution trajectories of

theN-modal and 2-dimensional piecewid@iae system (2) In this section, we consider a controller design problem
with (3), one that rotates in the clockwise directionRA  on generation of limit cycles for given piecewis@me con-

is calleda limit cycle solution trajectory in the clockwise trol systems. First, this sub-section gives the problem for-
rotation. On the contrary, one that rotates in the countemulation. Consider the next piecewisgiige control sys-
clockwise direction inR? is calleda limit cycle solution tem defined irD;:

trajectory in the counterclockwise rotatiqeee Fig. 2). 1

3.1. Formulation of Limit Cycle Control

X=a + AX+hju, xeD;, (5)

whereu € R is the control input andh; € R? is the coef-
ficient vector for the control input. We next consider the
state feedback law:

u=kx+Ij, xeDj, (6)

wherek; € R? andl; € R. We assume that, pir1, &, A are
given parameters. Now, we formulate a problem on gener-
ating a desired limit cycle for the piecewisfliae control
system (2) and the state feedback law (6) as follows.

Problem 2 : For theN-modal and 2-dimensional piece-
wise dfine control system (5) with the state feedback law
) _ ] _ (6), desigrnby;, ki, li,wi, 4 (i =1,---,N) such that a given
Fig. 2 : Clockwise and Counterclockwise Rotations of polygonal closed curve€ (1) is a unique and stable limit
Limit Cycle Solution Trajectories cycle of the closed-loop system. n

The relationship between rotational directions of limit Throughout this paper, we call Problenadimit cycle
cycles and the parameters in (3) is shown in the followingontrol problem for piecewiseffane control system

[a] Crockwise Rotation [b] Countercrockwise Rotation
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3.2. Matching Conditions for Limit Cycle Control
Problem

This subsection derives a solution method of Problem
for the piecewise fline control system (5) with the state
feedback law (6). To fulfill this, we shall utilize the limit
cycle synthesis method obtained in Section 2. The results
in Section 2 show that the unique and stable limit cycle of
the system (2), (3) coincides with. Hence, by tuning de-
sign parametens;, ki, li, wi, 4 (i =1,---,N), we conform
the closed-loop system (5), (6) to the system (2), (3). We
here call the system (2), (8)e reference systentse the
following notations for the system (2), (3):

|5 A5 )

no| g | k-l )

Conditions such that the closed-loop system (5), (6) is con-
sistent with the reference system (2), (3) can be obtained
by the following theorem.

(7)

ous sections. We now give data of the polygon wiitl- 4
a-spl = (1’ O)a P2 = (09 1)’ P3 = (_19 0)7 P4 = (0’ _1)1
\ﬁ(hich is shown in Fig. 3.

T2

A
D, i D,
PS P1

» I
O
D3 P4 D
4

Fig. 3 : Polygonal Closed Curve of Example

Theorem 3: The N-modal and 2-dimensional piecewise The codficients of the piecewisefine system are given

affine control system (5) with the state feedback control lawy

(6) is equivalent to the reference system (2), (3) if and only
if the matching conditions

al + bl = —Ai(pf — P ) (P P5L — PP

—wi(p - Phy) (8
a? + 2l = Ai(pt - pL)(PPAL - PPy

—wi(pf - Phy) (9
A+ bk = —ai(p? - ) (10)
Ai12 + bilki2 = /li(piz - pi2+1)(pil - pi1+1) (11)
AL+ PR = 4i(p? - %R - ply) (12)
AP + DA = —Ai(p! - ply)? (13)

hold.

(Proof) Substituting (6) into (5), we get the closed-loop
system:

X=a +Ax+bikx+1)

=g + byl + (A + bki)x
ail + billi All blkll A12 blklz
a]‘2 + b|2|| A|21+ b2k11 A|22+ b2k12
Comparing the components of the reference system (2), (3)
and (14), we obtain the matching conditions (8)—(13)m

The matching conditions (8)—(13) consists of 6 algebraic
equations, and 7 unknown variablég; b?, kI, k2, I, wi, Ai.
Hence, by solving them under the conditiagn > 0, we

can obtain these unknown variables, that is, a solution of
Problem 2.

(14)

X.

4. SIMULATIONS

a
ap =
az

a4:

By solving the

b; =

[ -3
| 2

[ 1
| 2

a2
Zé]’Azz[_ol g] )
ol )

a-] _08]

matching conditions (8)—(13) for the

problem setting, we can have design parameters as follows:

Ck=[ -1 -2,

l1=1 w1 =3 A1=1,

by

by =

-1
i 2 :|9 kZ:[l _2]5

lb=2 wy=1 =2,

2=2 12 2 (16)
S| el 2]

|3=2, w3=2, /1323,
1
1], ki=[4 4]

|4=—4, 0.)421, /1424.

Note thatd; > 0 (i = 1,2,3,4) holds in (16). It can

be confirmed that from Proposition 1, a limit cycle solu-
This section illustrates a numerical example in order ttion trajectory moves in the counterclockwise rotation since
confirm the éectiveness of the results derived in the previw; > 0 (i = 1,2, 3,4) holds. In addition, from Proposition

-713-



2 we can estimate the period of a limit cycle solution tra-
jectory as

4
1 25

T= — = . 17
2l "1 e

We set the initial state ag = [1, 1] for the numerical
simulation. The simulation results are illustrated in Figs.
4-6. Fig. 4 shows the solution trajectory on thex,-
plane. In Figs. 5 and 6, the time seriesxgfand x, are
shown, respectively. From these simulation results, we can
see that the solution trajectory that starts fragrbehaves
as a limit cycle for the desired polygonal closed cuBje

and hence Theorem 1 holds. As we expected above, the & of

solution trajectory moves in the counterclockwise rotation,
and this result is coincident with Proposition 1. Moreover,
the estimated perio@l ~ 25/12 is mostly agree about the
simulation result from Figs. 5 and 6.

5. CONCLUSION
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