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Abstract— P/T Petri nets are one kind of basic and usef2],[3], where any firing count vector is expanded by means
ful models for discrete event systems. And reachabilitgf T-invariant generators and particular solutions [3]. We
problem is one of the most important behavioral properalso consider to modify the algorithm of Fourier-Motzkin
ties of Petri nets in determining its behavior. To consideMethod to find the solutions which could not be obtained
the reachability problem, from an initial state called an iniby using conventional Fourier-Motzkin Method.
tial marking, My to a destination state called a destina- In section 2, preliminaries are given, and modified al-
tion marking Mq are the fundamental problems of Petrigorithm of Fourier-Motzkin method are described using an
nets. There are some methods to solve such reachal@kample for finding the solutions which could not be ob-
ity problems, one of such methods is to use the covetained by conventional method using the modified algo-
ability(reachability) tree, but this method requires a hugethm in section 3. And section 4 is the conclusion of this
amount of calculation in general, so the other method to ugmper.
matrix equations and reduction techniques has the advan-
tage, because the method can utilize the algebraic equati®n preliminaries
properties of Petri nets. In this paper, we propose a modi-
fied algorithm of the Fourier-Motzkin method which is well 2.1. State Equation
known as a solution of the state equation for the reachabil-

ity problem. The solutions which could not be found by aab||2tgi:ﬁ§§ir:t$rm$n?:?ovgaﬁ ;S::?nedst: ?JZ:ZZC;S_
conventional algorithm can be obtained by using the mod 0 g gseq

. ty, 1y, - - -, tg}, the state equation can be expressed as
fied one. li.te al q P

d
1. Introduction Ma = Mo + A;tk @)
A Petri netis a particular kind of directed graph, togetheand eq.(1) can be described like as eq.(2) whtene
with an initial state called the initial markingslo. Theun-  Z™", b= Mg - Mg € Z™%, x = 3¢ | t, € Z™2
derlying graph of a Petri net is a directed, weighted, bipar-
tite graph consisting of two kinds of nodes, called places Ax=h. (2)
and transitions, where arcs are either from a place to a tran-

sition or from a transition to a place. In graphical represenThen we can obtain the firing count vectoto solve the

. - . el i
tation, places are drawn as circles, transitions as bars, at%‘%J“tF'O”S of If'q.(lf/l), fr()ern1X|1r1 itial markingylo € Z* to des
arks are labeled with their weights. The behavior of sys—ma 'on markingivla € £,

tems can be described in terms of system, a state or mag<-2 Fourier-

ing in a Petri nets is changed according to the transition fir-"

ing rules. Such Petri nets arffectively used for modeling,  The Fourier-Motzkin method is to obtain the set of all

analyzing, and verifying many discrete event systems[1]. elementary vector solutions as the nonnegative integer so-
In this paper, we are concerned with structural analysistions of Ax = 0™, And the algorithm of the Fourier-

based on the linear algebra techniques and the state eghitzkin method is as follows [4][5].

tion Ax=b := Mq — Mg, whereMg and Mg are initial and

destination marking vectors, respectively. All generatorscAlgorithm of Fourier-Motzkin methosl

for T-invariants and all minimal inhomogeneous(i.e., parinput: Incidence matribA € Z™", m, andn.

ticular) solutions are needed for discussing the feasibility dbutput: The set of T-invariants including all minimal sup-

a group of firing count vectors, for the fixedb := Mg—Mp  port T-invariants.

Motzkin Method
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Initialization: The matrixB is constructed by adjoining the  In this case, the incidence matrix Afe Z™" is
identity matrixE™" to the bottom of the incidence matrix

A e Z™" with B = [AT, E]T e Z(mmxn, 2 -1 0 0 1
StepOi = 1. A= 1 2 -1 -1 0 |ez®5,
Stepl:Select thei-th row of B. If the i-th row has no o 0 2 1-1

1
b= Md—MOZ 1 GZBX]‘,
2

nonzero element, thein= i + 1 and go to Step2. If the _ o o
i-th row has at least one nonzero element, then go to Ste;?&p.d thi]xctlfgrence of marking € Z™ from Mo € Z>* to
Step2:If i < mis satisfied, go to Stepl, otherwise go ton €z is

Step4. 1 0

Step3:Add to the matrixB all the columns which are linear B [ ol= { 1

combinations of pairs of columns &and which annul the 0 2

i-th row of B. And eliminate fromB the columns in which

thei-th element is nonzero. Now, let us call the new matrixhen the augmented matrix @ can be described as fol-
asB again. Then sdat=i + 1 and go to Step2. lows:

Step4:Each column of the submatrix which is obtained by

deleting the rows of the first to the-th from B is a mini- _ -1 0 0 1 0
mal nonnegative integer solution féx = 0™, A=

-2
1 2 -1 -1 0 -1
O 0o 2 1 -1 -2

c Z3><6

means th in lutions are T-invariants. - X . . ~
eans that pbta ed solutions are ariants. So, to 0 e matrixB of Fig.1 usingB = [ A E] € ZM™MDx(1) ag
tain the particular solutions(firing count vectors), we nee
o ollows:
to make such changes to the eq.(2) considering the aug-
mented incidence matrix as follows:

But, this method can be applied tox = 0, and this §’y eq.(3). And by the algorithm i§2.2, we can express

[cNoNoNol JNelNoll N

oOoProoorkFO

A=[A —b]ez™m, (3)

OrococooFPOor

rooooolMFP o

then eq.(2) would be expressed by eq.(3) and augmented
Xe Zn+l,

(®)
AX=0. (4)

vy}

|
OO OO OKFrROFrN
cNeoNeol —NoNall CH el

Then, eq.(4) can be applied to the former algorithm.

3. Finding Particular Solutions which could not be Ob-

) ! ! ) From matrixB of eq.(5), T-invariants and particular solu-
tained by using The Conventional Algorithm

tions are obtained by using the algorithm of the conven-

3.1. Finding Particular Solutions by using The Conven- tional Fourier-Motzkin method as follows:
tional Algorithm

u=(10102), w=(0305 37,
Here, we would like to obtain particular solutions of u=(11033J, )
an example Fig.1 by using the conventional algorithm of
Fourier-Motzkin Method. whereu; € U = {u; € Z™}; Ax = b T-invariants and

vj € V= {vj € ZP}; Ax= b particular solutions.

ls When we think about a particular solution of

vj=(02122F, @

this solution is also the minimal vector like as eq.(6). Be-
cause not every element is smaller than the other solutions’
elements. For example, the second element of eg.(3)
smaller tharv;’s second element &, so eq.(7) can not be
included by other obtained particular solutionvef
2 fo , Hence, this means that we could not obtain all of the
QO Destination Marking
@ Initial Marking particular solutions by using the conventional algorithm of
Fig.1 An example of a Petri net. the Fourier-Motzkin Method.
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3.2. Finding Particular Solutions by using a Modified So, let us try to obtain the solutions using this modified
Algorithm algorithm. Apply this algorithm to the eq.(5), then Ma-
trix B is added to the columns which annul the first row

All of the particular solutions could not be obtainedyf g made by positive and negative combination without
by using conventional algorithm of the Fourier-Motzkinyejgnts, just as shown in eq.(8)

Method in §3.1. So, we guess the reason why, and this

would be the algorithm of step 3 §2.2 is not enough to [-2 -1 0 0 1 0|-1 0]
find the all of combinations to make annul thth row of 1 2-1-1 0-1]1 2
B. o 0o 2 1-1 -2|-1 -1
In other words, annulment of thieth row of B can be _ é 2 8 8 8 8 é 2 )
made by not only pairs of linear combinations, but more o 0 1 0 o o o o
than 2 columns combinations. By using all of the combi- o o o 1 0o o o o
nations to make annul thigh row of B, it would be able to O o0 o o 1 o 1 1
find the new solutions which could not be found by using 0O 0 0 O O 1l 0 O]

the conventional algorithm of Fourier-Motzkin Method.

Then the modified algorithm of the Fourier-Motzkin
Method to improve this problem is as follows:

In eq.(8), the 7th and 8th columns are added. And next, try
to make more new columns by using added columns and
other columns in combination again.

<Algorithm of Modified Fourier-Motzkin methasd -2 -1 0 0 1 0 -1 0] 0]
Input: Incidence matrixA € Z™", m, andn. 1 2 -1 -1 0 -1 1 2| 1
Output:All of minimal T-invariants. 0 0 2 1 -1 -2 -1 -1|-2
Initialization: The matrixB is constructed by adjoining the 1 0 0 O O O 1 o0 O
identity matrixE™" to the bottom of the incidence matrix B=| 0 1 0 0 0 0 0 1 1

A e Z™" whereB = [AT, E]T e Z(mm=n, c 6 1. 0o 0o 0 0 0O
Step0;i = 1. 0O 0 0O 1 0 0O 0O o0 O
Stepl:Select thei-th row of B. If the i-th row has no c 6 o o0 1 0 1 1 2
nonzero element, then= i + 1 and go to Step2. If the o0 0 0 0 1 0 QO —(9)

i-th row has at least one nonzero element, then go to Stepﬁi . .
. . L ' . en 9th column can be added as shown in eq.(9). But this
Step2:If i < mis satisfied, go to Stepl, otherwise go to " wn in eq.(9). But thi

column is not a minimal vector, because when considering
Steps. . . ... about from 4th row to 9th row of 8th and 9th column, each
Step3:If the i-th row of B has at least one pair of positive

— . . ement of the 9th column(added column) are not smaller
and negative elements, go to Step4, otherwise go to Stept an or equal to each element of the 8th column(already

_S'tep4:A|m|pg thei-th row of B(i.e., the old matrlx),' gdd existing column). Then this 9th column is deleted from
directly thej-th column to thek-th column, where thd (j) Matrix B

element is positive and the k) element is negative. Ap- Now there are no more combination columns to add to

ply the minimal vector criterion to the above new columqhe Matrix B, so the operation to the first row is over. Then

vector and the column vectors each of which has the zercf . . .
. . . ) all the columns which have nonzero elements in the first
i-th element on the old matriB. Adjoin all the remained

L row of B are deleted, and the rest of the columns will be
columns after this criterion to the old matrik Then call . . .
_ . . the new MatrixB. And the same operation will be done to
this new matrix a8 again. Then go to Step5.

. . the next row of the new MatriB.
Step5if thei-th element of all the adjoined column vectors

of the new matrixB is zero, go to Step7, otherwise go to [ 0 0 O O0/0 O O]
Step6. -1 -1 -1 2|1 1 1
Step6:Repeat Step4 to the matrB However, the | k) 2 1 -2 -1/1 0 -3
pair should be always new. Then, go to Step5. 6 0 0 00O0 O
Step7:Delete, fromB, all the columns each of which has B=y 0 0 0 1j1 1 1} (10
nonzero element on theth row of B. Now, let us call the 10 0 010 0

. ) . 0O 1 0 001 o0
new matrix asB again. Then sdt=i + 1 and go to Step2. o 0 o 111 1 1
Step8:Each column of the submatrix which is obtained by o o 1 oloo 1

deleting the rows of the first to the-th from B is a mini-
mal nonnegative integer solution. In the second row, the new columns from 5th to 7th by a
combination of positive and negative from 1st column to
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00 0 000 0/00 00 0 0] done.

-1 -1 -t 211 1|00 00 0 O

2 1 -2 -1 10 -3|32-11-2-5 4. Conclusions

o 0 o0 0O0O0 O0jOO0C OO0 0 O
B= 0 0 o0 1 1 1 1)1 1 11 1 1} To find T-invariants and particular solutions for state
40 & eLE 02t L0 8 9 equation in PT Petri nets can be obtained by using the

o 1 o0 o0o0T1 O0j0O1 02 1 0 . . . .

o 0 o0 111 1111 11 1 1 Fourier-Motzkin Method. But some particular solutions
0o 0 1 000 1100 10 1 2 could not be obtained by using the algorithm of the conven-

tional Fourier-Motzkin Method. In this paper, some of the
particular solutions which could not be obtained by using
the conventional algorithm of the Fourier-Motzkin Method

. be obtained b i dified algorithm h b
4th column are added as shown in eq.(10). The cqumC‘rj(rlwne oblained by using a modiiied aigorithm have been
operation in the second row can not apply anymore, so a The algorithm is not completed because the calculation

h | h of which h | in th .
the columns each of which have nonzero elements in tc%uld not be done to the end. But a part of the unobtained
second row ofB are deleted, and the rest of the columns

. . . .__particular solution could be found by using the modified
will be the new MatrixB again, and the same Operatlonepxlgorithm Y 9

will be applied to the next row. In the 3rd row, add the new In future studies, we would like to improve the algorithm

~~
—
—
~

00 00 O 0/00 0O O 0 0 to obtain all of the unobtainable solutions and also to deal
00 00 O 0/00 OO O 0 0 bigger BT Petri nets using the Fourier-Motzkin Method.
32 -11-2 -5{21-210 -3 -1 -4
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