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Abstract—For the case that p is any prime number, we
have already constructed all CR (complement reverse) se-
quences in the de Bruijn sequences of length 227*!. With
the help of the Dyck language, we characterize CR se-
quences in the de Bruijn sequences of length 22*! where
m (> 4) is a non-prime number. Then, we show that for any
odd number n, there exist CR sequences in the de Bruijn
sequences of length 2", which completely settles the fun-
damental problem posed by Fredricksen on existence of the
CR sequences. Consequently, we establish an algorithm for
generating all CR sequences in the de Bruijn sequences of
length 2" for any odd n.

1. Dyck Language

Following [4], we define the Dyck language £(D,) (n >
1) from the viewpoint of symbolic dynamics. We set £ =
{@m, B : 1 < m < n}. Foreachm (1 < m < n), a,
is called a negative symbol while B, is called a positive
symbol. We define an inverse monoid (with zero) D,: It
has generators a;, 8; (1 < i, j < n) and 1, whose relations
1 if i=j,
0 otherwise,
0-y=0(yeXufl}),0-0=0.

We call elements u = ujuy - --ux € =X words or blocks
over X of length k (k > 1). A word of length k is simply
called a k-word. We use * to denote the collection of all
words over Z and the empty word €. We use red() to denote
a mapping from X* to the inverse monoid D, by letting for
y=ny2 -y €X' (kx> 1),red(y) =y1-y2- -+ -yrand
red(e) = 1.

The Dyck language £(D,) is defined by L(D,) = {u €
¥* s red(u) # 0}. If red(u) = 1 for u € ¥*, then u is said to
be balanced." The empty word € is balanced.

The set of balanced words in £(D;) consists of all reg-
ular parenthesis structures. In fact, for n = 1, denoting
a; = (and B; =), we obtain all regular parentheses struc-
tures with up to three pairs of parentheses:

are ;-8 = andy-1=1-y=vy,vy-0=

O, (), OO0, (C0)), (OO, (OO, OCO), OOO).
ey

!In [5], the language with n types of balanced parentheses are said to
be the Dyck language.

Remark 1 It is well known that the k pairs of parentheses

are enumerated by the Catalan numbers: ler_l 2kk .

2. Construction of a Prototype of CR Graphs

Let G, = (V,, A,) be the de Bruijn graph with the set
V, =10, 1}""! of vertices and the set A, = {0, 1}* of arcs.
De Bruijn sequences of length 2" are exactly Eulerian cir-
cuits in the de Bruijn graph G,,.

For a € {0, 1}, we use a to denote the binary complement
of a, i.e. 0=1and1 = 0. We also treat a time-reversal of
sequences: For a sequence X = (X,-)fi 61 over a finite alpha-
bet X, the reverse "X of X is defined by "X = (Xi)?:N—l'

A (binary) cycle of length k is a sequence of binary k-
word aja;---ay taken in a circular order. In the cycle
ayds - --ag, aj follows Ay, and az---aray, -+ ,aray * - Ag—1
are all the same cycle as aja; - - - a;. Two sequences X =
(X)¥'and Y = (YY" are said to be equivalent, in sym-
bols X ~ Y, if X and Y are the same cycle.

Now we can define the following.

Definition 1 If X ~ "X or equivalently X ~ "X, then X is
called CR (complement reverse) sequence.

By the definition, if X is a CR sequence, so are X and "X.

In what follows, let X = (X;)¥;! be a de Bruijn sequence
of length 2" if it is not stated otherwise.

It was pointed out in [1] that for even n > 4, X # 'X

holds, and on the other hand that forn = 5, X =~ X oc-
curs. In fact, 32 pairs of CR sequences exist for n = 5.
Naturally the following problem was posed by Fredrick-
sen in [1]: Show that there exists a CR sequence whenever
n (= 3) is odd. In [2], the following characterization of CR
sequences were presented.
Lemma 1 (Etzion and Lempel [2]) Let Y = (Y)Y be a
sequence over {0, 1}, which is not necessarily a de Bruijn
sequence. The sequence Y is a CR sequence if and only if
N is even and Y ~ "ww for an N/2-word w.

For words u and v, we use uv to denote a concatenation of
u and v.

Wesetn =2m+ 1(m > 1). Since n — 1 = 2m is even,
in view of Lemma 1, the set V.1 = {0, 1}2" of vertices
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includes all 2™ CR sequences of length 2m. To distinguish
such CR sequences of length 2m from CR sequences in
question of length 2", we refer to such CR sequences as CR
vertices or CR 2m-words. We use (VSR (c V,) to denote
the set of CR vertices. Since CR 2m-words are in the form
of "ww where w € {0, 1}, a total order relation < on V<R
is defined by the following: for any "uu and "vv in VSE,
"uu < "vy if and only if

2™ w2, < v 2 2" gy,
where u = wjuy---u,, and v = vivy---v, are in {0, 1}".

Thus we number all the elements in VSR v@ < (D <
1)
cee Y .

Definition 2 The weight W(Y) of a sequence Y = (Y,-)l’i 6'
over {0, 1} is defined to be the number of nonzero digits
among the N Y;’s, i.e., W(Y) = Zfi?)l Y;.

Using this, we divide YV, into three disjoint subsets V, =
VeV, : W) <m), VO ={veV,: Wr) = m}, and
Vi ={veV,: W > m}. Note that VE® c VY since
W) = m forv € VSR,

Further, we divide VY into four disjoint subsets V%

ved :v=00we {0,1}2mD), 40 = (y ¢
VO iy = 0wl,w e (0,1 D), VIO =y e YV .y =
w0, w € {0, 1P D} and VI = v e V0 i v =1wl,we

(=]

{0, 1}%"=D}. In the case that m = 1, we think of w € {0, 1}
asw = e.

For integers a and b, if a is a divisor of b, we write alb.
Form > 2, we use d(m) to denote the number of the divisors
of m. For a word w, we use w¥ to denote the concatenation
of k copies of w, i.e., w- - - w. We use [x] to denote the great-

——

k
est integer not exceeding x. We use S to denote the shift

transformation on {0, 1}*", i.e., S(V1, V2, » Va1, Vam) =
_ 2
(v2,v3, v, vi) for v =vivy - - - vy, € {0, 1},

Definition 3 For m (> 2), 2(d(m) — 1) vertices in VS¥ in

the form of V&) = (105 % and vi®) with k > 2 are called
2k| 2 |+k

2 [2kk]+1 = We
use V&Y 1o denote the set of the neutral vertices in VR,
For each j = 1,2,--- k-1, Sj(v(i(k))) is in (V,lll. Such
vertices in V! are also called neutral. We use VY 10
denote the set of the neutral vertices in V!!. The set YL
of the neutral vertices in V% is complementarily defined.

the neutral vertices, where klm and i(k) =

First we construct a directed graph G° associated with
the de Bruijn graph G,. We set W, = {1} UV, \ V.
For two vertices of the forms u = aja---a,—; and v =
axaz - - a, in ‘W, the binary n-word aa; - - - a, is defined
as an arc from u to v. The obtained subgraph of G, is not
Eulerian since two types of arcs in G, are not presented:
ul where u € (Vg is in the form of u = Ov; and 1u where
u € VY is in the form of u = v0. Corresponding all such
arcs each in G,,: ul where u = Qv € "VS; and lu where
u =0 € VY, we add an arc ud from u to A for every u =

0v € V?; and an arc Au from A to u for every u = v0 € VY.
The resulting directed graph is Eulerian, which we use G°
to denote.

Second we modify the directed graph G to obtain a
prototype of CR graphs. Except the neutral vertices in
VERU VI, we split every vertex v € VY into two vertices:
v with arcs Ov and v0; and v* with arcs 1v* and v*'1, as

1%
o\, 0 Oov Y 0
in the diagram: oy into
v 7 vl vt vt
.Y,

Then, other than the neutral vertices, for every v € (Vg, the
copied vertex v* occurs in a single loop A1'v*1/1 where
0 < i+ j < m. We delete all such single loops. On the
other hand, for each pair of neutral vertices v*) and v(*)

in VSR, we have an arc POk ER) from k) o i)
where k|lm with k > 2, and i(k) is as in Definition 3. For
each k, we delete such an arc from V@& to yi®) Then we
add an arc from A to v@®) and label it as W@ while we
add an arc from v(®)) to A labeled as v A, Thus we obtain
an Eulerian graph with the vertex set {1JU(VO\ V" UV,
which we use G, to denote. We call it the prototype of CR
graphs.

3. Construction of CR Graphs

Now we are in a position to construct CR graphs by mod-
ifying the directed graph G, . For the case m = p where p
is a prime number, we have already constructed the set of
CR graphs, which yields all CR sequences in the de Bruijn
sequences of length 22r+1 in [3]. Hence, in what follows,
we suppose m (> 2) is a non-prime number, which implies
m > 4.

First, we replace the vertex A and its all 4(d(m) — 1) arcs
labeled W®) or 1i®) A, where vi®) e VERY by 2(d(m) —
1) arcs from vi®) to v where k|m with k > 2, and i(k) is
as in Definition 3. For each k, the resulting two arcs from
Vi) to vk are labeled the same as k) 10,

Choose v € VER in G, and fix it. If v is not the
neutral vertex, i.e., V¥ € VR \ VRV then we add a loop,
an arc from v® to v, labeled v v®. If v@ is the neutral
vertex, i.e., v = y®) or y) = y(®) then do nothing.

Next, if V@ e VR \ VERY then we split every pair
of neutral vertices v® and v@®) in VSR each into two
vertices similarly as in the above diagram, which leads to

OVER)  ER) k) g k) )Gk

I+ RN+ i)+ gy i+ IR+ i)+
—_— o o

2
On the other hand, if v? is the neutral vertex, i.e., A ko (ko >
2, kolm), v = Vo) or v = (%)) then we split both
neutral vertices v and v in VSR each into two
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vertices as in the following diagram:

G+ Pltko)+ ko) gy itko)) (k) itko))()
o -_ 5 o0 _—

Ovlitko)  itko)) (ko) gy itkon+ Ko+ icko))+1
—_— o _ o —_—

while we split the other pairs of neutral vertices v/® and
Vi) (k # ko) in VSR each into two vertices in the same
way as in the above diagram (2).

Eventually, for each v? € VR we obtain an Eulerian
graph with the vertex set (VO\ Vo)UYV, UVSR where
R (e ST ¢ 0 ST € YR which
we use H,» to denote. We call it the CR graph associated
with v since Eulerian circuits in H,» yield CR sequences.
Noting that the vertex sets are the same for all v € VCR,
we write WER = (VO V) uy-u VSR, Using By to
denote the set of arcs in H,w, we write Hyo = (WK, B,0).
At this stage we have 2" CR graphs. It is worth noting that
H,» and Hz; are graph isomorphic. In symbols, we write
va ~ H—

NOE

4. An Algorithm for Generating All CR sequences

Using the notion of CR vertex, in [3], we obtain a refine-
ment of Lemma 1 as follows, which plays crucially impor-
tant roles in constructions of CR sequences.

Lemma 2 ([3]) Let X ~ "ww be a CR sequence in the de
Bruijn sequence of length 2°"*', where w = wiwy - - - Wy €
{0, l}zzm. Then there exists a unique CR vertex v € (Vgrfﬂ
such that

V= "Wiwy W Wiwa - Wy

3

= Worm_pyp1 cc c Wom_Woam ! Woam_ypy =t Wo2m_1Woom.

Moreover, the unique v occurs in X twice in the form of Ov1
and 1v0 while the other CR vertices u € (Vzcnlfn occurs only
once in w in the form of 1ul or Ou0.

As in the previous section, we suppose m (> 4) is a non-
prime number. For a fixed v € VK, since H, is Eu-
lerian, we obtain an Eulerian circuit in H,». The circuit
exhibits one of (2(d(m) — 1) — 1)! circular permutations of
elements in V&Y. Apart from the case m = p where p is
a prime number, all the circuits do not yield CR sequences
if m is a non-prime number. To construct all CR sequences

from the Eulerian circuits in CR graphs, we introduce

Definition 4 For each neutral vertex vi®) e W,?R’ Y. where
klm with k > 2, and i(k) is as in Definition 3, the pair
OV 00 gnd 1) W] gre said to be balanced.
Similarly, the pair V) 1O 1 gud 10 W00 gre said
to be balanced.

We observe there exist d(m) — 1 balanced pairs in ev-
ery Eulerian circuit in H,». We think of the set of such

balanced pairs as the alphabet £ for the Dyck language
L(Dggm-1)- If VI is not the neutral vertex in VR, for each
k where klm with k > 2, there is a one-to-one correspon-
dence between such k’s and j(k)’s with 1 < j(k) < d(m)—1
such that

{0V O, DO 1y = (a4, Biay ). (D)

If v is the neutral vertex, i.e., ko (ko > 2, kolm), v =
Wiko)) or y@ = (k) where i(ky) is as in Definition 3, we
have {Ov(tko) Aol || 1y @o) 2D} = {a e, Bjky) ) For
other k # kg, the correspondence is the same as in the case
that v is not the neutral vertex, which is given by (4). In
either case, we obtain 2¢")~! one-to-one correspondences
between the set of the balanced pairs and X.

Let us consider all regular parentheses structures with
d(m) — 1 pairs of parentheses as in (1). Its total number
is given by ﬁ(zﬁ%{’ 11) from Remark 1. In such a reg-
ular parentheses structure of length 2(d(m) — 1), we have
d(m) — 1 open brackets (. We freely arrange d(m) — 1 neg-
ative symbols a, - -, @gum)-1 in the position of d(m) — 1
open brackets. Its total number is given by (d(m) — 1)!.
To obtain a balanced Dyck word from the regular paren-
theses structure of length 2(d(m) — 1), if we choose such
an arrangement of d(m) — 1 negative symbols in the regu-
lar parentheses structure, the position of positive symbols
Bi,- -+, Baam-1 18 uniquely determined. Taking account of
the equivalence relation in the cycle, we eventually obtain
m(zﬁ%f 1”)% 24m=1 circular permutations of ele-
ments in the set of the balanced pairs in Definition 4 which
correspond to balanced Dyck word of length 2(d(m) — 1)
in L(Dggm-1)- Such a circular permutation of elements in
the set of the balanced pairs in Definition 4 is said to have
a balanced parenthesis structure of length 2(d(m) — 1) with
d(m) — 1 types of pairs of parentheses. We will see the
Eulerian circuits which exhibit such circular permutations
in CR graphs only admit CR sequences. The existence of
such an Eulerian circuit in each CR graph is guaranteed by

Lemma 3 For each v € ”VER, there exists an Eulerian
circuit in H,» which exhibits a balanced parenthesis struc-
ture of length 2(d(m) — 1) with d(m) — 1 types of pairs of
parentheses.

Henceforth we may suppose that, once given a CR graph
H,», we obtain all Eulerian circuits in H,», each of which
exhibits the balanced parenthesis structure stated above. In
fact, we preliminarily select all such Eulerian circuits by
checking the balanced parenthesis structure in all Eulerian
circuits in H,». Let ¥ be such an Eulerian circuit in H,o.
We identify the circuit Y as a sequence over {4, 0, 1}, where
we define A = A.

Let us consider a periodic sequence generated by the se-
quence Y, which we use Y to denote. We use @ : ¥ —
®(X) to denote one of the above-mentioned 240"~ one-
to-one correspondences for Y. The following observation
plays an important role in constructions of CR sequences.
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Remark 2 For each correspondence ®©(y) = avAvb where
y €3 ab e {01}, and v € VS, we define a(y) =
avAvb. Then we obtain "®(a,wd(B;) = (a;) WwD(B;)
for1 < j<d(m)—1, wherew € {0,1, A}".

i) If v is not the neutral vertex in VSR, then Y may be
written in the form of

V001 0(aj)g®(B; hV v 0f - -, )

where «;, is the leftmost negative symbol in the cor-
responding balanced Dyck word, and v appears ex-
actly twice in V00 f®(aj,)gP(B;,)h0v?. We have to con-
sider two cases, namely ®(a;,) = OV and
DPB;) = WEDWEED] or Oa;,) = v it
and ®B;) = OV D0, However, we consider
only the former case since the processes of constructing a
CR sequence from Y are exactly the same in both cases.
We transform  v00 fOvi®0) 2k g1k 1)) 10y 4
in Y™ into v?0 £OVkD) Mk 0g 1y Ay 1 a0y ),
Noting that v@*1) and v@*)) are CR words, we obtain
VDO FOVEkD) Ak g1k (kD) 1 p0yD 2. After delet-
ing two A’s, replace repetitions (1) (D) and pitkiNy (k)
each by single words v(%1) and v@*1)) respectively, then we
obtain v?0 fOv*)0 g1y D 1 p0v® | which we use Z to
denote.

Next, depending on ®(aj,) and ®(5;,) appear in g or
h in (5), where «}, is the second leftmost negative sym-
bol in the corresponding balanced Dyck word, Z" may be
written in the form of v?0f@d(a;,)s?®(B;,)hA®0V® or
V0P 0(a;,)g? DB, )hP0v? respectively.

On repeating the above transformations without
changing the balanced parenthesis structure, we in-
ductively obtain Z“™~-D  Noting again that v/® and
Wi®) are CR words, we obtain Z@m-Drzdm-1
VOO FOVEEDQ - .. OpD @1 ... 1y 17 f1yD . Replacing
the repetition vy@ that occurs twice in a circular order
each by single word v respectively, we obtain a CR
sequence X = vAOf0pE®Q...0p@1 ... vk 17 f1 of
length 2%"+! It is easy to check that the obtained CR
sequence X is in the de Bruijn sequences of length 22*1,
ii) We consider the case that v\ is the neutral vertex,
ie., v = pliko) or y = k) We have to consider
both cases. However, we only consider the case that
v = (k) gince we have Hyn = H;. Then, Y™ may
be written in the form of ®(a;)fPB;)gP(a;)f -,
where «;, is the leftmost negative symbol in the cor-

responding balanced Dyck word, and ko) ko) appear
exactly twice in ®(a;)fP(B;,)g. We have to exam-

ine two cases, namely ®(a;) = 1k k)0 and
OB;) = Ok ko] or d(a;,) = Ovlitke) ikl
and ®(B;,) = Ik, However, we only
consider the former case since the processes of con-
structing a CR sequence from Y are exactly the same in

both cases. Then, Y* may be written uniquely in the
Witk O 1 () | g 1 (itkoD) AytitkoD O £ . ..
PikoD £Op(itko) Ay ikoN ] g 1(ikoD 1 in
Y©  into ik FOuko) 3 ryitke) [ gy (ike)) =
VikoDQ £OV(ko) Ap(ikoD () "gOViko) 2. After deleting two
A’s, replace the repetition v(ito) (ko) by single words
(ko) then we obtain v*)( fOvik)() g0y which we
use ZV to denote. By using exactly the same procedure
as in the case i) above, we inductively obtain Z@™-D,

Modifying Z@m-Drz@m=-1"gimilarly as in the case
i) above, we obtain a CR sequence X in the de Bruijn
sequences of length 227+,

Conversely, when we are given a CR sequence X in the
de Bruijn sequences of length 22*!, in view of Lemma
3, we find in X or X a unique v € "Vzc’f | that satisfies
the condition (3). Depending on whether v is neutral or
not, if we reverse the above procedure for the case i) or ii),
we obtain an Eulerian circuit in H,» from X or X. This
correspondence is two-to-one and onto. Since X # X for
n > 3 [6], corresponding to a CR sequence X, X gives a
distinct CR sequence. Hence the above procedures for v €
VSR | as a whole exhaust all pairs (X, X) of CR sequences
in the de Bruijn sequences of length 22"+!

Eventually, we obtain the following.

form of

We transform

Theorem 1 For the case that m (> 4) is a non-prime num-
ber, there exists at least 2™ CR sequences in the de Bruijn
sequences of length 221,

Together with the previous result in [3], we have com-
pletely solved the fundamental problem posed by Fredrick-
sen in [1] on existence of CR sequences in the de Bruijn
sequences of length 22*! (m > 1).
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