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Abstract—In this study, we consider drive-response of
a coupled system of three dimensional piecewise-constant
oscillators (PCOs). The oscillator consists of three linear
capacitors, three voltage-controlled current sources with
signum characteristics, and a rectifier diode. We construct
a simple drive-response system of 3-D PCOs with master-
slave couplings. We confirmed that the system exhibited
chaotic generalized synchronization. In this paper, we dis-
cuss the chaotic generalized synchronization of piecewise-
constant systems and confirm typical phenomena by labo-
ratory experiments and rigorous solutions.

1. Introduction

Coupled oscillators are good models to explain com-
plex nonlinear phenomena of nature and society. Chaotic
synchronization [1] is an interesting problem for various
fields such as physical, biological, and electrical engi-
neering. Many reports of the synchronization of coupled
chaotic systems have been released. Such synchroniza-
tion includes some concepts such as complete synchroniza-
tion X2(t) = X1(t), lag synchronization X2(t) = X1(t + τ),
and generalized synchronization X2(t) = G [X1(t)], where
X1 and X2 mean state variables of coupled oscillators. In
this study, we will focus on generalized synchronization.
In previous works, same interesting discussions have been
provided by using numerical analysis and electrical circuit
experiments [2, 3]. However the analysis often are dif-
ficult, because its complex behaviors. Then we consider
a coupled system of third order piecewise-constant oscil-
lators (3-D PCOs) [4]. Piecewise-constant oscillator is a
simple switched dynamical system, and it exhibits some
interesting nonlinear phenomena. The system can be an-
alyzed by using rigorous solutions, because the dynamics
is dominated by piecewise-constant vector fields. We ob-
served generalized chaotic synchronization of the proposed
system in laboratory, and confirmed the appropriateness by
rigorous solutions. In this paper, we provide more detailed
analysis and consider the bifurcations. In the Sec. 2, we
explain the 3-D PCO. In Sec. 3, the drive-response cou-
pled system of 3-D PCOs is represented. In Sec. 4, we
show typical results of laboratory measurements and rigor-
ous solutions. This paper is concluded in Sec. 5.
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Figure 1: Block diagram of 3-d Piecewise-Constant Oscil-
lator.
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Figure 2: The symbol and characteristics.

2. 3-D piecewise-constant oscillator with a diode

In this section, we explain a 3-D piecewise-constant os-
cillator with a diode, and show typical behaviors on phase
space. The block diagram of the system is shown in Fig.
1. The oscillator consists of three capacitors, three voltage-
controlled current sources (VCCSs) with signum character-
istics as shown in Fig. 2(a), and a rectifier diode which has
an ideal characteristic as shown in Fig. 2(c). The dynam-
ics of the system is described by two differential equations
and idealized switching of the diode. When the diode is
ON (id = Is3 · sgn(v1) > 0), the dynamics is represented as
follows,


C1

dv1

dt
= Is1 · sgn(v2 − E),

C2
dv2

dt
= Is2 · sgn(v2 − v1),

v3 = E,

(1)
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Figure 3: Typical attractors.

and when the diode is OFF (v3 < E), the dynamics is as
follows, 

C1
dv1

dt
= Is1 · sgn(v2 − v3),

C2
dv2

dt
= Is2 · sgn(v2 − v1),

C3
dv3

dt
= Is3 · sgn(v1).

(2)

The dynamics (1) and (2) are rewritable as follows,
ẋ = sgn(by − 1),
ẏ = sgn(y − ax),
z = 1,

(3)


ẋ = sgn(by − z),
ẏ = sgn(y − ax),
ż = sgn(x),

(4)

by using following normalized variables and dimensionless
parameters.

a =
C2Is1

C1Is2
, b =

C3Is2

C2Is3
, τ =

Is3

C3E
t, ẋ =

d
dτ

x,

x =
C1Is3

C3Is1

1
E

v1, y =
C2Is3

C3Is2

1
E

v2, z =
1
E

v3.
(5)

The switching condition is also renewed as follows, if z =
1, then OFF(4) → ON(3), and if x = 0, then ON(3) →
OFF(4). Typical behavior of 3-D PCO is shown in Fig. 3.
Some chaotic attractors are observed.
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Figure 4: Coupled system block diagram.

3. A drive-response coupled system of 3-D PCOs

In this section, we explain a drive-response coupled sys-
tem of 3-D PCOs. The block diagram is shown in Fig. 4.
The upper circuit is a drive system, and the lower circuit is
a response system.

The coupling factor ic is given by difference between v2
and v5,

ic = Isc · sgn(v2 − v5). (6)

The normalized differential equations of the coupled sys-
tem are represented as follows,


ẋd = sgn(bdyd − 1),
ẏd = sgn(yd − ad xd),
zd = 1,

(7)


ẋd = sgn(bdyd − zd),
ẏd = sgn(yd − ad xd),
żd = sgn(xd).

(8)


ẋr = sgn(bryr − 1),
ẏr = sgn(yr − ar xr) + ε · sgn(yd − γyr),
zr = 1,

(9)


ẋr = sgn(bryr − zr),
ẏr = sgn(yr − ar xr) + ε · sgn(yd − γyr),
żr = sgn(xr).

(10)

ad, bd, ar and br are circuit parameters of each systems, γ is
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Figure 5: The phase portrait of laboratory measurements. 1st row: horizontal division [1V], vertical division [0.5V]. 2nd
row: horizontal division [1V], vertical division [0.2V]. 3rd row: horizontal division [1V], vertical division [1V]. 4th row:
horizontal division [0.2V], vertical division [0.2V].

a ratio of coupled elements, and ε is a coupling strength.

τ =

√
Is6Is3

C3C6E
t, xd =

√
C2

1Is3Is6

C3C6I2
s1

1
E

v1,

yd =

√
C2

2Is3Is6

C3C6I2
s2

1
E

v2, zd =

√
C3Is6

C6Is3

1
E

v3,

xr =

√
C2

4Is3Is6

C3C6I2
s4

1
E

v4, yr =

√
C2

5Is3Is6

C3C6I2
s5

1
E

v5,

zr =

√
C6Is3

C3Is6

1
E

v6, ad =
C2Is1

C1Is2
, bd =

C3Is2

C2Is3
,

ar =
C5Is4

C4Is5
, br =

C6Is5

C5Is6
, γ =

C2Is5

C5Is2
, ε =

Isc

Is5
.

(11)

Switching condition of each systems differential equations
are also renewed as follows, for drive system if zd = 1, then
OFF(8) → ON(7), and if xd = 0, then ON(7)→ OFF (8),
and for response system, if zr = 1, then OFF(10)→ ON(9),
and if xr = 0, then ON(9)→ OFF(10). The coupled sys-
tem exhibits the complete synchronization if the parameter
condition satisfies follows,

ad = ar, bd = dr, γ = 1, ε >> 1. (12)

4. Circuit experiments and rigorous solution

In this section, in order to consider chaotic generalized
synchronizations, we prepare a second response system.
The construction and parameters of the 2nd response sys-
tem are same as 1st one, but thier initial conditions are dif-
ferent. The parameters of the 1st and 2nd response system
are a′r ≈ ar, b′r ≈ br, γ

′ ≈ γ, and ε′ ≈ ε. If the drive-
response system exhibits the complete synchronization, 1st
and 2nd response systems also synchronize completely. In
the laboratory measurements, we observed two cases de-
pended on the parameter mismatch between br and bd:

1. All response systems are synchronized, that is com-
plete synchronization.

2. The 1st and 2nd response systems are synchronized,
but the drive system is not synchronized, that is gen-
eralized synchronization.

In the case where parameter mismatch is sufficiently small,
we can observe experimental measurements as shown in
Fig. 5(a). In the case where parameter mismatch is rel-
atively large, we also observe attractors as shown in Fig.
5(b). The coupled states yd and yr are synchronized re-
gardless of the magnitude of the parameter mismatch. The
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Figure 6: Rigorous solution. The parameters are ad =

4.4, bd = 0.3334, br = 0.3444.

phase portraits of rigorous solution are shown in Fig. 6.
The results are qualitatively consistent with the Fig. 5(b).

We confirmed the transition of the synchronization re-
late to the parameter mismatch between the drive system
and both response systems, by using the cross-correlation
coefficients.

Cxdr =

∑M
i=0(xdi − x̄d)(xri − x̄r)√∑M

i=0(xdi − v̄d)2∑M
i=0(xri − x̄r)2

. (13)

The cross-correlation coefficients of 1st response system
versus the drive system (Cxdr,Czdr) and 2nd response sys-
tem (Cxrr,Czrr) are represented in Fig. 7. If the parame-
ter mismatch is small, both response systems are synchro-
nized. By increasing the parameter mismatch, the corre-
lation coefficients of 1st response system versus the drive
system decreasing, but one of both response systems does
not decreased until br = 0.353. It is generalized synchro-
nization. If the parameter mismatch is further increased, it
goes to asynchronous.

5. Conclusion

We consider drive-response system with 3-D piecewise-
constant oscillators. On the laboratory measurements
and rigorous solutions, the proposed system are observed
to exhibit the synchronization phenomena when coupling
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Figure 7: One-parameter bifurcation diagram. Horizontal:
the parameter of the 1st response system br, vertical: cross-
correlation coefficients.

strength is sufficient stronger. We observed transition of
cross-correlation coefficients with increasing the parameter
mismatch between drive and response systems. Therefore,
we confirmed bifurcation to the asynchronous via the gen-
eralized synchronization from the complete synchroniza-
tion. In the future, we will analysis using the Lyapunov
exponent.
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