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Abstract— Effects of external noise on the duration and
correlations of oscillations in ring networks of
unidirectionally coupled neurons are studied. Changes in
the duration of the unstable transient oscillations due to the
noise are derived with a kinematical model of traveling
waves in the networks. The duration of oscillations
occurring from fixed initial conditions increases in the
intermediate strength of the noise. Further, positive
correlations appear in variations in the periods of stable
oscillations in the networks of ring oscillator type.

1. Introduction

Recently, it was shown that long lasting transient
oscillations occur in ring networks of unidirectionally
coupled neurons in computer simulation [1 - 3] and circuit
experiments [4]. The duration of the transient oscillations
increases exponentially as the number of neurons in the
networks. Such an exponential dependence of transient
time on system size has been observed in several systems,
e.g. [5]. Such systems never reach asymptotically stable
states in a practical time and transient states may play an
important role in their function, e.g. signal processing in
nervous systems. It is thus of wide interest in the field of
nonlinear dynamical systems.

In this study, effects of external noise on the
oscillations in the ring neural networks are examined. In
Sect. 2, the model networks and the mechanism of the
transient oscillations are explained. Changes in the
duration of the transient oscillations due to the noise are
derived with a kinematical model of the traveling waves
in the networks in Sect. 3. Correlations and power spectra
of variations in the periods of stable ring oscillators are
also shown in Sect. 4.

2. Ring Neural Networks with External Noise

The following ring networks of neurons are considered.
dx,(0)/dt = -x,(£) + f(x,.1(2)) + 6.1,(8) (x0 = xn, 1<n<N)
flx) = tanh(gx) (g>1)
E{n (0} =0, B{n,(On, ()} = 8,,-8(- 1) (1)

where x, is the state of the nth neuron, N is the number of
neurons, f{x) is the output function of the neurons, g is the
coupling gain. The neurons are unidirectionally coupled

and the output of the Nth neuron is fed backed into the
first neuron. Gaussian white noise #,(f) with the intensity
o, is added to each neuron independently.

The network has a pair of the non-zero steady points:
(e, X, 0y Xy ) = (X, Xp, 0t 0, Xp), X, = flx,) in the
absence of noise. It has been shown that it takes a long
time for the system to reach one of the steady states when
the number of neurons is large, during which the states of
neurons oscillate [1 - 4]. In the transient states, the
neurons are divided in two blocks in which the signs of
their states are the same and the boundaries propagate in
the direction of the couplings, e.g. (x, X, - - -, xy): (+, +,
+,...’+’_’_’_,...’_)_>(_’+’+’...’+,+’_,_’...,_)_)
(- -+, -, + + +, - - -). The transient oscillations are
such traveling waves of the boundaries of the blocks. The
velocities of the boundaries depend exponentially on the
block length as will be shown in Sect. 3. It then takes an
exponentially long time until the two blocks merge so that
the network reaches one of the steady states.

3. Changes in Duration of Transient Oscillations

A kinematical model of the traveling boundaries of two
blocks in the network in the absence of noise is derived as
follows [6]. Consider the state x,,.; of the n-1st neuron, and
let #; be the time at which the state x,., changes from
positive to negative and #,:; be the time at which the state
x,.1 changes from negative to positive (j > 0). That is, the
two boundaries in the network pass the n-1st neuron at #,,
by alternately. We here consider the boundary changing
from positive to negative sign. The other one can be dealt
with in a similar way. When the coupling gain g is large (g
» 1), the output function f{x) is approximated by the sign
function (step function). Then the state of the nth neuron
changes as follows.

dx,,/dt =-X; - 1 (t2j <t< t2j+1)
xu(t) = exp(-(2 - ,))(ty) 1) - 1 (y=t<t11) (2)

The propagation time A¢ of the boundary from the n-1st to
the nth neuron is obtained with x,,(t,; + At) = 0.

At =log(1 + x,(t,))
= log[1 + exp(-(ty; - 1)) (Xu(tyj1) - 1) + 1]

= log[2 - 2exp(-(ty - t2.1))
+ exp(-(f) - taj2))Xn(tyj2) + D]

(€)
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We can neglect the second exponential term since its value
is exponentially smaller than the first one. The
propagation time decreases as the interval to the forward
boundary (the length of the forward block) decreases.

The noise term ow,(f) in Eq. (1) gives random
variations in the propagation time. They are evaluated
with the first passage time (FPT) ¢, of the Ornstein-
Uhlenbeck (OU) process.

dx/dt = -a(x) + on(t) (a(x) =-x)
E{n()} =0, E{n(On(£')} =8(t- 1)
x(0)=x,(t)+1=2, x(z,)=1 4)

where it is assumed that the numbers of neurons in the
blocks are large and the neuron fully reaches the steady
state after the previous passage of the boundary (x,(ty) =
x, =~ 1). The mean m(t,) and variance Gz(tp) of the FPT are
given by [7]

m(t,;x(2,) | x(O) = 2A[" " ntydn| (o2n(@)" ]
o(t,) =4[ mtn[ m(t,:x(0,) &) (olm(®) " ]

—m(t,;x(t,) | x(0))*

2
n() =exp(-[ 22V an) = expdy), B=0 O

GX G)C
Although these integrals are calculated numerically, the
mean of the FPT ¢, is approximated by the value log2 in
the absence of the noise, when the variance of the noise is
small (c,° « 1). The variance can be estimated with the
probability density function of x(¢).

Sx(@0)| x(0)) = 1/((2m) 0,) exp[-(x(2) - m)*/(26,7)]
m,=x(0)exp(-t), ©,"=0,/2:(1 - exp(-22)) (6)
The probability density function of the FPT is
approximated by the Gaussian function with the same
variance as Eq. (6) since the value of the slope of the
trajectory at x(f) = 1 (¢ = log2) is minus one (d(2exp(-

1))/dt|,=10g2 = -1). Hence we obtain
m(t,) =log2, o*(t,)=~3/8c/ (7)

In fact, it can be shown that Eq. (7) agrees with the
numerical integral of Eq. (5) for 6, < 0.1. The propagation
time of the boundary per neuron then becomes

At = log[2 - 2exp(-(ty - tj-1))] T At,
At,=t, - m(t,) )

Let by and b, be the locations of the two boundaries,
and let L be the length of the ring neuron network, i.e. the
number of neurons (L = N). Further let / and L - / be the
length (the number of neurons) of the blocks, i.e.

[=by-by  (by>by)
=bo-bi+L (byp<by) )

The propagation velocity of the boundaries b, and b, is
expressed by

dby/dt = 1/Aty; = 1/[log(2 - 2exp(-(t; - t;.1))) + At,, o]

dby/dt = 1Aty = 1/[log(2 - 2exp(-(tyy11 - 1)) + Aty 1]
(10)

Finally we approximate the intervals #; - #,.; and ty; - t
by (L - DAt and /At with At = log2, respectively, since the
difference in them only appear in double exponential
terms. By subtracting the second equation from the first
equation in Eq. (10), we then obtain the differential
equation for the block length /.

dl/dt = dby/dt - dby/dt

= 1/[log2 + log(1 - exp(-log2-(L - ))) + At, o]
- 1/[log2 + log(1 - exp(-log2-0)) + At, 1]

~ 1/(log2)*(exp(-log2-(L - )) - exp(-log2-1)) + on(1)
o/ = 25°(t,)/(log2)" = 3/(4(log2)*)5,” (11)

The velocity of the boundary increases as the forward
block length decreases and the two boundaries end up by
colliding. The oscillation then ceases.

The duration T of the transient oscillations in the
presence of noise is dealt with the FPT problem of the
stochastic differential equation Eq. (11) with /(7) =0 or L.
The mean m(7(l,)) and variance o*(7(l;)) of the FPT
beginning from the initial block length /; are then obtained
with Eq. (5) by letting

a(l) = 1/(log2)* [exp(-log2-(L- I)) - exp(-log2-])], o, = o,
x(0)=10)=1p, x(t,)=UT)=0, B=L/2 (12)

where we use a reflecting boundary at / = L/2 owing to the
symmetry of the system since the expression is simpler
than that with both absorbing boundaries at / = 0 and L.
Finally we need the following modification owing to the
difference between the propagation time with flx) =
tanh(gx) (g = 10.0) and with the sign function. In fact, the
duration in the absence of the noise in the computer
simulation is as follows.

T(ly=15) =~ 28200 (f(x) = tanh(gx), g = 10.0)

~22800 (f{x): sign function) (13)

The values of the integral must be multiplied by this ratio
(=1.24).

Figure 1 shows the mean m(7(/y)) of the duration of the
transient oscillations in the network with g =10.0, N = 40
and /, = 15. Numerical integral of Eq. (5) with Eq. (12)
multiplied by 1.24 is plotted with a solid line. The mean
of a thousand transient oscillations obtained with
computer simulation of Eq. (1) by the simple Euler
method with the time step 0.01 under the following initial
condition are plotted with closed circles.

xn:'l (ISnSZOL X,,:l (ZO<nSN)

(14)
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The mean duration increases in the intermediate noise
strength. This is never seen in the simple OU process and
is of particular interest. The approximation by the FPT of
Eq. (11) agrees with the simulation results. The decreases
of the FPT at small noise strength (o, = 0.001) may be an
artifact due to the instability of the numerical integral
since they do not appear in the simulation.

When the number of neurons is large (N = L » 1), the
FPT problem of simpler form is given by letting exp(-
log2-(L - I)) be zero in Eq. (11).

di/de = -1/(log2)>exp(-log2-1) + om(f) (15)

It can be shown that the FPT calculated with this equation
(a(l) = -1/(log2)*exp(-log2-l)) hardly differs from that
with Eq. (11) when N = 40 and agrees with the simulation
results. An intuitive explanation for the increase in the
duration due to the noise is as follows. The FPT of Eq.
(15) in the absence of the noise is given by 7(/y) =
10g2~(21° - 1). The ratio of the increase 7(/y + Al) - T(ly)
due to a small positive fluctuation Al in [, and the decrease
T(ly) - T(ly - Al) due to a negative fluctuation -A/ is 2% and
is always larger than one. Then the fluctuations due to the
noise tend to increase the FPT. In the simple OU process,
the deterministic term is linear and the noise always
decreases the FPT. The increase in the duration of the
transient oscillations is due to the nonlinear exponential
terms in Egs. (11) and (15).

60000 - N
® simulation
FPT
. 50000 ———-10=12
E 0y e 0=13
g 40000 --—--10=14

30000

20000

10000

0

Fig. 1. Mean duration m(7{(/y)) of the transient oscillations
vs. SD o, of the noise.

The peak of the mean duration moves toward large
noise strength and the value decreases as the length /, of
the initial block decreases. Numerical integrals of Eq. (5)
with Eq. (12) for [, = 12 - 14 are also plotted with dashed,
dotted and dash-dotted lines, respectively, in Fig. 1. When
starting with /, = N/2, the oscillations never cease in the
absence of the noise since the velocities of the two
boundaries are the same. The duration then monotonically
decreases as the noise strength increases. When the initial
states of neurons are zero or randomly given, the mean
duration of the transient oscillations is approximated by
the integral of T(/y)/N over 0 < [, < N since the length of
the initial blocks is made uniformly randomly. The
duration for the initial block length close to N/2 ({, = N/2)

mainly contributes to it and it can be shown that the mean
duration monotonically decreases as the noise strength.

4. Correlations in Periods of Ring Oscillators

When the number of neurons is odd (N =2M + 1) and
the coupling gain is negative and less than the Hopf
bifurcation point (g < -1/cos(n/N)), the network is
equivalent to a ring oscillator and shows stable
oscillations [8]. There is one inconsistency in the signs of
the states of neurons, e.g. (+, +, -) for N= 3, and it rotates
in the network as (+, +, -) — (-, +, +) — (+, -, +). We
consider variations in half periods of the stable
oscillations caused by the noise. The half period is the
interval of the passing time of the successive
inconsistencies at one neuron and the period of the
oscillations is its double.

The propagation time of the inconsistency is derived in
a similar way to Sect. 3. The half period 7,, of the stable
oscillations is given by the following equation.

(xm>0)
At, =log(x,, + 1), T, =NAt,

Xm = '(xm + l)exp('Tm) +1
(16)

where At,, is the propagation time of the inconsistency per
neuron in the absence of the noise. The propagation time
At; of the jth passing of the inconsistency is given by

At;=1og(2 - (| x(#:1)| + 1)exp(-T))) + omnit)
~1log(2 - (xn + Dexp(-T))) + omn(?)
= log2 - exp(At,,)/2-exp(-T}) + om?)
6/ ~6,%/2:(1 - exp(-2At,))
T=1t- a7

Then the changes in the half period 7; at the location / in
the network is approximated as

AT(D)/dl = (s - t)/dl = A, - Ary,
= exp(At,)/2-(-exp(-T}) + exp(-T}.1)) + oi(n; - nj.1)
= B(T; - Tjr) + odn - n)

B = exp(-(N - 1)AL)2

T(0) = Tj.(L) (L=N) (18)

where #; is the white noise along #. Following [9], the z
transform Z7 of 7} is given by

dZ(D/dl=B(1 - zNZAD) + (1 - 21 Z(])
Z () =expB1-z")NZ(0)

+ (1—2-‘)j: exp@(l—z ") ~1")Z (I')dl'
ZH0)=z"ZAL) (19)

Hence the power spectrum S(w) of 7} is obtained as

S(©) = E{ZAL)P - - explion}
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=2(1- cos(oa))o-TZJ.OL exp(2B(L —)(1 - cos(w)))d/
/|1-e* exp(BL(1—e™))

= o/ /B(exp(2BL(1 - cos())) - 1)
/[1 + exp(2BL(1 - cos(w)))
- 2exp(BL(1 - cos(w)))cos(m - BLsin(w))] (20)

The power spectrum increases in the low frequency region
owing to the apparent interaction between the successive
half periods since S(0) = o,°L/(1 - PL)* is larger than S(r) =
o/L and S(®) = 6, for p=0.

When [BL| < 1, a sequence of the half periods is
approximated by the first-order autoregressive (AR)
process as follows.

(D =4(L) - 520 = ["(BT,(1) +0,n)dl
~ BL/2/(T(0) + T(L)) + om,
= ¢173.4(0) + o
S(w) = o7/(1 - 2¢;cos(w) + @)
01 =PBL/2-BL), o =o7L/1-PBL2)Y  (21)

where the trapezoidal rule is used for the estimation of the
integral. The parameter ¢, has the positive value and the
autocorrelation function E{(T}(/) - T,,)(Tx - T,)} of the
sequence is given by o77/(1 - ¢%)¢,".

Figure 2 shows the power spectrum of the sequences of

the half periods in the inhibitory network (g = -10.0) of
three neurons (N (= L) = 3) in the presence of noise of o,
= 0.1. An estimate with FFT of the results of computer
simulation is plotted with closed circles. Equations (20)
and (21) are also plotted with solid and dashed lines,
respectively, where the values of the parameters are:
X = (-1 +5"%/2=0.618, At, =log((1 +5"%)/2)~0.481,
T, = log(2 + 5" =~ 1.44, p=(3 -5"%/4 = 0.19,
o, = (-1 + 5"H"/2.6, = 0.056, r =~ 0.40, o7~ 0.13.
The approximation with Egs. (20) and (21) agrees about
with the simulation results though the correlations are
slightly large.
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Fig. 2. Power spectrum S(w) of a sequence 7; of the half
periods in the ring oscillator of three neurons.

These correlations occur in the interspike intervals of a
spike propagating in a ring of excitable media [9]. The

propagation time of the spike increases as the interspike
interval decreases in the refractory period of the excitable
media. The value of the coefficient B is then negative and
the interspike intervals become negatively correlated. It is
of interest that the effects of the interaction in the ring are
opposite to those of the interspike intervals of a spike train
propagating in a line of excitable media, e.g. a nerve fiber.
The interaction then smooths the interspike intervals and
cause positive correlations when B < 0. Similarly to a
spike train in the nerve fiber, when an input is added to
one end of an open chain of the sigmoidal neurons, signals
switching positive and negative signs can be generated
and propagated toward the other end. Then the interaction
with B > 0 may increase variations in the intervals of
switching and make them negatively correlated, which
results in a modulation of the signals.

5. Conclusion

It was shown that the duration of the transient
oscillations in the unidirectionally coupled ring neural
networks increases in the intermediate noise strength on
the basis of the FPT problem of the kinematical model of
the traveling waves. This noise-induced resonance like
phenomenon is due to the exponential dependence of the
velocities of the traveling waves on the forward block
length of the neurons.

Further, it was shown that the noise causes positive
correlations in the sequences of the periods of the stable
oscillations in the network of ring oscillator type. The
power spectrum is expressed with not rational but
exponential functions of frequency while the sequences
can be approximated by the Ist-order AR process.
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