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André Röhm†, Ryoichi Horisaki†, and Makoto Naruse†

†Department of Information Physics and Computing, Graduate School of Information Science and Technology,
The University of Tokyo, 7-3-1 Hongo, Bunkyo, Tokyo 113-8656, Japan

‡Graduate School of Environment and Information Sciences, Yokohama National University,
79-1 Tokiwadai, Hodogaya, Yokohama, Kanagawa 240-8501, Japan

§Department of Mathematical Informatics, Graduate School of Information Science and Technology,
The University of Tokyo, 7-3-1 Hongo, Bunkyo, Tokyo 113-8656, Japan

Email: yamagami-tomoki-qwb@g.ecc.u-tokyo.ac.jp

Abstract—This paper demonstrates that a common un-
derlying structure, or a skeleton structure, is present behind
quantum walks with a homogeneous coin matrix. More
specifically, we examine the transition probabilities of ran-
dom walks that replicate the probability distribution of
quantum walks. We show that the transition probability
contains a skeleton structure by considering the weak limit
that excludes the oscillatory behavior. Remarkably, the
skeleton structure does not depend on the coin matrix or
the initial condition of the quantum walk.

▶ We use the following descriptions:
• N := {n ∈ Z | n ≥ 1}. • N0 := N ∪ {0}.
• i is the imaginary unit.

• For a ∈ R, the function δa : R→ {0, 1} is given by

δa(x) =
{

1 (x = a)
0 (x , a) .

• For a matrix A, AT and A∗ are the transpose and the
adjoint matrix of A, respectively.

• The symbols “⟨ · |” and “| · ⟩” are often used as descrip-
tion of row vectors and column vectors, respectively.
For a column vector |x⟩, ⟨x| = |x⟩∗. When we take in-
ner products or norms of vectors, we often omit them:
⟨x| |y⟩ = ⟨x|y⟩, ∥ |x⟩ ∥ = ∥ ⟨x| ∥ = ∥x∥.

• L2(R) is a set of functions square-integrable on R.

1. Introduction

A quantum walk (QW) is known as the quantum counter-
part of the classical random walk [1, 2, 3, 4], which extends
by including the effects of quantum superposition and com-
plex probability amplitudes. QWs were first introduced in
the field of quantum information theory [5, 6, 7]. After
that, the characteristic structure of quantum walks men-
tioned above was intensively studied by mathematicians
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Figure 1: Comparison of the probability distributions be-
tween quantum walk (QW) and random walk (RW).

[8, 9], and since then, quantum walks have been an im-
portant topic in both fundamental and applied research.

The main properties of the quantum walk are linear
spreading and localization. The former means that the
standard deviation about the distribution of the observation
probability of walkers grows proportionally to the run time
n. The latter implies that probability can be distributed at
a particular position no matter how long the walker runs.
Quantum walks have both or either of these properties,
which results in the probability distribution that is totally
different from those of random walks which weakly con-
verge to normal distributions, as represented in Fig. 1.

Meanwhile, generating distributions of quantum walks
via time- and site-dependent random walks are examined
[10, 11], which we call quantum-walk-replicating random
walk (QWRW). Especially, Yamagami et al. [12] showed
that linear spreading and localization appear for the behav-
ior of individual walkers, which obeys the discrete-time
QWRW on one-dimensional lattice Z. In [12], the direc-
tivity of QWRWs is investigated by introducing the notion
of transition probability of QWRWs.
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In this paper, we analyze the transition probabilities of
QWRW in the case of the homogeneous coin matrix. We
show that the transition probability accompanies a skele-
ton structure by considering the weak limit that excludes
the oscillatory behavior. It is noteworthy that the skeleton
structure does not depend on the coin matrix nor the ini-
tial condition of the quantum walk, although the transition
probability including oscillatory terms differs significantly
depending on the coin matrix and the initial condition of
the quantum walk.

2. Preliminaries

2.1. Quantum walk (QW)

We introduce the following matrix:

C =
[

a b
−∆b ∆a

]
, (1)

with the conditions |a|2+ |b|2 = 1 and |∆| = 1 being satisfied
where a, b, ∆ ∈ C. Here, C is a unitary matrix and called
a coin matrix. In particular, since C is independent of time
n and the position x, C is called homogeneous coin matrix.
Let |L⟩ and |R⟩ be the vectors given by |L⟩ = [1 0]T and
|R⟩ = [0 1]T, respectively. Then, we define the matrices

P = |L⟩⟨L|C and Q = |R⟩⟨R|C. (2)

Note that P and Q are the decomposition elements of C:
P + Q = C.

Here, we consider the state of quantum walk on the posi-
tion x ∈ Z at time n ∈ N0 denoted by a vector |Ψn(x)⟩ ∈ C2.
First, we set the state |Ψ0(x)⟩, called the initial state, as

|Ψ0(x)⟩ = δ0(x) |φ⟩ , (3)

where |φ⟩ ∈ C2 satisfies ∥φ∥ = 1. In addition, we define
time evolution of |Ψn(x)⟩ as

|Ψn+1(x)⟩ = P |Ψn(x + 1)⟩ + Q |Ψn(x − 1)⟩ . (4)

Moreover, the probability that a quantum walker is mea-
sured on the position x after time evolution until time n,
denoted by µn(x), is defined as

µn(x) := ∥Ψn(x)∥2. (5)

2.2. Quantum-walk-replicating random walk
(QWRW)

We define the random walk that replicates the probability
distribution of a quantum walk (quantum-walk-replicating
random walk; QWRW) [12]. For a pair (n, x) ∈ N0×Z that
satisfies µn(x) > 0, we define the transition probabilities to
the left and right side as

pn(x) =
∥PΨn(x)∥2

µn(x)
and qn(x) =

∥QΨn(x)∥2

µn(x)
, (6)
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Figure 2: The distribution of QWRW in the case of a = b =
1/
√

2, ∆ = −1, and |φ0⟩ = [1 i]T/
√

2 (Setting A), at time
n = 500. The number of walkers is K = 100, 000.

respectively. Note that pn(x) and qn(x) satisfy 0 ≤

pn(x), qn(x) ≤ 1 and pn(x) + qn(x) = 1. Furthermore, the
probability that a walker following QWRW exists on the
position x at time n, denoted by νn(x), has the following
equation:

νn+1(x) = pn(x + 1)νn(x + 1) + qn(x − 1)νn(x − 1). (7)

On the other hand, the equation

µn+1(x) = pn(x + 1)µn(x + 1) + qn(x − 1)µn(x − 1) (8)

holds by the definitions of the transition probabilities (6).
Based on Eqs. (7) and (8), we have the following result:

Theorem 2.1 ([12]). ν0 = µ0 ⇐⇒ νn = µn for all n.

This indicates that the probability distribution of QWRW
is identical to that of QW, assuming that both of the initial
states match.

Figure 2 shows the probability distribution of QWRW in
case of a = b = 1/

√
2, ∆ = −1, and |φ⟩ = [1 i]T/

√
2 (we

call this case Setting A), and this distribution is identical
to that of the corresponding quantum walk, shown in [9],
for example. With homogeneous coin matrix, we observe
linear spreading, but not localization.

Figure 3 represents the transition probabilities pn(x) and
qn(x) as a function of the position x when the time n is spec-
ified by 500. In the following sections, we analyze transi-
tion probabilities and consider their observation based on
this analysis.

3. Skeleton structure of the transition probability on
QWRW

We show the mathematical statements regarding the
transition probabilities and define the skeleton structure.
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Figure 3: The transition probabilities p500(x) and q500(x)
for QWRWs in Setting A. The relationship p500(x) +
q500(x) = 1 holds , so left (p500(x), blue) and right (q500(x),
orange) transition probabilities are expressed as a stacked
bar graph.

3.1. Underlying statements

As we can observe from Fig. 3, the transition probabil-
ities can be divided into two kinds of regions: oscillatory
and non-oscillatory regions. The boundaries of these parts
correspond to the peaks of the probability distribution of
the QWRW on x = ±n|a| at run time n. Therefore, we refer
to the oscillatory region as being inside the peaks, and the
non-oscillatory region as being outside the peaks.

Inside the peaks, oscillations do not decay with time n,
and thus pn(x) does not converge with increasing n. We
can characterize the transition probabilities in the following
form with the notion of a weak limit.

Theorem 3.1. Let xn ∈ Z and s ∈ (−|a|, |a|) satisfy

xn = ns + O
(

1
n

)
as n→ ∞.

Then, pn(xn) and qn(xn) can be described as

pn(xn) =
τ1(s) + ξn(s)

1 + ηn(s)
and qn(xn) =

(1 − τ1(s)) + ζn(s)
1 + ηn(s)

,

where

τ1(s) =
1 − s

2
and

wlim
n→∞

ξn(s) = wlim
n→∞

ηn(s) = wlim
n→∞

ζn(s) = 0.

Here, for the sequence { fn}n∈N0 ⊂ L2(R), there exists
f ∈ L2(R) such that wlim

n→∞
fn(s) = f (s) ( fn(s) weakly con-

verges to f (s)) iff for any function g(s) ∈ L2(R) and y ∈ R,

lim
n→∞

∫ y

−∞

fn(s)g(s) ds =
∫ y

−∞

f (s)g(s) ds.

The forms represented in Theorem 3.1 are the decom-
position of the numerator and denominator of pn(xn) and

qn(xn) into the terms dependent on or independent of run
time n. The functions ξn, ηn and ζn correspond to the for-
mer terms; they include a term that oscillates and one that
decays with the growth of n on the order of 1/n. Although
these terms do not converge to specific values, weak con-
vergence holds. In contrast, the function τ1(s) corresponds
to the latter term, meaning that τ1(s) does not depend on
n. In other words, it represents the invariant structure of
pn(xn) inside the peaks. Similarly, 1 − τ1(s) is the invariant
structure of qn(xn).

Congruently, we obtain the following fact about the tran-
sition probabilities outside the peaks:

Theorem 3.2. For s ∈ R that satisfies |a| ≤ |s| < 1, pn(ns)
and qn(ns) can be described as

lim
n→∞

pn(ns) = τ2(s) :=
s − |a|2 + |b|

√
s2 − |a|2

2s
and

lim
n→∞

qn(ns) = 1 − τ2(s).

Herein, τ2(s) does not depend on n and contains no os-
cillations in time nor space.

The final statement regards the area around the peaks, or
the boundaries between the regions inside and outside the
peaks.

Theorem 3.3. Let a sequence {x±n } satisfy

x±n = ±n|a| + d±n ,

where {d±n } is a sequence that satisfies d±n = γn
1/3 + o(n1/3)

with any γ ≥ 0. Then, it follows that

lim
j→∞

pn(x±n ) = τ±◦ and lim
j→∞

qn(x±n ) = 1 − τ±◦ .

3.2. Skeleton structure

The skeleton structure of QWRW is defined by combin-
ing the functions introduced in the Theorems 3.1 and 3.2:

Definition 3.4. Define the function τ : (−1, 1)→ [0, 1] as

τ(s) =


τ1(s) =

1 − s
2

(0 ≤ |s| < |a|)

τ2(s) =
s − |a|2 + |b|

√
s2 − |a|2

2s
(|a| ≤ |s| < 1)

,

and call it the skeleton structure of the transition probability
pn(ns). Equally, 1− τ(s) is the skeleton structure of qn(ns).

The function τ(s) defined above is independent of the
initial state |φ⟩, i.e., the skeletal structure is only determined
by the parameters of the coin matrix. In addition, on the
straight part inside the peaks, the range is determined by
the parameters of the coin matrix, but the gradient is always
−1/2, regardless of the setting of QWRW, as long as the
coin matrix is time- and site-homogeneous. Moreover, τ(s)
is continuous around the peaks s = ±|a|; that is,

lim
s→±|a|∓0

τ1(s) = lim
s→±|a|±0

τ2(s) = τ±◦ . (9)
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Figure 4: The relationship between p500(x) (blue line) and
its skeleton structure τ(s) (red line). (a) Parameters of Set-
ting A; (b) a = 1/

√
3, b = 2/

√
3, ∆ = 1, |φ0⟩ = [1 0]T.

The graph of this skeleton structure τ(s) fits with that
of pn(x) by stretching the s-axis n times. As exam-
ples, we show the case of Setting A and (a, b, ∆, |φ⟩) =
(1/
√

3, 2/
√

3, 1, [1 0]T) in Figs. 4(a) and (b), respec-
tively. Inside the peaks, these two cases seemingly exhibit
different oscillatory behavior. However, the skeleton struc-
ture of these two cases are the same. Outside the peaks,
both cases follow the same no-oscillatory curves. This is
the visualization of the convergence stated in Theorem 3.2.

4. Summary

In this paper, we analyzed the transition probabilities of
quantum-walk-replicating random walks. First, we pre-
sented a mathematical statement regarding the transition
probabilities, and then we defined the skeleton structure.
This skeleton structure is completely independent of the
initial state of the quantum walk; additionally, the straight
part inside the peaks has the same shape regardless of the
setting of QWRW, except for its range.
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