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Abstract—In this talk, we will focus on the time av-
eraged distributions for continuous-time quantum walks
(CTQWs) and Szegedy’s walk a type of discrete-time quan-
tum walks (DTQWs) on the path graph induced by the birth
and death chain (discrete-time random walk with reflecting
walls) on it.

1. Introduction

The study of quantum walks, known as quantum coun-
terparts of random walks, has been extensively developed
in various fields during the last 20 years. There are good
review articles for these developments such as Kempe
[5], Kendon [6], Venegas-Andraca [13, 14], Konno [7],
Manouchehri and Wang [8], and Portugal [10].

In this talk, we will focus on the time averaged distri-
bution of a variant of discrete time quantum walk (DTQW)
so-called Szegedy’s walk [12]. On the path graph, the spec-
tral properties of Szegedy’s walk are directly connected to
the theory of (finite type) orthogonal polynomials. There
are studies of the distribution of Szegedy’s walk on the path
graph for example [2,4,9,11].

2. Definition of the models

In order to define our models, we consider the path graph
P.i1 = (V(Puy1), E(Ppy1)) with the vertex set V(P,y1) =
{0, 1,...,n} and the (undirected) edge set E(P,+1) = {(J, j+
1): j=0,1,...,n— 1}. On the path graph P,;, we define
a discrete time random walk (DTRW) with reflecting walls
as follows:

Let pJL. be the transition probability of the random walker
at the vertex j € V(P,4+1) to the left (j — 1 € V(P,41)).
Also let p% = 1 — p’ be the transition probability of the
random walker at the vertex j € V(P,;;) to the right (j +
1 € V(P,+1)). For the sake of simplicity, we assume 0 <
Py, pf < 1 except for j = 0,n. We put the reflecting walls
at the vertex 0 € V(P,1) and the vertex n € V(P,,1), i.e.,
we set pR = pk = 1. We also call this type of DTRW as the
birth and death chain.

We define a positive constant C, as

n pg.plle...p}?71
Cri=l4 ) ——r— I,
jZ::J pL.pé...ij
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By using this constant, we can define the stationary distri-
bution {7(0), 7(1),...,n(n)} as

if j=0,

1

. Cr
n(j) = 1 PP ifj=1,2 n
C, PIL'PIZ“"‘PL 9 Ly e oo g lbe

4 J

Note that 7(j) > O for all j € V(P,4+1) and the stationary
distribution is satisfied with so-called the detailed balance
condition,

7(j)- Py = Pl -2+ D),

for j=0,1,...n—1.

In order to define a continuous time quantum walk
(CTQW) corresponding to the DTRW, we introduce the
normalized Laplacian matrix £. Let P be the transi-
tion matrix of the DTRW. Also we define diagonal matri-

ces D,lr/2 = diag(\/n(O), vVa(l),..., \/ﬂ(n)) and D;l/z =
diag (1/ V7(0), 1/ Ya(D), ..., 1/ Va(n). The normalized
Laplacian matrix L is given by

L= D;* (1 = P)D;'? = L1 = D PD'2,

where 1,1 be the (n+1)x (n+ 1) identity matrix. We should
remark that the matrix

J := DY*PD,'?,

is referred as the Jacobi matrix. So we can rewrite L as
L=1y—J.
By using the detailed balance condition, we obtain

[pEpR ., ifk=j+1,
Jj,kz‘,k,j:{ p]pj+1 .]

0, otherwise.

Thus £ = I,+; — J is an Hermitian matrix (real symmetric
matrix). The CTQW which is discussed in this paper is
driven by the time evolution operator (unitary matrix)
. (i
Ucrow(t) := exp (itL) := o
=0

Lk
where i is the imaginary unit. Let X¢ (¢ > 0) be the random
variable representing the position of the CTQWer at time ¢.

The distribution of X¢ is determined by

B(XC = kXS = ) = [kiUcrow L] = [(Werow), |
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where |j) is the (n + 1)-dimensional unit vector (column
vector) which j-th component equals 1 and the other com-
ponents are 0 and (v| is the transpose of |v), i.e., (v| = TIyy.
Hereafter we only consider Xg =0, i.e., the CTQWer
starts from the left most vertex 0 € V(P,.), cases. The
time averaged distribution p¢ of the CTQW is defined by

. . 1 T o ——e
peti)i= Jim 7 [ P(X€ = ¥ = 0)a

for each vertex j € V(P,+1). We define a random variable
X$ as P (XS = j) = pe()-

In this talk, we also deal with a type of discrete time
quantum walk (DTQW) corresponding to the DTRW so-
called Szegedy’s walk. The time evolution operator for the
DTQW is defined by U = S C with the coin operator C and
the shift operator (flip-flop type shift) S. The coin operator
C is defined by

n—1

C=10X0I® 1 + Z N1 ®Cj + In)n| © I,
=1

where I, is the 2 X 2 identity matrix and ® is the tensor
product. The local coin operator C; is defined by

Ci =200~ b, 16 = \[PHLy + \[P¥IR),

where [L) = T[1 0] and |R) = T[0 1]. The shift operator S
is given by

SUpelL) =1j-DH®IR), SUHeIR)=j+1)|L).

Let XP (t =0, 1,...) be the random variable representing
the position of the DTQWer at time . In this paper, we only
consider X' = 0 cases. The distribution of X/ is defined
by

P(XP = jIXP = 0) : = |/ ® 1) Uprow(®) (10) ® R

= (1@ (LD Unrow(d (10) & IRY)[*
+ |1 ® R Uprow® 10y @ [RY -

We also consider the time averaged distribution pp of the
DTQW defined by

T-1
pp(j) = lim % Z]P’(XP = jIx§ =0),

1=

for each vertex j € V(P,+1). We define a random variable
XD as P(XP = j) = pp(j).

3. Relations between X¢ and X?

Since the Jacobi matrix J is a real symmetric matrix with
simple [3] and symmetric [2] eigenvalues, we obtain eigen-
values 1 = g > Ay > --- > A,-1 > A, = —1 and corre-
sponding eigenvectors {|v¢)};_, as an orthonormal basis of

n-dimensional complex vector space C". Thus we have the
spectral decomposition

J =" AveXv.

=0

Noting that £ = [,.; — J, the spectral decomposition of
Ucrow(?) is given by

n

Ucrow(t) = Y explit (1= 0] ve)(vel
=0

=" Y e ).

=0

Because of simple eigenvalues of the Jacobi matrix J, the
time averaged distribution p¢ is expressed by

ey = Y 1GMOP KO = > we()P beO)F,
=0 =0

where v(j) is the jth component of |v;).
On the other hand, the spectral decomposition of
Uprow(t) is given (see e.g. [2,4,11,12]) by

Uprow(t) = poluo)uol

n—1
1
+ 7 ) Ml XUl
2

; 2(1 -2 Zi:

+ |t )t

where
Ho =40 =1, [uo) = Vo),

pae = exp(xicos™ Ac), luse) = [0) = pac SO,
Ho = Ay = =1, n-1) = V1),
with

n—1

ve) = ve(0)I0) ® |R) + Z ve(DI) @1¢)) + ve(n)ln) @ |L).
=1

All the eigenvalues of Uprow(?) are also simple, the time
averaged distribution pp is expressed by

() = {11 @ (LD ) + 1(¢j1 @ (RI) luo)P* Kutol (10) @ [RY)P

n—1

1 . i
’ ; [2(1——43) Z {161 ® (LI o)

+ (1 ® (RI) ez } Kuel (10) ® IR ]

+ {11 @ (LI it + 11 @ (R a2} Gt (10} @ [RY)P

More concrete expression of pp in terms of eigenvalues
and eigenvectors of the Jacobi matrix J is given as follows
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(rearrangement of Eq.(10) in [2]):

1 1
() =3 oI Wo(O)I* + 3 V(DI v (0)

1 n
+5 2, P e O)F
=0

1 n—1
+§;

1 . .
W{pf_l ve(j = DI = 27 e ()P
%

+ Pl e+ DI } ve(O)F,

with conventions pR L =ve(=1) = =v(n+1)=0

n+l

Now we consider the distribution functions Fff(x) :
P (XS < x) = % pe(j) of XS and FP(x) := P(XP < x)
Y j<x Pp(j) of XD For each integer 0 < k < n — 1, we have

k k n
IHOEDWEOEDY {Z ve()P |w»<0>|2}.
j=0

=0 Ue=0

We also obtain the following expression by using ij, + pf =
L pR = Land pt ()P = 22 [ve(O)[:

k
FP(k) =" po(j)

Jj=0

1 k
|vO<J>|2 vo(O)I* + *3 ZO Wa( DI Va0

1
"3 {Z eGP Iw(0)|2}

|w(j>|2 |vf<0>|2}

5 T {po [ve(OF = pr V(D = pi Ive (k)P

+pE etk + D } ve(0)*

ve(i)I* |vf<0>|2}

{=PEweP + i,y ek + D} Ive(O)P

[P WP + .y ek + D} ve(O)P.

4. Scaling limit

Let F be the distribution function of the random variable
X. We assume that

vC
lim IP’(X7" < x) = F(x) (1)

n—oo

for all points x at which F is continuous. Hereafter we
assume F is continuous at x (0 < x < 1). Remark that from
the definition, Eq. (1) means that

tim £ 0= i FS )
Lnx]

= lim {Z eGP |w<0>|2} - F). )
j=0 \¢=0

where |a] denotes the biggest integer which is not greater
than a.
From Eq. (2) and the relation

XP _ _
IP(T” < x) = FP(nx) = F?(lnx))

= FS(lnx))
n—1
1 1 R 2
+5 2.7 Ag{ = PPy e(Lnx])|

+ Ploger Vellnx] + DP } ve(O),

if we can prove

n—1
. 1
lim » —— v(Lnx]) v (O)
n—oo -
=1 4
n—1
= lim » —— ve(lnx] + DP pe(O)f = 3)
=1 4

then we can conclude

D
lim IP’(X— < x) F(x),

n—oo n

for all points at which F is continuous.
Now we show an example for the convergence. That is
lim sup,_,, 41 < 1 case. By the definition, we obtain

lnx) (n=
0< Z {Z eI IW(O)IZ} < FS(lnx)) =5 Fx).

j=0 =1

Also we have

lnx]+1 (n—1
o< 3 {5

S e |vf<0>|2} < € ({n (x . l)
=0 n

=1

) 5 B,

from continuity of F at x. These mean that
n—1

lim > we(Lnx )P e (O)F
=1

n—1

= lim 3" e+ DEWOP =0, @)
=1
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Therefore combining with Eq. (4), we obtain Eq. (3) as fol-
lows:

n—oo

n—1

, 1

limsup > —— (L) ve(O)F
=1 4

1
2
-2

< lim sup

n—oo

n—1
D vellnxDP e(O)P
(=1

1 n—1

X Jim 3 e(lnx P e (OF

1 (=1

<
1 —limsup,_,,

=0,
n—1

. 1
lim sup Z Tz e(Lnx] + DI [ve(0)
=1 ¢

n—oo

n—1

<limsup —— 3" lnx] + D eO)F

n—oo _/11 =1
1 n—1
< X lim ve(lnx] + D ve(0)P
P T— w; e(Lnx] + D [v(O)
=0.
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