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Abstract- The method for
piecewise logistic chaotic map is proposed. The
bifurcation  diagram,
density distribution and ergodicity of the

piecewise logistic map is given by numeric

constructing

Lyapunov  exponent,

analysis. Simulation results show that the
maximum Lyapunov exponent of the piecewise
logistic map become larger with the increase of
the segments. The ergodicity and bifurcation of
the piecewise logistic map become better when
more partitions are divided. Although the
piecewise logistic map still has no uniform
density probability, it can be made up when
iterating the piecewise logistic map with variable
control parameters. Therefore, the piecewise
logistic maps has better cryptographic properties
than the logistic map, which is more suitable to
be applied to designing chaotic encryption
algorithms.
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1. Introduction

Recently, the chaotic maps has been widely
applied to data
communications %1, The logistic map shown as
below is one of popular chaotic system used to
design encryption algorithms**®.

security and  secure
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where X, is the current state value and

1 €[3.57,4] is the control parameter.

However, the logistic map has inherent
problems from the view of cryptography, such as
uneven density distribution and existence of
weak keys!. In this paper, the extend form of
logistic map, i.e. the piecewise logistic map is
researched. Some cryptographic properties of
this chaotic map are described by numeric
analysis. The simulation results show that the
piecewise logistic map has better cryptographic
performance than the logistic map.

This rest of this paper is organized as follows.
Section 2 discusses the piecewise logistic map
and its cryptographic properties. In Section 3,
the piecewise logistic map with variable control
parameter is presented, which has better uniform
density probability. Finally,
drawn in Section 4.

conclusions are

2. The Piecewise Logistic Map
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Fig. 1 The piecewise logistic map with N =4

The presented piecewise logistic map is
defined as below:
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where x; € (0,1) is the state value of the
piecewise logistic map, u€(0,4) is the control
parameter and N is the partition number of the
piecewise logistic map. The piecewise logistic
map with N = 4 is illustrated in Fig.1.

2.1 Lyapunov Exponent
For dynamical systems, the
exponent characterizes the velocity of evolution

Lyapunov

between two near trajectories. For function X,.+,=
f(x,), its Lyapunov exponent A is calculated as
follows ©:
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In Fig.2, the Lyapunov exponents of the
piecewise logistic map are plotted with respect
to the system parameter u for different N
Meanwhile, the Lyapunov exponents of the
logistic map is shown in Fig.3.

Based on Figs. 2 and 3, it can be concluded
that:(i) Compared with the logistic map, the
piecewise logistic map has greater Lyapunov
exponent when the control parameter y is fixed
to the same values. (ii) With the increase of
partition number of the piecewise logistic map,
the interval of control parameter x corresponding
to positive Lyapunov exponent become wider.
(iii) The maximum Lyapunov exponent of the
piecewise logistic map is increased with the
increase of segments. It means that the orbit of
the piecewise logistic map become more
unstable and its sequence is more complex.
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Fig. 2 Lyapunov exponents of the piecewise
logistic map
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Fig. 3 Lyapunov exponents of the logistic
chaotic map

2.2. Bifurcation Diagram

The bifurcation diagrams of the piecewise
logistic map with different segmentations N are
obtained by numeric calculation and shown in
Fig. 4. Similarly, the bifurcation diagram of
logistic map is shown in Fig. 5. From Figs. 4 and
5, we can see that: (i) The piecewise logistic map
enters the full chaotic state when the control
parameter 4 is about 2, while 1 must be 4 for the
logistic map. (ii) The logistic map start to enter
chaotic state when p is greater than 3.57. For the
piecewise logistic map, u is much smaller than
3.57 when it entering chaotic state.
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Fig. 5 Bifurcation diagram of the logistic map

2.3.Ergodicity

The piecewise logistic map and the logistic
map are iterated when u is fixed to different
values. Then, the distributions of the chaotic
state values are obtained and shown Figs. 6 and
7, respectively.

It can be seen from Figs 6 and 7 that the
ergodicity of the piecewise logistic map is better
than that of the logistic map. Moreover, the
ergodictiy of the piecewise logistic map become
better when increasing N.

2.4.Density Probability
The interval [0, 1] is divided into 1000

subintervals. Then, we iterate the piecewise
logistic map with N = 64 for 40,000 times and
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Fig.6 The distribution of state value of piecewise
logistic map
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Fig. 7 The distribution of state value of the
logistic map
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Fig. 8 Densityprobability distribution of the
piecewise logistic map
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Fig. 9 Densityprobability distribution of the
logistic map
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calculate the probability of the state values
appearing in each subintervals. The density
probability distribution is shown in Fig. 8, which

is similar to that of the logistic map shown in Fig.

9. Furthermore, the same result will obtained
when change the value of N.

3. The piecewise logistic map with variable u

The density distribution of the piecewise
logistic map is not uniform, which means that
the sequences generated by this chaotic map
probably has no enough good random properties.
To solve this problem, we present the piecewise
logistic map with N = 64 and suggest that the
control parameter x is changed from 0.1 to 3.9
with step 0.01 when each iteration is completed.
If u is greater than 3.9, reset x = 0.1.

With the same method in Section 2.4, the
density probability distribution of the piecewise
logistic map with variable x is got and shown in
Fig.10. According to Figs. 8 and 10, the
piecewise logistic map with variable x has much
more uniform density probability distribution
than the origin one. Thus, it is more suitable to
be used for designing encryption schemes.
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Fig. 10 Density probability distribution of the
piecewise logistic map

4 Conclusions

In this paper, the piecewise logistic map is
researched. properties
cryptography are shown. Compared to the
logistic map, the piecewise logistic map has
larger Lyapunov exponent, better bifurcation and
ergodicity. To achieving the more uniform

Some related to

densityprobability distribution, the piecewise
logistic map with variable control parameters is
proposed, which is more suitable to design
chaos-base encryption scheme.
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