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Abstract—Predicting human mobility is fundamental to
human societies, and various models have been introduced.
One of the prevailing frameworks, the radiation model, in-
terprets the job-hunting activities as the result that each in-
dividual accepts the geographically closest job, and pre-
dicts the mobility flow in a closed formula of population
distribution. However, the same distributions of job-seeker
expectations and job-offer benefits are assumed in the ra-
diation model, which does not necessarily hold in general
situations. In this research, we propose a modified radia-
tion model based on the theoretical derivation in the case
where the distributions of job-seeker expectations and job-
offer benefits are different. Furthermore, we show the im-
proved results of the predictions than the original radiation
model for a flow data set between counties in the United
States.

1. Introduction

Understanding human mobility, the spatio-temporal
movement of individuals, is fundamental to human soci-
eties: it allows social planners to estimate transportation
volume [1, 2], prevent the spread of epidemics [3, 4], etc.
The prevailing frameworks in the field have been also ap-
plied in predicting trade flows between nations [5], and mi-
gration [6] in addition to human mobility flow.

Two theoretical frameworks, the gravity [7] and inter-
vening opportunity [8] models occupy the main stream
of research in characterizing mobility flow in the past 80
years. However, it is necessary to estimate the parame-
ters in both models from flow data. In later research, a
parameter-free model, the radiation model [9], has been
proposed as an extension of the intervening opportunity
model, which gives a better prediction for empirical ob-
servations compared with that from the gravity model.

Despite the merits of the radiation model including the
absence of adjustable parameters and theoretical guidance
from the stochastic process, some of the settings in the
model could be improved, e.g., the assumption that dis-
tributions of job-seeker expectations and job-offer benefits
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are the same. In economics, Job-seeker and job-offer deter-
mine the labor market condition together. In real society,
issues on skills mismatch between workers and jobs, that
workers’ skills exceed or lag behind the job requirements,
have attracted much attention [10, 11]. In addition, the im-
perfect information on the labor market, especially uncer-
tainty on the wages [12], raises individual’s wrong expec-
tations and leads to the mismatch of job-seeker expectation
and job-offer benefit distributions. Therefore, in this study,
we propose a model based on the radiation model with dis-
tinct job-seeker expectation and job-offer benefit distribu-
tions.

2. Model

2.1. The original radiation model

Figure 1: Spatial distributions of the job-seeker expecta-
tions and job-offer benefits. (a) Job-seekers hold their ex-
pected benefits for offers, represented by the number for
each individual; (b) The red number represents the best of-
fer in each region respectively. As hinted by the black ar-
row, this individual will accept the offer in light blue region
with benefit 12.

In this subsection, we review the radiation model pro-
posed by Simini et al. [9]. A job-seeker has his/her ex-
pected benefit of a job offer and searches for a job in all
locations (Fig. 1a). The attractiveness of a certain location
is represented by its offer benefit, which is the number on

– 415 –

2022 International Symposium on Nonlinear Theory and Its Applications,
NOLTA2022, Virtual, December 12-15, 2022

This work is licensed under a Creative Commons Attribution NonCommercial, No Derivatives 4.0 License.

https://orcid.org/0000-0002-1785-6919
https://orcid.org/0000-0002-7753-4698
https://orcid.org/0000-0002-7753-4698


each location in Fig. 1b. A job-seeker always accepts the
closest offer which provides a higher benefit than his/her
expected one.

Given the job-seeker expectation and job-offer benefit
distributions both as P(z), a random event that one job-
seeker in location i accepts the offer in location j is the
result of the following three independent events. In the fol-
lowing, mi, m j and si j represent the populations in location
i and j, and the location within the circle centered at i and
with radius di j, the geographical distance between i and j,
respectively.

• The expected benefit of this job-seeker is z, which is
the maximum value drawn from P(z) after mi trials.
The probability of this event is

Pmi (z) =
dP(z)mi

dz
. (1)

• The probability that at least one offer in location j
drawn from P(z) after m j trails has higher benefit than
z is

Pm j (z) = 1 − P(z)m j . (2)

• The probability that all benefit values in rest locations
within di j drawn from si j are less than z is

Psi j (z) = P(z)si j . (3)

The latter two events determine that the destination loca-
tion j provides the best benefit value than any locations in
between. Then the probability of one visit from location i
to j is

PRad(1|i j) =
∫ ∞

0
Pmi (z)Pm j (z)Psi j (z)dz. (4)

Here we follow the natural assumption that the benefit z
value is integrated from 0. For those job-seekers with neg-
ative expected benefits, they stay in their home area anyway
and thus are not considered.

Substituting Eqs. (1) and (2) into Eq. (4), one can get

PRad(1|i j) =
mim j

(mi + si j)(mi + m j + si j)
. (5)

See Ref. [9] for the detail of the derivation.

2.2. Our modified radiation model

As in Fig. 2, we extend the radiation model by introduc-
ing the distinct job-seeker expectation and job-offer benefit
distributions. Without loss of generality, the job-offer ben-
efit is assumed to follow the standard uniform distribution:

PO(z) =

1 0 < z < 1,
0 otherwise.

(6)

While the job-seeker expectation distribution takes the
form:

PS(z) =

 z−z−
z+−z−

z− < z < z+,
0 otherwise.

(7)

where z+ and z− jointly lead to the mismatch between indi-
viduals’ expectations and benefits provided by the offers.

Figure 2: Four scenarios of job-offer benefit PO(z) (blue)
and job-seeker expectation PS(z) (red) distributions.

In this model, the probability of one visit from location i
to j is calculated as

P(1|i j) =
∫ ∞

0
PO(z)si j (1 − PO(z)m j )dPS(z)mi . (8)

To show the differences between job-seeker expectation
and job-offer benefit distributions, we list four possible sce-
narios in Fig. 2, discussing the mismatch based on z− and
z+. We first give the derivation with 0 < z− < 1 < z+ by
substituting distributions in Eqs. (6) and (7) into (8):

P1(1|i j) =
mi

(z+ − z−)mi

∫ 1

z−
(zsi j − zsi j+m j )(z − z−)mi−1dz. (9)

We apply the binomial theorem

(z − z−)mi−1 =

mi−1∑
k=0

(
mi − 1

k

)
zk(−z−)mi−k−1, (10)

to split the benefit variable z in Eq. (9) into a polynomial to
calculate the integration. The results is given as

P1(1|i j) =
mi

(z+ − z−)mi

mi−1∑
k=0

(−1)mi−k−1
(
mi − 1

k

)
×

[ m jz
mi−k−1
−

(si j + k + 1)(m j + si j + k + 1)
−

zsi j+mi
−

si j + k + 1

+
zsi j+m j+mi
−

si j + m j + k + 1

]
=:

mi

(z+ − z−)mi
S 1.

(11)
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Note that the radiation model [9] is obtained for z+ = 1 and
z− = 0, i.e. PO(z) = PS(z) holds, thus this framework is an
extension of the radiation model.

Applying the same method, the probability of one visit
from location i to j is solved also in each of other scenarios.
For z− < 0 < z+ < 1, we have

P2(1|i j) =
mi

(z+ − z−)mi

mi−1∑
k=0

(−1)mi−k−1
(
mi − 1

k

)
×

( zsi j+k+1
+

si j + k + 1
−

zsi j+m j+k+1
+

si j + m j + k + 1

)
zmi−k−1
− .

(12)

We further obtain

P3(1|i j) =
mi

(z+ − z−)mi

mi−1∑
k=0

(−1)mi−k−1
(
mi − 1

k

)
×

[( zsi j+k+1
+

si j + k + 1
−

zsi j+m j+k+1
+

si j + m j + k + 1

)
zmi−k−1
− −

( zsi j+k+1
−

si j + k + 1
−

zsi j+m j+k+1
−

si j + m j + k + 1

)]
,

(13)

for 0 < z− < z+ < 1, and

P4(1|i j) =
mi

(z+ − z−)mi

mi−1∑
k=0

(−1)mi−k−1
(
mi − 1

k

)
×

m jz
mi−k−1
−

(si j + k + 1)(m j + si j + k + 1)
,

(14)

for z− < 0 < 1 < z+.
Following the radiation model [9], the mobility flow

from location i to j is given as〈
Ti j

〉
= TiPn(1|i j), (15)

where n ∈ {1, 2, 3, 4}, and Ti =
∑

j,i Ti j is the total outgoing
flow from location i.

2.3. Approximation

Unfortunately, it is difficult to compute Eq. (15) numer-
ically, because the populations mi, m j, and mt, which can
be as large as 9 million, appear in the power. This causes
underflow which worsens the numerical precision. There-
fore, we expand the P(1|i j) into Taylor series around z− = 0
and z+ = 1 to get the first-order approximation for Eq. (15).
Namely, we have

P1(1|i j) ≈ PRad(1|i j) + c1+(z+ − 1) + c1−z−, (16)

where c1+ =
∂P1(1|i j)
∂z+

∣∣∣∣
z−=0,z+=1

and c1− =
∂P1(1|i j)
∂z−

∣∣∣∣
z−=0,z+=1

de-
note the first-order expansion coefficients. Since the results
for the four scenarios in the first-order expansion are the
same, we show the expansion on P(1|i j) below and omit
the detailed derivation for other scenarios.

From Eq. (11), the partial derivative of P1(1|i j) with re-
spect to z+ is obtained as

c1+ =
∂P1(1|i j)
∂z+

∣∣∣∣∣
z−=0,z+=1

=
−m2

i

(z+ − z−)mi+1 S 1

∣∣∣∣∣∣
z−=0,z+=1

.

(17)
Since only the k = mi − 1 term survives, Eq. (17) is simpli-
fied as

c1+ =
−m2

i m j

(si j + mi)(si j + mi + m j)
. (18)

Similarly, we get

c1− =mi

[ miS 1

(z+ − z−)mi+1 +
1

(z+ − z−)mi

∂S 1

∂z−

]∣∣∣∣∣
z−=0,z+=1

=mi

[ mim j

(si j + mi)(si j + mi + m j)
+

−(mi − 1)m j

(si j + mi − 1)(si j + mi + m j − 1)

]
.

(19)

3. Results

3.1. Datasets

We applied the above equations to predict the county-to-
county flow of the United states in 2000. The county-level
commuting trips are recorded based on the questions which
county individuals work in, and provided by the Census
Bureau [13]. County-wise population and county-pair dis-
tance are available at [14] and [15], respectively.

3.2. Comparison with the radiation model

Figure 3: The dependence of the Pearson correlation coef-
ficient on z− (left) and z+ (right). Here the Pearson corre-
lation coefficient is the one between the flow counts from
data and the estimations from the modified model. The
Pearson correlation of the original radiation model is hinted
by the red horizontal line.

We make the prediction based on the first-order approxi-
mation in Eq. (16) and show the dependence of the Pearson
correlation coefficient on z+ and z− respectively in Fig. 3.
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The dependence of coefficient on z− shows an increasing
trend and slightly decreases in the value close to z− = 1.
This is well explained by the over-estimating of job-seekers
on themselves. Individuals always have higher expected
benefits than the actual ones provided by the offers. The
mismatch of expectation and offer benefit leads to a bet-
ter performance of a larger difference between job-seeker
expectation and job-offer benefit distributions.

At the same time, we observed the dependence of the
Pearson correlation coefficient on z+ while fixing z− = 0,
which is however very sensitive to the change of z+.

Figure 4: Predictions on the flow counts by the radiation
model and the modified model are plotted in x-axis by red
and blue dots respectively, while the y-axis is the real flow
counts from the data. Here z− = 0.8 and z+ = 1.0 are
assumed in the modified model.

As an example in Fig. 4, the Pearson correlation coeffi-
cient is 0.75 from the modified model while that from the
radiation model is 0.69. A better prediction is observed that
results from the modified model appear to be narrower than
that from the radiation model.
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