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Abstract— The objective of the present work is to apply
the concept of exact input-output linearization to design a
nonlinear Lyapunov controller for a reduced-order three-
dimensional model of a synchronous generator. The
design approach structure is compared to a classical input-
output linearizing controller. An application of the
obtained nonlinear control law to synchronous generator
stabilization gives very interesting results. Numerical
simulations are presented to illustrate the efficiency of the
proposed scheme.

1. Introduction

The stability of synchronous generators is one of the
major large problems in power system control [3, 7, 8]. A
very number of works have shown that the application of
nonlinear control methods gives good performances for
synchronous generators, particularly the input-output
linearizing control method [2, 3, 4]. The basic idea of this
paper is to combine this technique and the Lyapunov
stability theory in order to obtain a control structure which

achieves asymptotic output tracking in the generator angle.

The design approach structure is then compared to a
polynomial input-output controller [1, 6].

This paper is organized as follows: In Section 2 the
problem is posed with the system modelisation. In
Section3, we present a polynomial input-output
linearizing control. The Lyapunov Input-Output Controller
is presented in Section 4 and Section 5 is dedicated to
digital simulation results of the obtained Lyapunov control
where comments are formulated. The conclusion is given
in Section 6.

2. Modelisation of the synchronous generator
2.1. The system model

The state equations describing the dynamics of the
generator are given by [8]:

{ = 0,&-0)
Ea= My +0,&8in(&) + (r5in(2E) + L3P (D
53:&(52—0%)5“1(51) +0s583 + Louy

The state variables ¢,=6, ¢,=w and ;=i represent

respectively the generator angle, the angular rotor speed

and the field winding current. Finally, «, is the control
input which is the field winding voltage. The model

parameters of the studied synchronous
generator d, , ¢,_, _, and the nominal values are given in

the Appendix1.
2.2. Synthesis of the polynomial model

For further considerations it is convenient to consider
around an operating point of the generator (¢, ,u, ), the

following variable changes:

{X=§—§n (2)

u=up —u,
The polynomial development truncated to the third order
of the generator model (1) around an operating point
entails the following equation:

i=fix+ ol fle gou 3)
where

AeR" : Designates the Kronecker power of vector x,
fi L2) =wy, f12,1) =ay, f1(2,2) =a,, f1(2,3) =a;
f13.2) =b. f13,3) = by, f1(1,j) = 0.0, j=1,....3
fr @) =ay, f2(2,2) =as, £ (2,3) =ag
f23.2)=b;3,f,0,j)=0.i,j=1,...9 e
fs 2.1 =aq, f5(2,2) =ag, f3(2,3) =a,

f33.2)=by ,f3G,j)=0.i,j=1,..,27

and the parameters a

=10 € by_, 4 are given in the

Appendix1. Although the Input-Output nonlinear
controller of the described system were quite satisfactory,
we believe that the most proper approach to controller
design for synchronous generators is an application of the
stability theory of nonlinear systems [5].

3. Synthesis of
Controller (PIOC)

the Polynomial Input-Output

Consider the single-input single-output nonlinear affine
input system represented by:

x=f(x)+ g(x)u (4)
y =h(x)
where «x is the state vector eR" . f() and 4 () are
n-dimensional vectors of real variables x,....,x,. k() is a
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scalar function of vector x. The model of nonlinear state

given by equation (3) can be easily transformed into a
polynomial model expressed by the following equation:
oy gl o),
L +j§o(gj® ) )
y=2 Iy, x[k]
k=1
Let the relative degree r [5] of system (5) be r=n, hence
the system is exact input-output linearizable and it will

define the state transformation ®(x) as follows:

73 h(x)
2z Lgh(x)
dx)=| P | = : 6)
2| | LR
Zp L'} h(x)
Using z as state variable, system (4) becomes:

Z.l =27

=123

Z.n—l:Zrl (7)

G = Ly W@ @) + Ly LT h(@7H (2)u

=V

where v is a pole placement control given by v = — K7 ®(x)
and k should be a Hurwitz vector.

With the reference to developed in [6], it is easy to
express the diffeomorphism @(x) in this polynomial form:

d(n)= 3 o, 1l )]
k=1

Then, the polynomial input-output linearizing control will
be expressed by:

UPIOC:»ZI ”‘i"[[]Jr Zlﬁj £ ©)
i= Jj=

with:

a =L, f=UHK®,

®u,)l j21

1 i-1 . _ =
a =Jy (L - zl(J ®a,)l izl |p;=J'[K®, - zluj_p
p= P=

where the different expressions of terms [, and ;, are
given by:
L' h(x)= % L,x[’]
i=1

L, LY h(x)= z ij[’]

j=0

4. Synthesis of a Lyapunov Input-Output Controller
(LIOC)

In this section we present a technique of combining
exact input-output linearization and the Lyapunov
stability theory to design a control structure which
achieves asymptotic output tracking in a desired
trajectory y, . The aim is to design a Lyapunov controller
that mimics a predetermined input-output linearizing

controller known for its effective performance in output
tracking [5, 8].

Using z as state variable, from system (7) one can write:
2, =D()+ C()u (10)
Since our goal is to let z; = y, , we define a tracking error
€1= 2 = a
€3= 2~ Y4
an
_ n—1
€r=2n— Vg
and we choose an input-output linearizing controller such
that:
1
C(2)

Let’s consider the analytic expression of a Lyapunov
controller as:

[-D()+y) +Ke] (12)

Uro

Uproc=ATe(r) , AT =[A Ay... A, A, ] (13)
where A is adjusted such that in the limit we have:
Uproc=ATe()=U;o (14)

the asterisk in A denotes the optimal gain vector.
Substituting U, ;. in (10) yields the following equation:

2,=D(2) + C(DU, 0c (15)
this can be written as:
=yl + Kl e — C(2)(Ujo=-Uprroc) (16)
hence one has:
b=yt =z, = -K'e+ C(2)(A-A)e a7
If we define
0 0 1 0
0 0 0 1 0
B = : A=| : RS :
0 : : N |
C(2) ki o~k —ky
then, we obtain the following closed loop system
é=Ae + B(A-—A) e (18)

Note that since A is Hurwitz stable, then for any positive
definite matrix Q there exists a positive definite matrix
P such that the following Lyapunov equation is satisfied:

ATP+PA=-Q (19)
Given system (17), let’s choose a Lyapunov candidate
function:

V(e,A)=e' Pe + %([\—A)T(Z\—A) (20)

The Lyapunov controller U;;oc= ATe(r) is so well

defined by choosing A such that:

t
A=T[e() PBe(t)dt , A)O
0
If we truncate the expression (21) to the third order we
have:

ey

t
A=T wbiéf[(a3+a6xl+agxlz)(PBelz + Pyyepe,+ Pize esy)ldt
0

(22)

t
A,=T o, /,6'[[(a3+a6 X|+ ag xlz)(Pnezz + Piye ey +Psye,ey)]dt
0

t
As;=T o, iﬁj[(a3+a6x]+ agxlz)(P33e32 + Pyyeye,+Piyee;)]dt
0
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5. Application to filed voltage control of a Synchronous
Generator

The design of a lyapunov control aims to force an output
signal y of the controlled system to track a smooth

reference trajectory y, , the considered output variable to

be tracked is &: the generator load angle. This section is
dedicated to study the validity of the two considered
controller. A comparative study is then formulated in order
to involue the efficiency of the considered approaches.

5.1 Synthesis of the PIOC design

Consider the polynomial model describing the dynamics
of a generator (3). The relative degree is r=3 .Therefore
we choose the following state transformation

Rl
@y Xy (23)

D (x)= 2
@y, (a(x;+ arXy + a3X3 + A 4X{ +asxx,

+agx x3 + a7x]3 + a8X12X2 + a9x12x3)
The expression of the diffeomorphism described by

equation (23) is then developed under a polynomial form
truncated to the third order which yields:

‘ZIZ'(X):‘ZIZ'1 x+<I>z x[z] -%—‘ZIZ'3 x[S] (24)
The control law is also expressed in the following form:
Upioc =0 X+ Dlzx[zl + a'3x[3] + Pix+ ﬁzx[zl +ﬂ3x[3] (25)

with

a,(1.1) = =004, &, (1,2) = 064, (1,3) = 078 .

a;(1,1) = -0.18,, (1,2) = 0.118, &y (1,4) = -02,2,(1,6) = -0.8,,(1,2) = 0.17.
ay(1,)=0i=1..9,a0,i)=0i=1,..,27

,(1L1) = 0365, B, (1,2) = -0.264,8, (1, 3) = 0.166 .
By (1) = —0.434, B, (1,2) = 0.1674.

p3(L1) = 0.65, f5(1,2) = 0175

by (i) =0i=1...9,800)=0i=1..27.

Figure 1 represent the schematic implementation of the
obtained PIOC.
A\) \F, T

2w PIOC :}

A
5

Figure 1. Implementation of obtained PIOC

power system
u

5.2 Synthesis of a LIOC design

The polynomial model describing the dynamics of a
generator (3) is represented by the following dynamical

form:
Fi(x) 0
X= |Fy(x) | +|0 |u
F3(x) L’ j
y =X
Thus in the new coordinates, system (24) is expressed by
the following equations

(26)

a,(1,1) = 0.16, 2, (1,2) = 0.18, @, (1,3) = 0.1z, (1.4) = -0.4,a, (1,6) = 059, (1.4) = 0.27.

21=2p
0=2 (25)
3=D(2)+C(2) Uy
where:
D(2)=Lph(x)
C(2) = Lg I3 h(x)
In this case we define a three dimensional tracking error:
@a=2~ Ya
e=2— Yy (26)
3= 23— yq
and we choose an input-output linearizing controller such
that:
1
C(2)
where C(z) and D(z) are given in the Appendix2. The

resulting closed loop system becomes linear and one has:
e=Ae (28)

[-D()+ys+Kel, KT =[k k; k3 ] (27)

Up

-6 —-11 -6

By referent to the procedure described in the section 4, we
suggest here to construct a Lyapunov

controller U;,;oc= ATe(r) , such that in the limit
conditions we have U, ;o = U, .

Recording to equation (22) this yields the following
expression of the control covector A :

t
Ay =27[[(-0.8 —0.6x, - 0.4x7)(0.33¢] + 0.6¢ ¢, +0.43¢ e3)]dr

0
t

A,=27[[(-0.8 —0.6x, - 0.4x7)(0.6¢5 +0.33¢| ¢, +0.43¢; ¢3) ] dt
0
t

A3=27[[(-0.8 =0.6x,-0.4x7)(0.43¢] + 0.6¢5 e, +0.33¢, e3) ] dt
0

In figure 2 we represent the implementation schema of
synthesized Lyapunov controller.

power system
U s

2.
}';,; e(t | LIOC I—M>| Exciter I—»:}\
st T

Figure 2. Implementation of obtained LIOC

5.3 Simulation Results

In this section, we will show the result of a numerical
simulation corresponding to the implementation of the
two controllers presented in the foregoing section. The
desired trajectory of the generator angle is designed such
that it satisfies technical requiments as described in [8].
It appears in figure 3 that the performance of the LIOC
controller is better than that obtained by the PIOC one. In
fact, the tracking error obtained for the PIOC is very
important when compared with error resulting from LIOC
implementation. The load angle dynamic, however, is
satisfactory in the two cases. In figure 4 we represent the
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control signals obtained for the LIOC and PIOC. It is
obvious in this figure that the two controllers present the
same allure, however the dynamic of the LIOC is faster
which explains the perfect concordance between the
desired trajectory and the tracking one in this case.

Delta (radians)

09 ]
08 g
0.7 1 1 1 1 1 1 1 1 1

005 1 15 2 25 3 35 4 45 5
Time (s)

Figure 3. Dynamics of the generator angle tracking

trajectory

04

Voltage (p.u)

25
Time (s)

Figure 4. Evolution of nonlinear control laws dynamics

6. Conclusion

In this communication, nonlinear Input-Output
controllers schemes have been studied and applied to an
improved reduced-order three-dimensional model of a
synchronous generator. The obtained nonlinear closed-
loop system has very interesting dynamic properties for
the case of the considered PIOC and the LIOC controllers.
Simulations study shows that the implementation of the
studied controllers gives good transient properties of the
power system, such properties are essentially
characterized by a very reduced tracking error especially
for the LIOC. An interesting extension of this work would
be the application of the proposed methodology with a
synthesis of performant observers of the generator load
angle. A stability study of closed-loop system will be
essential.
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Appendix

1. Parameters of a synchronous generator model

0=(=U X ) (T (e 43,0000, = 05U (x, = x,) (T, (x, + ) (x, +x,)

ﬂ} = 1/TM,Z4 = —(xL +xd)/((xL +x, )1@)

és = (xd - X, )U}\_a)b /((xd -%—XL)XAD),Z6 = (XL +xd)/((xd +xL)Td”rf)

! ! 2 2
d == (I1-x /x)U Ix,a =20c +clé ,a =dc ,a =sl
2 Q@ q q° S q 1 22 1 1°n3° 2 21 3 11

2 2
=2de¢ —c —A3cr —¢ | a4 =5 —c
cs-a =cl.a, 342€2 cl€1§,3/3., a8 5 —C

a =2 —s/, /Za K
4 27 T3 21176

4 :_Slel/z’b] :Z4S|’bz :Zs,bs 25461’ b4 =" 4”“/2’“?1 :sngnl)’cl =a(§ )

nl

c, = 008(25”1 ),xd =245 pusx = 2.354 pu X, = 0315 pu.t, = 795s X =228 pu

AD

TM =8s 7 =039s x =0476pu x =0191pu,r =002pu 7 =00ls,7 =0016s
g q r ! do @

2. The Lie derivatives of the process model

Lph(x)=@,x,
12 h(x)= @, F, (x)

dF.
Loh(x)=F ()22 2
ox;

@, OF, (x) L F () @, OF, (x)

Xy ‘ ox3

(x)

the following partial derivatives

@:al+x](2u4+2u7x1+2u8x2+2u9x3 )+asx,+agx;y
1
IF, ()
ﬁzaz-#xl(as +agx; )
ox,
JF.
¢2a1+ xj(ag+tagx; )
dx; ;
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