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Abstract—In this paper, quasi consensus of second-
order leader-following heterogeneous multi-agent systems
has been investigated. A sufficient criterion for guarantee-
ing quasi consensus has been derived. Furthermore, some
simulations are given to illustrate the effectiveness of the
theoretical theorems.

1. Introduction

Heterogeneous complex systems are ubiquitous in real
world systems such as society, technology, biology and
nature. Therefore, the collective behaviours of heteroge-
neous complex systems have attracted an increasing inter-
est [1, 2, 3,4, 5]. The heterogeneous complex systems are
composed of different linked nodes. [1] studied the robust-
ness of output synchronization in heterogeneous agent dy-
namics. [3] studied quasi synchronization of a heteroge-
neous system, i.e., the states of all nonidentical nodes can
not reach synchronization but reach an bounded error with
the weighted average of all node states as the synchroniza-
tion target. By introducing a goal state and an impulsive
algorithm, [4] studied complete synchronization of a het-
erogeneous coupled Duffing oscillation systems. Similar
to synchronization [6], consensus in multi-agent system is
the other typical collective behaviour of complex systems
[7,8,9,10, 11, 12, 13]. To achieve the consensus of multi-
agent systems, some controllers are usually added. Since
complex system has a number of nodes, it is very difficult
to add controller to all nodes of complex systems. Pinning
control is a reasonable choice [10, 11].

Few papers are focused on consensus of heterogeneous
multi-agent systems with nonlinear dynamics. Motivat-
ed by the above work and discussions, this paper studies
quasi consensus of a second-order leader-following hetero-
geneous multi-agent system. By adopting a pinning con-
trol, a sufficient criterion for guaranteeing quasi consensus
has been derived. It has been proved that all the followers
will keep a bounded error with the leader.

Throughout this paper, we adopt the following notation-
s. Let R" denote the n-dimensional Euclidian space. Let
Oy and Iy be the N X N zero matrix and identity matrix,
respectively. If M is symmetric, then Apyin(M) and A< (M)
be its minimum and maximum eigenvalues of M, respec-
tively. For a symmetric M, M > 0 (M < 0) means that

M is positive definite (negative definite). Let 1y and Oy
denote the N x 1 column vectors of all ones and all zeros
respectively. The symbol ® denotes the Kronecker product.

2. Preliminaries

An undirected graph [14] denotes G = (V, E, A) con-
sists of a vertex set V = {v{, vz, -+, vy} and a set of undi-
rected edges & C V X V and a weighted adjacency matrix
A = [a;;] with nonnegative entries. An undirected edge
of graph G is an unordered pair of distinct vertices. We use
e;j = (v, v;) to denote an undirect edge, meaning that nodes
v; and v; can exchange information with each other. The
weighted adjacency matrix A = [a;;] are defined as fol-
lows: a;; = aj > 0 if there is an edge between nodes v; and
vj; otherwise a;; = 0. We assume that a; = 0. The Lapla-
cian matrix .£ = [/;;] associated with adjacency matrix A is
defined as follows: [;; = —a;;if i # jand [; = Z?’:L#i ajj,
which ensures the property that Z’;]: 1 lij = 0. For an undi-
rected graph, A and £ are symmetric.

Consider a second-order heterogeneous multi-agent sys-
tems with nonlinear dynamics [7, 8, 9, 10, 11, 12]

{ Xi(1) = vi(D), )
vi(t) = filt, xi(0), vi(0) + u;(1),

where  x;(1) = (xit (1), xi2(8), - -+, X (1))T and
vi(t) = i (0),vip(t), -+, vin(£))T are position and ve-

locity states of agent i, respectively.  fi(t,x;,vi)) =
(fut, xi,vi), fo(ts i vi), - fnt X v)) T, 0 = 1,2, N
are N nonidentical vector-valued continuous functions
implying the inherent dynamics of agent i, u;(f) is the
control input to be designed.

Since the nonlinear dynamics of N agents are different,
the heterogenous multi-agent system is difficult to achieve
consensus. Consider a virtual leader for multi-agent sys-
tems (1) is described by

{ Xo(1) = vo(1), 2
vo(1) = fo(t, xo0(2), vo(1)),

where xo(f) € R" and vo(f) € R" are the position and
velocity states of the virtual leader, respectively. fy :
R X R"x R" — R" is continuous.
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Definition 1. The heterogeneous multi-agent system (1) is
said to achieve quasi consensus with the leader if there ex-
ists a positive constant & such that
Zli_{g [Ix:(t) = xo(DIl < &, and ;152 [lvi(®) = vo@Il < &,

i=1,2,---,N, hold for all initial values.

Consider the following pinning control algorithm to
achieve quasi consensus between the heterogeneous multi-
agent system (1) and the leader (2)

Xi(1) = vi(0),
vi(t) = fi(t, xi(1), vi(D) + Z a;j(x;(t) = xi(1))

N L 3)
+ﬁ Z al](v](t)

vi(0)+
Jj=1,j#i
dil(xo(t) — xi(1)) + (vo(1) = vi(1)],

where @ > 0 and 8 > 0O are the coupling strengths, the
pinning control gain d; > 0 if the ith node is selected to be
pinned, otherwise d; = 0.

Let e;1(f) = x;(t) — xo(?) and ep(t) = vi(t) — vo(),1 =

1,2,---,N. One can derive the following error systems
étl(t) = el2(t)
en(n) = [fi(t, x,(t) vi(1)) — fo(t xo(1), vo(0))]
~a 2 Lien() - z lje (o) @
—d, [en(t) + elz(t)]

Let  e(1) = len1(0), e (), -+, enm(@)]7,
ex(1) = [en (1), ex2(D), -+ ena(])”, D =
diag{d),d,,---,dy}, and F(t, x(t), xo(t), v(t), vo(t)) =

St x1(D), vi() = fo(t, x0(2), vo(®))
So(t, x2(8), v2()) = fo(t, x0(2), vo(?))

In(t, xn(0), v (1)) - Jo(t, xo(2), vo(2))
Rewrite (4) as

e1(n) = ex(),
(1) = F(t, x(1), x0(1), v(1), vo(1)) &)
—(@L+D)® e (t) - (BL+ D)® I,)ex(t).

Throughout the rest of the paper, the following assump-
tions are needed.
Assumption 1. The isolate node of virtual leader moves in a
bounded region consistently, that is, there exists a compact
set S € R" X R" such that the isolate node will be always in
S if it starts with (xg,vg) € S .
Remark 1. The assumption 1 was adopted by some papers
such as [5, 15] and can be satisfied by many well-knowing
systems, such as Lorenz system, chaotic Chua system and
SO on.
Assumption 2. There exist positive numbers 6;; and ;, such
that

/it x,v) = fit, y, | < Billx = yll + Bial[v — ul],

VteR, x,y,v,ueR",i=1,2,---,N

In order to derive the main result of this paper, the fol-
lowing lemmas are need.

Lemma 1. (Schur complement, [16]). The following linear
matrix inequality (LMI)
0(x) S(x)
[ ST(x) R(x)
where Q(x) = Q7 (x), R(x) = R”(x), is equivalent to either
of the following conditions:
() Q(x) > 0, R(x) = ST(0)Q ' (1S (x) > 0;
(i) R(x) > 0, Q(x) = S()R1(x)ST(x) > 0.
Lemma 2. ([17]) Let matrix A € RVN be symmetric. One
has
Amin(A)x"x < xTAx < Apax(A)x"x, x € RV,
Consider a new graph G contains n followers (related to
graph G) and the leader. G is connected if at least one agent
in each of its component of followers is connected with the
leader. Throughout this paper, we always assume that G is
connected. One has the following lemma.
Lemma 3. ([18]) If graph G is connected, then the symmet-
ric matrix L + D and BL + D are positive definite.

>0,

3. Main result

In this section, we establish a sufficient condition for
quasi consensus between the heterogeneous multi-agent
system and the leader.

Theorem 1. Under Assumptions 1 and 2, the multi-agent
systems can achieve quasi consensus with the leader if
Amin(@ L+ D) > 26, + 1 and Apin(BL + D) > 26, + 2, where
61 = max{6?,,63,,---,62,}, 6, = max{6?,,63,, -, 6%,).
Proof. Let e(t) = (e1(2),ex(2))". Consider the following
Lyapunov functional candidate:
V() = % e (NP ® I)e(t), (6)
al+BL+2D Iy
Iy Iy
Lemma 3, we know that P > 0 is equivalent to oL + BL +
2D — Iy > 0. Therefore, we can derive that P > O from the
conditions of theorem.
Rewrite (6) as

where P = . By Lemma 1 and

Vi) = el 0laL +ﬂ£ +2D)® Lley(1) +

e; (Nex(n) + —62 2 (Dea(?) (7

Taking the derivative of V(f) along the trajectories of (5)
yields

V()

el (D@L +BL+2D) ® I,)é1 (1) +

el (Nex(t) + ef (Nex (1) + e (Neéx(1)

= e[(N[(@L+BL+2D)® I,)ex(t) + e; (Hex(1)
+[ef (1) + e; (D[F (1, x(1), x0(1), v(2), vo(1))
—((@aL+ D)® I)ei(t) — (BL + D) ® I)es ()]

= ey (Nex(t) —e] (L + D) ®1,)e (1)

—ey (N((BL + D) ® I,)ex(1) 3

+[e] (1) + e5 (DIF (1, x(1), x0(2), v(2), vo(1))
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Let F (¢, x(t), xo(1), v(t), vo(t)) = F| + F;, where

Jit, x1(0), vi(®) = fi(2, x0(2), vo(1))
Ja(t, x2(0), va(1)) = fa(2, x0(2), vo (1))

F, = . s
St xw (D, v (D) — fu(t. 500 vo(1))
and
it xo0),vo() = folts xold), vo())
- Lt x0(1), vo(1)) — fo(t, xo(2), vo(2))
2= . )

I (t, xo(0), vo (D)) - Jo(t, xo(2), vo(1))

Therefore, one has

le] (1) + e; (DIF)

< %elT(t)el(t) + %e;(t)ez(t) + F| Fy, ©)
and
[e] (1) + 5 (D]F>
< %elT(t)el(t) + %e;(t)ez(t) + F, Fy, (10)
By Assumptions 1, 2, one derives
FIF, < 20ie] (Dei(t) + 26he; Dex(t),  (11)

and
N

F3F> = " It %00, vo(t)) = folt, x0(0), vo()I* < Mo, (12)
i=1

where 6, = max{6?

11’...’912\,1}’ 02 = max{ez

12°
N
max (1, x0(0), vo(1)) — go(t, x0(0), vo(O)II*}.
xS 3000 v0(0) =800t x0(0). o))
Substituting (9)-(12) into (8), one obtains

,6%,} and

M, =

Vi) < My- el ) (aL+ D)®I,)e; (1)
—e; (N((BL + D) ® I)ex(t)
+(20) + e[ (De1 (1) + (262 + 2)e, (Hea(1)
= —e' (N(Q®I,)e(t) + My, (13)
where

al+D- (291 + I)IN
Oy

Oy
BL+D— (20, +2)ly

o )-

By the conditions of Theorem 1, we can conclude that Q is
positive definite. Therefore

_ My
V(1) < V(0)e @y ——2 | (14)
Amax(Q)
together with Lemma 3 yields
. My
lim [l < —————— (15)
t—00 /lmax(Q)/lmin(P)

According Definition 1, the heterogeneous multi-agent sys-
tems (1) can achieve quasi consensus with the leader (2).

4. Numerical results

Consider a heterogeneous multi-agent system with 3
nonidentical Chua’s circuits of the nonlinear function f

Vil —Vi2 + Vi3
—0;vip

Yi(=vit +vi2 — 1(vj1))
filt, xi,vi) =

where L(V,’]) = bV,’] + 05(a - b)(|Vi1 + 1| - IV“ - 1|), Y1 =
10,7y, = 20,y3 = 30,6, = 20,9, = 40,63 = 60. Selecting
a = —4/3,b = -3/4, the coupling strength @ = 8 = 0.5,
pinning control gains d, = 2, and the coupling configura-

01 1
tion matrix A is selectedas| 1 0 1 |.
1 1 0
Defining the virtual leader of the nonlinear dynamics

where yg = 1,89 = 2. Then by Theorem 1, quasi consen-
sus between the heterogenous multi-agent system and the
leader can be achieved.

Fig. 1 shows the trajectories of x;(¢) and v;, Fig. 2
shows the trajectories of x;5(f) and v, and Fig. 3 shows
the trajectories of x;3(¢) and vz, i = 0, 1,2,3. The red star
line is the trajectory of the leader.

Yo(=vo1 + vz — t(vo1))
Vo1 — Vo2 + Vo3

Jo(t, x0,v0) = {

—0oVo2

X (®

Via®

The trajectories of x;;(¢) and v;1, i =0, 1,2, 3.

X, (0 Vi, (O

@ N Rk 0 R N W A 0.0 N

Figure 2: The trajectories of x;»(f) and vj, i = 0,1,2,3.
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Figure 3: The trajectories of x;(¢) and vjp, i =0, 1,2, 3.

5. Conclusions

This paper deals with leader-following consensus of het-
erogeneous multi-agent systems. By adopting a pinning
controller, a sufficient condition for quasi consensus is ob-
tained. In the future research, we will investigate the quasi
consensus over the directed graph and in the general het-
erogeneous multi-agent systems.
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