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Is Markov code superior to i.i.d. in communication systems?
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Abstract—We propose a CDMA system which allows2. A FD-based CDMA system
each user’s signal to have a frequenffiget. Such a system ) o
can be regarded as a frequency dual of a chip-asynchronoudn chip-synchronous DEDMA systems with i.i.d.
DS/CDMA system. Time-domain Markovian codes reducéPreading codes, the normalised variance of MAI is 1,
the variance of multiple-access interference (MAI) in chipwhile it is reduced to 23 in chip-asynchronous systems.
asynchronous CDMA systems, while in such a dual systhe variance of MAl is further reduced to V3 if ii.d.

tem, MAI can be reduced by frequency-domain Markowodes are replaced by Markov codes. It is natural to ask:
codes. is the variance of MAI reduced by introducing a frequency

offset, too? We give anflarmative answer to this question.
In DS-CDMA systems, one data duration is divided into
1. Introduction several small sub-intervals with equal lengths, which are
called chips. We consider a CDMA system which is a
The variance of multiple-access interference (MAI) infrequency dual of asynchronous [TOMA system, where
chip-asynchronous DEDMA systems with independent one data bandwidth is divided into several frequency sub-
and identically distributed (i.i.d.) codes is smaller tharbands and relative frequencyfeet between users are al-
that in chip-synchronous as well as symbol-synchronouswed. This system is regarded as a kind of multi-carrier
DS/CDMA systems. The MAI is further reduced if we CDMA system, because DS-CDMA is based on time di-
replace i.i.d. codes with Markovian spreading codes gewision (TD), while its frequency dual version is based on
erated by a chaotic map [1, 2, 3]. This fact shows that frequency division.
chaotic map is promising for a spread spectrum (SS) codeln a chip-asynchronous DSDMA system, spread spec-
generation. In this paper we consider a question: in whiciium code signal is expressed as,
situation, Markov codes can outperform i.i.d. codes? This No1
work is a preliminary study approaching to this question. si(t) = Z Xnjur,(t = NTe), (1)
We propose a frequency dual of a chip-asynchronous =0

DS/CDMA system. It is shown that Markov codes OUtperyyhereN is a spreading factoff is a chip durationX| =
form i.i.d. ones in such gsy§tem, as well. Phgse, timin Xo. X1j. ... Xn-1)T is atime domain spreading code se-
and frequenf:y syn(_:hr(_)nlzatmn errors cause |_nten‘e_renq(j?uenCe of thg-th user, andi(t) is a rectangular chip wave-
Thus, a receiver which is robust to_these errors is desirablgy i.e.,up(t) = 1 for -D/2 < t < D/2 andup(t) = 0
Therefore suc_:h a dugl s_,ystem which allows a random fresiperwise. Then, the received signal witisers is
quency dfset is promissing. In a DSDMA system, sym- 5
bol duration is divided intdN chip intervals, wherd\ is a ((t) = Z
spreading factor. In the dual system, on the other hand, fre-
guency band is divided into several sub-bands. Therefore _
we refer to this system as frequency division (FD)—base’dheredfj‘) is a data symbol ofp-th period for j-th user,
CDMA, whereas DS system can be referred to as a time = NT; is the data duration, ang(t) is an additive white
division (TD)-based system. Gaussian noise. Two users’ transmitted signals are illus-
In order to investigate the condition for Markov codes tdrated in Fig. 1.
be superior to i.i.d., we compare the proposed system with Suppose binary data symbols grel, 1}-valued, then
orthogonal frequency division multiplex (OFDM) as well two cases are considered, i@} = dgil ord) = —dgil-
as frequency-hopping(FHODMA. It is suggested that the Correlation functions corresponding to these two cases are
interference caused by synchronization errors may be realled even and odd functions, nameBg(f; X,Y) =
duced by Markov codes, if a communication system i (6 X.Y) + RY(N - Y, X) and R X, Y) =
properly designed. RU(G X, Y) - RY(N -4 Y, X), where

N-1-¢

> dPsit-7-pT) + o). (2)
j=1 p=—co

1This research is supported by the Japan Society for the Promotion .
of Science (JSPS) through'‘itsFunding Program for World-Leading In- Rﬁl(& X, Y) = Z Xn Y+ (5 = O)' (3)
novative R&D on Science and Technology (FIRST Program).” n=0

- 426 -



user 1 B3

frequency

W bandwidth
user 1
W(;/‘ user 2
Te chip duration chip-bandwidth

time -
time

T symbol duration

. i . . Figure 2: Frequency division (FD)-based CDMA system
Figure 1. In DICDMA systems with a rectangular chip with sinc waveforms. It is permitted for each user’s trans-

waveform, the spectrum of the transmitted signal is a sinc. .
: o mitted signal to have frequencytsets.
function. The users’ signals are overlapped.

frequency

is the Pursley’s aperiodic cross-correlation function be-
tween X andY [4]. As in [5], we assume that for
some positive integem, ¢; € {0,1,...,N -1}, andk;; € —
{0,1,...,m- 1}, the relative time delay is expressed as o
ki
Ti—TJ':(fij+ﬁl)Tc (4) 2
2
The system is said to b®ynchronousf £;; = k; = 0 for -
all i, j, chip-synchronou#f kjj = 0 but¢;; # 0, andchip- T symbol duration
asynchronousf kj; # 0. The multiple-access interference
(MAI) is defined as Figure 3: An OFDM system with rectangular waveforms.

Sub-carriers are overlapping each other. In order to keep

dg) o) orthogonality between subcarriers, a frequen€yet is not

J
. 1 1
|5')p = ] p+ aRrElN(fijm"’ K Xiuo Xjop) allowed.
j=Lj#i
df)j) _ d(j)l 1 domainM = W/W,, and a frequencyftsety;, we obtain:
+
TpaRgN(Zijm+ kij;Xi,up,Xj,up)}, (5) V1
s = Z X;, jWesincWt)e 2t @)
where X, is an up-sampled sequence by a factomof n=0
defined as K .
rM) =), D, dlsOe M L ng(t),  (8)
=1 p=—oo
Xup = {X0, - X0, X1, .. X, 0o, Xn1, - Xna)e (6) o
T T T where the prime sign) is used to express a frequency ver-
sion of (). Such a FD-based CDMA system is illustrated
in Fig. 2.
Let us consider a CDMA system which is Remark 1Obviously, the frequency spectrum of Eq.(7)
a frequency dual of (1) and (2).  The Fourieris expressed in the same form as the time domain expres-
transform of these equations are, respectivelgion of the transmitted signal in PSDMA systems. Such
§(f - NL X Tesinc(Te f)e 20T and i i
§i(f) Yn—o %njTesinc(Te a FD-based CDMA system can be regarded as a kind of

() = 2 S o dg;(f)ed2rf@+pT) 4 fg(f), where OFDM system which allows frequencyfsetv;, whereas
sinc) = sin(rt)/(xt). Replacing the time domain spread-standard OFDM systems do not allow it [6].

ing codesXj, the frequency variablé, the data duration

T, the chip durationT,, the spreading factoN, and An OFDM system is illustrated in Fig. 3, where sev-
the time delayr;, respectively, by a frequency domaineral data are transmitted in parallel with the same number
spreading codeX’, a time variablet, a bandwidthW, of subcarriers. The spectrums of adjacent subcarriers are
a chip-bandwidthW,, a spreading factor in frequency overlapping each other.
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tion (PPM) uses an impulsive Gaussian pulse, or Gausian
monocycle [8]. Spreading codes are categorized into two
types. The first type (random spreading A) is the one used
in DSICDMA and FD-based CDMA systems, i.e. itis a
sequence of+1, —1}-valued random variables. The second
(random spreading B) is used in REDMA system, i.e. it
is a sequence of vectors of the form (Q,0,1,0,...,0),
where the possition of "1’ is randomly selected. Note that
we have given intuitive illustrations in Figs. 1-4 and they
o were not well-established time-frequency representations,
T, hopping time such as spectrogram (the square magnitude of short time
Fourier transform) nor the Wigner distribution. We believe

Figure 4: A FHCDMA system. A rectangular basebangStch intuitive illustrations are more appropriate to show the

signal is modulated with a sinusoidal signal at frequenc§ifferences of the methods.
f. In FH systems, only one carrier is used in one hop- FOr frequency domain spreading codes, we have

ping duration, whereas in the proposed system, a data sig- M_1—¢

nal multiplied by frequency domain spreading codes uses RN X, Y') = Z XY, (£ =0) (9)
all carriers simultaneously. =0 '

We replace (4) by
Remark 2 The proposed system is similar to frequency
hopping (FH)CDMA but different from it in the follow- Vi —vj = (fi/' i
ing sense. In FKLDMA, each user has a hopping pattern '

(Fig. 4), which determines a carrier frequency, by whic . : o
the user’s baseband signal is modulated. The carrier frhé_l,-h e_s())/s']tcem s said ;9 bieequl]ency msbygchro(r)\ouﬁdfi/- B
quency changes at every hopping curaln 3 £ ) 0T s ol 2 0 200y
system, one user occupies only one carrier within a ho d-;JaIity of such a system with DSDM/-{ impllies thai the
ping duration. Therefore, hopping pattern dféient users

must be disjoint. If two users share the same frequency grance of MAl'in this system is expressed in the same

the same time, bit error rate increases rapidly. On the other ™ of Eq. (5). i.e.,

m

i ]wc. (10)

hand, in the FD-based CDMA system, data signal is multi- J OB
8 - X . dy’ +d.7; 1
plied by frequency-domain spreading codes, and every userg')p = Z —p_RrE]M(fi’j M+ K5 X o X o)
can utilize full of the sub-carriers. Then transmitted signals j=1j#i 2 m ’ '
are overlapping each other, which causes MAI. However, gl _ g 1
i . : p p+1 ’ /v ’
as in DCDMA systems, BER does not increase rapidly. + TF\R?‘M(Z”m-F Ki: X upr Xj,up)}’

Due to the property called 'graceful degradation’, BER in-

creases gradually. (11)

Therefore the variance of MAI in the dual system is
Table 1: Correspondence Table-| reduced in exactly the same way of chip-asynchronous
Time Division Frequency Division DS/CDMA systems, except that the time delayis re-
rect. wave DS/CDMA(Fig.1) OFDM(Fig.3)_, placed by a frequencyfisety;.
. FH-CDMA(Fig.4) _ Assume thadg) (j # 1) are independent odfj'). Then
2”0 wave WE FD-based COMA(Fig.2) without loss of generality, it dtices to consider the MAI
auss wava of two-user system. We replac¥/ , X: ., £; andk,

i,up’ j,u
respectively, byX,, Y, ¢ andk’. As in DSJCDMA case,
Table 2: Correspondence Table-II for a TD-based CDMA we have
l [ Time Division [ Frequency Division| Lemma 1:For any X}, and ¥y, the MAI of two-user
no spreading OFDM system satisfies
random spreading A| DS-CDMA FD-based CDMA _ o,
random spreading B UWB FH-CDMA e dg) + d%i A ,
i)’/ ’ ’. ’ ’
(155) =| =5 | rpRam(Cm+K: X, ¥

The diferences between the proposed method and exist-
ing ones are summerised in Table 1 and 2. For simplicity, dy - dgil 2 1
only typical waveforms are listed in Table 1, although other + (T] WR'?‘M(Km +K; X{p, Yu'p)2
Nyquist waveforms, e.g. raised cosine, are widely used.

Ultra wideband (UWB) based on pulse position modula- (12)
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We have assumed a sinc waveform with rectangular sp
trum, which implies thaf RE/Q(¢'m+K'; X/, X,) has the
relation
1 E/O/ pr K
—Ram (¢ p) =
k’ ! ’ ’
+ER',\EA/O(€ +1;X.Y).

m+K’; XL’Jp, 1-—

)RE/O(Z’ XY
(13)

Let DO be a{-1, 1}-valued random variable fcd“) Egs.
(11) and (13) together with the reIaucE{D(’)D“)l] =0

gives
1 0\ k'\?
Epo |:Ex(f)y(f) [(\/—mlg’)p ) } = (l - H’]) 8;(@)
’2 ’
+%8’ (¢ +1)+ 2(1— 5) Kew),  aa

where&, (') = 3(&5(€) +& (L)) F7. (') = 3(F'E(0) +
F79(¢)) and
S/E/O(f,) — EX/Y/[RE/O(Z/ X/ Y )2] (15)
’E/O(f,) _ EX/ [RE/O(Z, X’ Y)

REO( +1,X7,Y)] (16)
Remark 3:Let K be a random variable fd¢ taking val-
ues in{0,1,...,m— 1} with its probability PtK = k'} =
1/m. Then form > 1, we haveEx[(1 - K/m)?] = 1/3,
Ex[(K/m)?] = 1/3 andEk[(1 — K/m)K/m] = 1/6. Then,

el

= :—%(8;(5') +E.+D)+F/() (m>1). (17)

This implies the variance of MAI is reduced by negative

F.(€). This phenomenon is the same asahéthetic vari-
atesmethod in a variance reduction technigue [7].

A negative 7'(¢’) can be realized by Markov codes.

& (") andF’ (') are, respectively, same &¢¢) and¥ (¢),
except that variables are replaced according to Table

Thus, the evaluation of them for FD-based CDMA is th

same as TD-based CDMA. Assuig — X; — ..., X{_;
forms a Markov chain with a state spagel,-1}. Let
the eigenvalue of the transition probability matrix of th
Markov chain be-1 < 1 < 1. Then,

1+ 22 21
1-2%° 1-2%
ThereforefF, (¢') is negative forl < 0. The optimumi is
-2+ V3[3].

In ordinary OFDM systems, frequencytsety; # O is
not allowed. In such a case,

&l = Fil) = (18)

1+ 22
/12

ED(J)[Ex(f)Y(f)[(‘Fl(I)) ]] (m=1). (19)

edence = 0 is optimum, which implies we cannot reduce
the variance of MAl ifvj = 0
The phase locked loop (PLL) circuit is a fundamen-
tal component of communications, which is needed for a
tracking of frequency as well as phase synchronisations. It
is desirable if a fine tuning of such synchronizations is not
needed. For this purpose, the receiver must be designed to
be robust to synchronizatoin errors. We have shown that the
variance of MAI of frequency chip-asynchronous system is
smaller than that of frequency chip-synchronous one. This
implies that frequency synchronisation-free CDMA system
is promising.

3. Concluding Remarks

This is a preliminary work for investigating the superi-
ority of Markov codes over i.i.d. ones in communication
systems. We propose a FD-based CDMA system which
can be regarded as a frequency dual of chip-asynchronous
DS/CDMA systems. In such a system, the variance of
MAI is reduced, if the transmitted signal have a random
frequency dfset. The MAI becomes even smaller if we
employ Markov codes instead of i.i.d. codes. This result
strongly suggests that there are still other communication
systems which allows both of time and frequendisets,
where Markov codes can make the system more resitant to
the synchronization errors.
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