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Abstract—In this report the binary generalized synchro-
nization is considered, when for the certain values of the
coupling strength two unidirectionally coupled dynamical
systems generating the aperiodic binary sequences are in
the generalized synchronization regime. The presence of
the binary generalized synchronization may be revealed
with the help of both the auxiliary system approach and the
largest conditional Lyapunov exponent calculation. The bi-
nary generalized synchronization regime seems to be use-
ful in the binary systems of data transmission.

1. Introduction

Among the different types of the synchronous behav-
ior of chaotic systems the generalized synchronization
(GS) [1, 2, 3] stands out due to its interesting features.
This kind of synchronous behavior means the state vec-
tors of the interacting chaotic systems being in the gener-
alized synchronization regime are related with each other
by the functional [4]. As well as the other chaotic syn-
chronization types, GS may be used for the chaotic com-
munication [5, 6], with the certain advantages taking place
in comparison with the complete or phase synchronization
regimes [7, 8].

In this work we report on the generalized synchroniza-
tion between two unidirectionally coupled binary systems
(binary generalized synchronization — BGS). We believe
that the binary generalized synchronization phenomenon
may be useful in the broad class of the digital schemes for
the data transmission.

2. Binary Generalized synchronization

We have observed the binary generalized synchroniza-
tion in two unidirectionally coupled systems whose equa-
tions read as

xn+1 = H(ηn+1), ηn+1 = 1 − λdη
2
n,

yn+1 = H(ζn+1), ζn+1 = 1 − λrζ
2
n + εζ

2
n xn,

(1)

where xn, yn are the binary sequences under study, ηn and ζn
are supposed to be the interior (hidden) variables, λd = 1.6

and λr = 1.54 are the control parameters of the drive and
response systems, respecively, ε is the coupling strength
and H(ξ) is the Heaviside function.

To detect the generalized synchronization regime in the
unidirectionally coupled systems the different techniques
have been proposed, e.g., the nearest neighbor method [1]
or the conditional Lyapunov exponent calculation [9].

Among these techniques the auxiliary system approach
proposed for the unidirectionally coupled chaotic oscilla-
tors may be generally considered as the most easy, clear
and powerful tool to study the generalized synchronization
regime in chaotic systems. Starting from the seminal paper
of Abarbanel et al. [10], the auxiliary system approach has
become de-facto the standard of generalized synchroniza-
tion studies. Although the auxiliary system approach is not
applicable for the mutual type of coupling [11] it is the very
effective tool to detect GS regime in the unidirectionally
coupled chaotic systems. The auxiliary system approach
has been used in the plenty of theoretical and experimental
works (see, e.g., [2, 12, 13, 14]).

In the present work to reveal the BGS regime in (1) we
have used the auxiliary system with the same values of the
control parameters

zn+1 = H(ςn+1), ςn+1 = 1 − λrς
2
n + ες

2
n xn, (2)

which starts from the different initial condition in compar-
ison with the response system, i.e., ς0 , ζ0.

With the increase of the coupling strength ε, the inter-
acting systems undergo into the generalized synchroniza-
tion regime. Whereas the behavior of the drive system re-
mains unchanged (due to the unidirectional type of cou-
pling), after the short transient (approx. 100 units of the
discrete time) the dynamics of the response and auxiliary
systems becomes identical that is the evidence of the gen-
eralized synchronization of the binary drive and response
systems (1). Since there is the broad class of the schemes
for the data transmission, namely, the digital schemes,
where the binary signals consisting of bits “0” or “1” are
used, the binary generalized synchronization phenomenon
may be useful in these systems.
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Figure 1: (Color online) The dependence of the conditional
Lyapunov exponent Λ of the response system on the cou-
pling strength ε

To validate the presence of the generalized synchroniza-
tion regime, in parallel with the auxiliary system approach,
we have also used the calculation of the conditional Lya-
punov exponent (CLE) of the response system [9], see
Fig. 1. Although for the binary signals there is no pos-
sibility to get the Lyapunov exponent value (because the
output variable takes only two possible values “0” and “1”
and one can not find the small variable variation which is
necessary for the LE calculation), we can calculate CLE of
system (1) as

Λ = lim
n→∞

1
n

n−1∑
i=0

ln |2(εxi − λr)ζi|, (3)

since for the the model system we can suppose that the hid-
den variable ζ is known.

The consideration of the conditional Lyapunov exponent
allows also to understand the relationship between the syn-
chronous dynamics (from the point of view of the general-
ized synchronization regime) of the hidden and binary vari-
ables. It is obviously, that the generalized synchronization
of the hidden variables (i.e., ηn and ζn) implies definitely
the generalized synchronization in terms of the binary vari-
ables, xn and yn. At the same time, the reverse relationship
is not so obvious, but, fortunately, CLE allows one to solve
this problem. Indeed, the increase/decrease of the differ-
ence between the hidden variables of the response and aux-
iliary systems, δ = ζ − ς, is determined completely by the
sign of CLE. When CLE is positive (the generalized syn-
chronization regime is not observed), the difference δ be-
tween the values of the hidden variables of the response and
auxiliary system increases, and, since the values of the hid-
den variables are bounded (−ζm < ζ < ζm, −ζm < ς < ζm,
0 < ζm ≤ 1), δ-variable exhibits the chaotic behavior, with
its value located within the range (−2ζm, 2ζm). Obviously,
when −2ζm < δ < −ζm and ζm < δ < 2ζm the hidden vari-
ables ζ and ς are characterized by the different signs, and,
as a consequence, the variables y and z corresponding to the

response and auxiliary systems, respectively, are also dif-
ferent. So, the binary variables are synchronized (in terms
of the generalized synchronization regime) if and only if
the hidden variables are in the generalized synchronization
regime.

3. Conclusion

In conclusion, in this work we have reported on the
binary generalized synchronization, when for the certain
values of the coupling strength two unidirectionally cou-
pled dynamical systems generating the aperiodic binary
sequences are in the generalized synchronization regime.
Along with the previously revealed the possibility of the
binary systems to demonstrate the complete synchroniza-
tion regime [15], the results of our paper concerning gen-
eralized synchronization, suggest the possibility of the de-
velopment of a theory of chaotic synchronization of binary
systems. We believe that the finding discussed in this paper
gives a strong potential for new applications under many
relevant circumstances including the chaotic communica-
tion field (first of all, in the digital schemes for the data
transmission).
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