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Abstract– This work is dedicated to frequency 

synchronization problem of a group of networked phase 
oscillators via event-triggered mechanism. An efficient 
event-triggered control protocol is designed for reaching 
synchronization, and criterions with coupling strength and 
certain trigger function are also established. It is also 
shown that the inter-event times are lower bounded and 
hence there is no Zeno behavior. To illustrate and verify 
the effectiveness of the proposed control strategy, a simple 
example of frequency synchronization of networked 
oscillators involved in smart grid is also demonstrated. 
Numerical results further demonstrate the validity of our 
theoretical results. 

 
1. Introduction 
 

Synchronization phenomena widely exist in natural 
world and also occur in man-made systems in various 
fields such as neural networks, sensor networks, 
biological networks, and smart grids. Frequency 
synchronization is reported vital for stable operation of 
electrical power grid [1], and the synchronization control 
problems of phase oscillators have attracted many 
attentions. The pioneering work by Ali Jadbabaie et al. 
analyzed the collective dynamics of networked traditional 
Kuramoto oscillators with identical natural frequency, and 
arbitrary topology [2]. Nikhil Chopra and Mark W. Spong 
studied conditions for synchronization of coupled phase 
with different natural frequency [3]. Recently, Miroslav 
Michev et al. studied cooperative behaviors in coupled 
oscillators with non-identical interactions, and discovered 
the sufficient condition for exponential synchronization 
[4]. As event-triggered control [5] shows considerable 
advantage in reducing the possibility of communication 
delay, and packet loss in data transferring in 
communication channels, and outperforms continuous-
time control for energy saving since it only measures the 
system state intermittently. An event-based approach for 
Kuramoto oscillators was presented very recently, and all 
oscillators with all-to-all connections are proved to reach 
the average of all natural frequencies under certain trigger 
condition and event-triggered control mechanism [6]. 

In real networks such as smart grid, it is too luxurious 
to assume all generators bear fully-connected topology 
and the final synchronous state may deviate from the 
average of their natural frequencies. Inspired by the work 

of [2] and [3], a directed weighted topology is introduced 
to depict the entangled links between all generators. 
Meanwhile, an event-triggered control mechanism is 
designed to guarantee frequency synchronization for the 
purpose of energy-saving and packet-loss attenuation in 
communication. 
 
2. Problem formulation 
 
2.1. Networked oscillator model 
 

In this work, we consider a Kuramoto-like model, 
which governs the interactions between coupled 
oscillators with underlying all-to-all graph, has the 
following form  
 ∑

≠
−+=

ij
ijii k )sin( θθωθɺ  (1) 

where iθ stands for the phase of i-th oscillator, iω is the 

natural frequency, the parameter 0>k is the coupling 
strength between each pair of oscillators. For simplicity, it 
is assumed that all nodes are connected to all other node, 
indicating an all-to-all topology and the natural frequency 

iω are assumed to be non-identical and randomly selected 

positive numbers.  
In light of the work [2], by defining the incidence 

matrix of the topology, ),( ijbB = where 1−=ijb denotes 

the edge j is incoming to oscillator i, and 1=ijb denotes 

the edge j is out-coming to oscillator i, one can obtain the 

Laplacian matrix of the underlying graph, TBBL = . The 
above network model may be rewritten in a concise form 

 )sin( Θ−=Θ TBBωɺ  (2) 

where

].,,,[,)](),(),([)( 2121 N
T

N tttt ωωωωθθθ ⋯⋯ ==Θ  

The objective of this work is to establish sufficient 
conditions for ensuring frequency synchronization under 
given coupling strength with an event-triggered control 
mechanism and suitable coupling strengths.  
 
Definition:  Frequency synchronization  

For any pair of oscillators, if their phase frequencies 
satisfies 

 0)()( →− tt ji θθ ɺɺ  (3) 
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as .,,2,1,, Njit ⋯=∀∞→  

 
It indicates each pair of oscillators reaches a common 
frequency whereas their phase differences 

)()( tt ji θθ − become invariant asymptotically.  

Although a great deal of works has focused on this 
topic, continuous-time communication between oscillators 
is usually assumed. It requires that oscillators collected 
data in a continuous way, and hence may affected by 
various factors to a considerable extent, such as 
communication failure, delay transition, and packet-loss. 
It is of interest to consider under what conditions the 
coupled oscillators reach their mean natural frequencies 
by using an event-triggered control mechanism, and how 
to establish the relation between control strength and the 
synchronization for reaching mean natural frequency.  

This work will concentrate on the above problems and 
establish criteria for frequency synchronization with 
event-triggered mechanism. 
 
2.2. Event-triggered control strategy 
 

The main idea of event-triggered control strategy is, for 
each control unit, to update the controllers at specified 
time instants at which some predefined triggering 
conditions are satisfied. It shows good performance in 
energy saving and bandwidth usage attenuation, especially 
for networked control system with often data transmission. 
By considering whether all individuals over the network 
use same triggering functions with all their states, such a 
control mechanism may be categorized as centralized and 
distributed approaches. 

For simplicity consideration, only the centralized 
situation is studied in this work. Now we are in a position 
to propose our event-triggered control law for frequency 
synchronization. The above model with event-triggered 
controllers becomes 

),[,))()(sin()( 1+
≠

∈∀−+= ∑ kk
ij

kikjii tttttkt θθωθɺ  (4) 

where kt is the k-th event instant of the entire network. The 

above model implies that the control protocols can only be 
actuated at specified time instant triggered only when the 
trigger function meet certain conditions. 
In order to achieve frequency synchronization, the 
knowledge about the updating time instants is also needed 
together with the event-triggered controllers. 
It is assumed that all initial conditions are contained in the 
following compact set 

 }.,2,1,,22,{ ⋯=∀−≤−= jiD jiji επθθθθ (5) 

Firstly, a lightly modified lemma on the basis of [3] is 
given for latter use. 
 
Lemma 1[3]:  For the network model (1), let all initial 
phase difference be contained in a bounded set (5). Then, 
there exists a coupling gain 

  ,
)2cos(2

minmax

ε
ωω −

>k  (6) 

such that Dji ∈− θθ for any 0>t . 

It is assumed that each oscillator has only the local 
information, the actual frequency )(tiθɺ  and the measured 

frequency ).( ki tθɺ In order to constitute efficient trigger 

function and criteria for synchronization, define the 
following measurement errors for each oscillator, 
 ,2,1,0),()()( ⋯ɺɺ =−= kttte ikii θθ  (7) 

An obvious observation is that .0)( =ki te   

 
2.3. Main results 
 
In this section, our main result will be given. For the 
above oscillator networks, by concatenating all states of 
the oscillators, it may be represented by using the 
following compact form 
  ),[))),()((sin()( 1+∈∀+Θ−=Θ kk

T ttttetBkBt ωɺ (8) 

with .)](,),(),([)( 21
T

N tetetete ⋯=  

One can readily compute the derivate of the oscillator as 

 
( ))()(

~
)()))((cos()(

tetLk

tBtBkBdiagt TT

+Θ−=

ΘΘ−=Θ
ɺ

ɺɺɺ

 

where TT BBBdiagL ))(cos(
~ Θ= remains symmetric, 

positive semi-definite matrix with initial phase difference 
restriction (5). 

Noting that ,0
~ =Ω1L and defining 1Ω−Θ= ɺ)(tδ , one 

may use the traditional Lyapunov function method for 
synchronization study of the above oscillator networks. 
 
Since the objective is to make all oscillators reach a 
common frequency, the mean natural frequency, one may 
pick a Lyapunov candidate for the oscillator system as 
below 

 )()(
2

1
ttV T δδ=  

After some algebraic operations, it yields that 

( ) ( )))()((
~

)())()((
~

)(

)()(
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T

+−=+Θ−=

=

δδδ
δδ
ɺ
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Recalling the definition of matrixL
~

and the properties of 
triangular function, restricting K with condition (6), one 
obtains that 

2
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2
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By selecting ,Nλβ = and using the symmetry of the 

matrix TBBL = , one can obtain that 
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and restrict )(te to satisfy 

 ,10,)(
)1)((2

)( <<
+−

≤ σδ
ησλ

t
k

L
te N (9) 

One can obtain that 

 .)()1(
2

tV δσ−−≤ɺ  (10) 

To design a feasible event-triggered control strategy, 

and recall condition (6) and ,)()(2 NLL N == λλ one 

may assume 

 }
)(

)(

)2sin(2

1
,

)2cos(2
max{

2

minmax

L

L
k N

λ
λ

εε
ωω −

> (11) 

From the above deduction, one may choose the trigger 
function as 

.0)(
)1)((2

)()),(( =
+−

−=Θ t
k

L
tetef N δ

ησλ
ɺ  

 (12) 
The event times is then defined by the triggering 

function ,0))(),(( =kk ttef δ for an increasing sequel 

.,2,1 ⋯=k  

At each instant ,kt one may observe that the 

measurement error ,0)()()( =Θ−Θ= kkk ttte which 

guarantees the validity of the triggering condition. For any 
other time instant, all oscillators evolve by using the 

frequency data collected at kt  and hence follows a 

piecewise constant control between the time interval 

,,2,1),,[ 1 ⋯=∀+ ktt kk  which ensures all oscillators 

reach the common phase frequency, i.e., the mean natural 
frequency. 

 
Theorem 1: Consider the coupled oscillator network 

(1), with all-to-all connections depicted by the incidence 
matrix B. For a specified coupling strength satisfying 
condition (11), the designed event-triggered control law (4) 
with triggering function (12) guarantee all oscillators 
reach the mean natural frequency, and the synchronization 
manifold is locally exponentially stable with an 
exponential convergence rate no worse than ,1 σ− where 

parameter 10 << σ is defined as above. 
 
Following the similar line as in Ref. [5], one can also 

obtain the following result, implies the oscillator network 

system shows no Zeno behaviors, which gives our another 
result 

 
Theorem 2: For the above studied system with control 

law (11). For any ,10 << σ and the specified initial 

condition (4), the inter-event times }{ 1 kk tt −+ given by 

the triggering condition (12) are lower bounded by 
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Inspired by [5], one can calculate the derivative of the 
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The last inequality above is allowed due to 

.0,
~ =Ω≤ 1LLL  

By using the notation ,
)(

)(

t

te
y

δ
= one obtains that 

2)1( yLky +≤ɺ  

and y is upper bounded by 

),,()( 0ϕϕ tty ≤  

with ),( 0ϕϕ t is the solutions of  

.),0(,)1( 00
2 ϕϕϕϕ =+= yLkɺ  

The inter-event times are lower bounded by τ subject to 

k

LN )1)((2
)0,(

ησλ
τϕ

+−
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which is implicitly denoted by (12). 
Therefore, 
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It completes the proof. 
 
3. Numerical Simulations 
 

For demonstration purpose, a simple example with 
numerical simulations will be carried out. In smart grids, 
it is of importance to make the rotators of all generators 
keep synchronous. It is assumed that there are 6 
generators are involved, with all-to-to connections.  

With the selection of parameters 6.0,4.0 == σk , one 

may verify that the conditions proposed are fulfilled. The 
designed event-triggered control (4) and the triggering 
function (12) can drive all oscillators reach the mean 
natural frequency. Fig. 1 and Fig. 2 shows the numerical 
results, and one can observe that all frequencies converge 
to the mean natural frequency and the final phase 
differences remains constants, which verifies the validity 
and efficiency of proposed control strategy. 
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Fig.1: Synchronization errors of frequencies and the time 

history of the measure errors. 
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Fig.2: Time history of all oscillators 

 
4. Conclusions 
 

In this work, we consider the frequency 
synchronization of a group of networked oscillators with 
non-identical frequency. With Lyapunov stability method, 
an event-triggered control strategy together with specified 
triggering condition is established. The triggering 
condition proposed hereby relies on the measurement 
error and the all oscillators’ deviations from the mean 
natural frequency. It is also demonstrated that the inter-
event times involved is lower bounded and hence there is 
no Zeno behaviors.  

Numerical simulations are also carried out for the 
verification purpose via a network of phase oscillators 
which typically models the operations of coupled 
generators in power grids. It shows that the designed 
control mechanism can guarantee the frequency 
synchronization of networked oscillators, and the 
frequency deviations vanish rapidly and the phase 
difference remains constant as time elapses. 
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