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Abstract—This paper is to perform analysis on an UHV
power grid recently being developing in China. By model-
ing the power grid as a network of Kuramoto oscillators, its
topological design is studied by investigating the synchro-
nizability and resistivity to node failure of the associated
model. Better network performance is observed by remov-
ing particular edges of the topology, implying that further
improvement on the original design may be possible.

1. Introduction

Since 1975, the seminal model proposed by Kuramoto
[1] has played an important role for the study of collective
dynamics of coupled oscillators. The Kuramoto model is
popular due to its simplicity and mathematically tractabil-
ity. There are also many variants, including the first-order
model with additional phase lag, with time delay [2] or with
additive noise [3]; the second-order model [4]; and models
with high order interaction [5, 6].

Network of Kuramoto oscillators has also been widely
used for dynamical analysis of real-world systems, such as
chemical reaction, biological neural network, laser array,
financial system, etc. In particular, its usage in analysing
power grid system has recently received a lot of interests
[7, 8, 9, 10].

It is shown in [8] that a mapping between Kuramoto os-
cillators and the elements in power grid can be established.
By defining two types of oscillators, the power delivery
from the generators to the loads in an electrical power dis-
tribution grid can be described in a Kuramoto model. The
importance of the model’s topology is explored in [10], by
indicating the existence of a Braess’s paradox phenomenon
based on synchronizability. Recently, significant efforts
have been paid to provide the condition of synchroniza-
tion, for example, an inequality in terms of the topology
and oscillator’s parameters is derived in [7].

In this paper, we are particularly interested in analyz-
ing the power grid which has been rapidly developing in
China. According to the State Grid Corporation of China
[11], China is building a large scale of Ultra-high-voltage
(UHV) grid, which acts as the backbone grid connecting
the power generated in remote western and northern re-
gions to main load cities, mostly located at the eastern and
southern coasts. Our objective is to study the proposed
grid under the framework of Kuramoto model. We focus
on two significant factors, i.e. the synchronizability and

the robostness. Synchronization assures the stability and
maximizes the power transmission between generators and
loads, while robustness provides resistance to disturbances
or local failure. It is considered that this study may provide
some insights about the current design and the possible im-
provement from the view point of topology.

2. Kuramoto Model for Power Grid

2.1. China UHV power grid

Figure 1 depicts the corresponding China’s UHV power
grid construction plan for year 2015 [12]. There are 40
cities (N = 40) in the network, where the power gener-
ated by the cities at the western and northern of China (as
coloured in RED in Fig. 1), can be transferred to main load
cities located at the eastern and southern coasts, as marked
in GREEN.

2.2. The 2nd-order Kuramoto model

To model the China UHV power grid, the following
second-order oscillator model [10] is adopted:

d2θ j

dt2 = P j − α
dθ j

dt
+

N∑
i=1

Ki j sin(θi − θ j) (1)

where each node of the power grid is now represented by an
oscillator and θ j denotes its phase, P j is the power injection
with P j > 0 and P j < 0 indicating source and load nodes,
respectively, and

∑
P j = 0. The last term in (1) indicates

the power transmitted between nodes i and j. The coupling
gain Ki j is assumed to be fixed and identical, thus we have

Ki j =

{
κ if nodes i and j are connected
0 otherwise (2)

2.3. Phase Synchronization

As stated in [7, 8], the stability of a power grid can be
reflected by the condition of phase synchronization. Phase
synchronization in (1) is reached when κ is above a thresh-
old value, denoted as κc. As illustrated in Fig. 2, the nodes
in (1) with topology as shown in Fig. 1 (b) are unsynchro-
nized when κ is small, but become synchronized when κ
increases to 6.2026. As a result, κc = 6.2026.
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Figure 1: (a) China UHV power grid in Year 2015 (b) Topo-
logical representation of the China UHV power grid.

(a) (b)

(c) (d)

Figure 2: Unsynchronized state when κ = 6.20 (a) θ versus
time (c) θ̇ versus time. Synchronized state when κ = 6.2026
(b) θ versus time (d) θ̇ versus time.

For better illustration and comparison, [10] suggests a
phase order parameter which is defined by

Re jψ ≡
1
N

N∑
j=1

eiφ j . (3)

It is remarked that R = 0 if the system cannot reach an
equilibrium state. As observed in Fig. 3, R increases after
κ reaches κc, and saturates when κ further increases.

Figure 3: Relationship between R and κ.

3. Simulation Results and Analyses

A bisection search is designed as given in Fig. 4 to de-
termine κc of a topology. As noticed in (1), if

∑
P j = 0, θ̇

becomes zero when synchronization is reached (also see
Fig. 2 (d)). Consider the time window Σ ≡ [(Tmax −

τ),Tmax], synchronization is thus assumed when:
∣∣∣θ̇ j(t)

∣∣∣ < ε, with t ∈ Σ

θ̇ j(t1) > 0 and θ̇ j(t2) < 0 for some t1, t2 ∈ Σ
(4)

for j = 1, 2, · · · ,N. In our simulation, we let ε = 10−5, τ =

2s and Tmax = 1000s such that transient can be eliminated.
 
Preconditions:  

(i) network is synchronized with h  

(ii) network is not synchronized with l  
 

while (h‐l) ≥    
{ 

   m = 0.5(h + l); 

   if (network(m) is synchronized) 

        h = m; 
   else 

        l = m; 
} 

return(h); 

Figure 4: Bisection algorithm for searching κc of a topol-
ogy.
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To study the goodness of the topology in Fig. 1 (b), we
firstly remove a possible edge once at a time and obtain the
new values of κc by the Algorithm in Fig. 4. The results are
shown in Fig. 5 and tabulated in Table 1. Those gray edges
in Fig. 5 are not considered as their removal will generate
isolated node(s).

It is interesting to point out that, although κc will gener-
ally be increased when edges are removed, topology with-
out edge (12–30) or (23–31) can further reduce κc, and the
topology without edge (12–30) is the best. For the sake of
clarification, we called the original topology as Topology-
A and the one with edge (12–30) removed as Topology-
B. The below comparisons will be focused on these two
topologies.

Figure 5: Critical value κc when the corresponding edge is
removed.

Table 1: The values of κc for the topologies with the corre-
sponding edge being removed.

Edge κc Edge κc Edge κc

2–15 6.4237 12–18 6.3878 23–31 6.1631
2–18 9.161 8 12–23 6.3664 28–29 6.5039
2–29 6.5170 12–30 6.1220 29–30 9.0087
6–8 6.2888 15–28 6.6611 30–31 6.8729
6–28 9.4645 18–19 6.9972 30–33 6.2388
8–9 9.3422 19–20 6.4543 31–34 6.9972
9–10 8.2414 20–21 6.3479 33–34 6.9974
9–29 8.6667 21–22 6.2537
10–33 9.6860 22–23 6.9971

The second performance study is on the robustness of
the topology. A topology is considered to be more robust if
synchronization can be retained after a node failure. Here,
three different power redistribution schemes are assumed.
When node j is failed, its power injection P j will be

1. uniformly redistributed to its connected neighbors;

2. redistributed to neighbors in a portion inversely pro-
portional to the Eulerian distance; or

3. redistributed to neighbour with the nearest Eulerian
distance.

Assuming that node 20 is failed at t = 500s and its load
is redistributed to neighbors according to the second redis-
tribution scheme, Topology A will lose its synchronization
while Topology B will not (see Fig. 6).

(a) (b)

(c) (d)

Figure 6: Node failure occurs in node 20. Synchroniza-
tion is lost in Topology A: (a) θ versus time (c) θ̇ versus
time. Synchronization can be retained in Topology B: (b) θ
versus time (d) θ̇ versus time.

The robustness can be measured in several ways. Firstly,
it is assumed that the same κ is used in both Topologies A
and B. A node is critical if its failure will cause the desyn-
chronization of the network. Figure 7 shows the number
of critical nodes of the two topologies under the three re-
distribution schemes, where κ = 6.2026 is used. It can
be concluded that Topology B is more robust, as there are
less critical nodes at all the schemes. Moreover, it can be
observed that less critical nodes are resulted if the third re-
distribution scheme is applied.
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Figure 7: Numbers of critical nodes in Topologies A and B
under different load redistribution schemes.
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Secondly, a numerical metric, called S -value, can be
proposed to reflect the robustness. Let σθ( j) be the stan-
dard deviation of nodes’ phase after the transient state when
node j is failed, the S -value can be defined as:

S =

N∑
j=1

σθ( j) (5)

where a smaller S means better.
The results are tabulated in Table 2, and as shown, the

S -value of Topology A is smaller than that of Topology B.

Table 2: The S -values of Topologies A and B for having
single node failure.

Redistribution Scheme 1 2 3

Topology A 22.9176 21.0350 11.7774
Topology B 16.9566 15.4216 5.8865

Lastly, comparison can also be made by computing the
new κc under node failure such that no critical node ex-
ists in the topology. The results are shown in Table 3, and
again, κc of Topology B under all three load redistribution
schemes are smaller, implying that Topology B is better.

Table 3: New κC of Topologies A and B such that synchro-
nisation can be retained under any single node failure.

Redistribution Scheme 1 2 3

Topology A 6.9156 6.8635 6.7100
Topology B 6.7692 6.7411 6.6770

4. Conclusions

In this paper, the topological design of the Year 2015
China UHV Power Grid is studied based on the framework
of Kuramoto model. By modeling the cities as nodes and
their connections as edges, a network of Kuramoto oscil-
lators is constructed. The synchronizability and robustness
of this network are then investigated. It is found that, al-
though edge removal will reduce the network performance
for most of the cases, two subnets with particular edge be-
ing removed can indeed perform better. Based on the sim-
ulation results, it is also concluded that, when node failure
occurs, it will be better to redistribute the load to one of
the neighbours instead of to all of them. Finally, this piece
of work also furnishes oru future work on network opti-
mization, for which the critical value κc and S -value can be
considered as the objective values.
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