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Abstract—An asymmetric Traveling Salesman Problem
is one in which the costs for travel between one city and
another are not symmetric. We propose a method for
solving such problems based on chaotic search method
by Hasegawa et al. It uses a chaotic neural network and
tabu search, namely, block shift operations and 2-opt ex-
change are used as exchanging methods. In block shift op-
erations, we consider several cities as a BLOCK, and the
whole BLOCK is exchanged with other city. The proposed
method switches two types of exchanging method by using
chaotic neurodynamics. The proposed method exhibited
better solutions than the method with a fixed ratio of the
executing the exchanging methods.

1. Introduction

The Traveling Salesman Problem (TSP) is a famous NP-
hard problem. It is a combinatorial optimization problem
which appears quite frequently in various fields such as
transit and control [1]. For example, vehicle routing, de-
signing of VLSI, boring of circuit boards, X-ray crystal
structural analysis, and so on. The TSP suffers from com-
binatorial explosion: the number of feasible solutions in-
creases as (n−1)!

2 as the number of cities n increases[1, 2].
In other words, if there are a large number of cities, it is dif-
ficult to obtain a good solution to this problem using simple
techniques such as the round robin method[2].

Symmetric TSPs have been studied by many researchers.
However, in everyday problems of this type, it is rare that
the costs are symmetric. Therefore, there are demands for
dealing with asymmetric cost problems [3]; however, thus
far, asymmetric TSPs have not been extensively studied.
In particular, most of the conventional method is applied
either to symmetric TSP or asymmetric TSP. Any method
that is efficient to both problems does not exist.

Branch and bound method is known as method for solv-
ing the asymmetric TSP. However, the branch and bound
method requires huge computational costs. It is not prac-
tical to solve the asymmetric problem that takes too long
computational time. Therefore, in this paper, we propose a
method for finding quasi-optimal solution by a metaheuris-
tics approach.

This paper is organized as follows. Section 2 introduces
the asymmetric TSP. The chaotic search methods proposed

by Hasegawa et al., on which our proposed method is
based, is described in Section 3. In Section 4, we describe
the proposed method which switches block shift opera-
tions and point exchange by using chaotic neurodynamics.
In Section 5, results of numerical experiments are shown.
Lastly, we present conclusions.

2. Asymmetric traveling salesman problems

The TSP is an optimization problem whose goal is to
determine the minimum-cost tour visiting n cities, under
the conditions that one visits every cities only at once [3].
For an n-city problem, a set of the cities is

V = {v1, v2, · · ·, vn} . (1)

A tour σ specifies the order in which these cities are visited.
The total cost f(σ) of a tour σ can be evaluated from the
costs for travel from city j to city i, dij(vi, vj ∈ V ).

fTSP (σ) =
n−1∑

k=1

dσ(k),σ(k+1) + dσ(n),σ(1) (2)

The goal of the TSP is to minimize the cost in Eq. (2). The
nomenclature for TSPs used in this paper is summarized in
Table 1.

Table 1: Nomenclature for TSP
dij : Cost to travel from city i to city j
fTSP (σ) : Total cost of a tour
σ : The order of cities visited in a tour
V : Set of cities to visit
n : Number of the cities
uim : Internal state of the neuron im
θim : Threshold of the neuron im
xim : Output of the neuron im
wim,jn : Synaptic weight from the neuron jn

to the neuron im

A TSP is asymmetric when the cost of travel between
two given cities is not symmetric, that is, dij �= dji. In
this paper, we do not include cases in which two cities are
connected only in one direction.
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3. Chaotic search method[4]

The proposed method is based on the chaotic search
method [4] which uses a chaotic neural network with tabu
search[5] . A feature of this method is that the number of
neurons used is equal to the number of cities. We give an
outline of the chaotic search method in this section.

3.1. Coding of networks

The updating of the internal state of each neuron is exe-
cuted by the following set of equations.

f(x) =
1

1 + e−γx
(3)

ξi(t+ 1) = max
j

{ζj(t+ 1) + βΔij(t)} (4)

ηi(t+ 1) = −W

N∑

k=1

xk(t) +W (5)

ζi(t+ 1) = −α

t∑

d=0

kdrxi(t− d) + θ (6)

xi(t+ 1) = f
(
ξi(t+ 1) + ηi(t+ 1) + ζi(t+ 1)

)
(7)

If xi(t + 1) > 1
2 , city i is connected to city j that gives

the maximum in Eq. (4) by using 2-opt exchanges. The
nomenclature for neural networks used in this paper is sum-
marized in Table 2.

Table 2: Nomenclature for networks
kr : Decay parameter of the gain effect
α : Scaling parameter of the tabu effect
β : Scaling parameter of the gain effect
Δij : Gain of the objective function value

offered by the 2-opt exchange which
links citied i and j.

θ,R : Positive biases

3.2. 2-opt exchange

Two-opt exchange is a basic city exchange method for
symmetric TSPs in which any two cities exchange their po-
sition in the tour. For example, a tour shown in Fig. 1 (a),
can be changed to Fig. 1 (b) by cutting two links and cre-
ating two new links.

4. Proposed method

4.1. Overview

We propose a method that is a modification of the chaotic
search method described in section 3. Although the pro-
posed method uses the same network and the same algo-
rithm, it differs through the use of two exchange meth-
ods are switched by chaotic neurodynamics. The two ex-

a a

ia(j) ia(j)
b

ce

f b

ce

f

cutcut
ja(i) ja(i)

d d
Tour: a-b-c-d-e-fTour: a-b-e-d-c-f

(a) (b)

Figure 1: An example of 2-opt exchange: links b–e and f–c
are swapped.

change methods are block shift operations and 2-opt ex-
change in the paper. The block shift operations are de-
scribed in the next section 4.2. The proposed method for
switching between a 2-opt method and block shift opera-
tion using chaotic neurodynamics is described in section
4.4.

4.2. Block shift operations

The 2-opt exchange is a fundamental city exchange
method for solving TSPs. When a 2-opt exchange is ex-
ecuted, the direction of a part of the tour is reversed by the
city exchange. In symmetric TSPs, this reversal does not
alter the cost of the tour. However, in an asymmetric TSP,
the 2-opt exchange may cause the cost to rise. To over-
come this disadvantage of the 2-opt exchange in asymmet-
ric TSPs, the block shift operation has been proposed [6].
This method considers several cities as a BLOCK, and the
whole BLOCK is exchanged with another city. During the
exchange, the order of the cities in the BLOCK is main-
tained. We show an example of a block shift operation in
Fig. 2. Although a 2-opt exchange could be viewed as a
type of block shift operation, we use the term “block shift
operation” in this paper only when a block consists of more
than one city.

a
bh

a
bh

c

d
e

f

g c

d
f

g

e

Tour: a-b-c-d-e-f-g-hTour: a-e-f-c-d-b-g-h

e eBLOCK BLOCK

(b)(a)

Figure 2: An example of a block shift operation: the
BLOCK consists of cities e and f , and the exchange part-
ner is city b.
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Table 3: Experimental results of proposed and conventional methods for p43.
��������

Method
Proposed

Proposed Chaotic Local Hybrid
(fixed ratio) Search[4] Search[8] GA[9]

Minimum cost 5620 5620 5620 N/A N/A
Maximum cost 5622 5624 5641 N/A N/A
Average cost 5620.4 5622.0 5632.3 N/A N/A

Gap [%] 0.007 0.04 0.2 0.01 0

Table 4: Experimental results of proposed and conventional methods for ry48p.
��������

Method
Proposed

Proposed Chaotic Local Hybrid
(fixed ratio) Search[4] Search[8] GA[9]

Minimum cost 14713 15083 15358 N/A N/A
Maximum cost 15204 15386 17024 N/A N/A
Average cost 14961.8 15254.4 16146.6 N/A N/A

Gap [%] 3.7 5.8 12.0 1.92 0.001

4.3. Bidirectional search

In asymmetric TSPs, the cost of a tour in a direction
is different from that of the opposite direction. In sym-
metric TSPs the cost of a clockwise tour is equal to that
of counterclockwise one. For example, in Fig. 3 (a), the
cost of the tour of clockwise a–b–c–d–e–g–f–g–h and that
of counterclockwise h–g–f–g–e–d–c–b–a are the same (
they are “58”) . Whereas in asymmetric TSPs, the cost
of clockwise tour is not equal to that of counterclockwise
one. For example, in Fig. 3 (b), the cost of the clock-
wise tour a–b–c–d–e–g–f–g–h is equal to “52”, whereas
the cost of counterclockwise tour h–g–f–g–e–d–c–b–a is
equal to “50”. As shown in the above example, tours gener-
ated by the above mentioned operations must be evaluated
for both directions.
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Figure 3: Symmetric and asymmetric TSP by comparing
the difference between the cost of visiting direction.

4.4. How to select exchange methods using chaotic neu-
rodynamics

In the proposed method, a switching between two ex-
change methods are determined by chaotic neurodynam-
ics. It is based on a chaotic search method. The proposed
method uses a chaotic neuron in the similar way as it is
used in the chaotic search method[4]. The nomenclature
for the neuron used in this paper is summarized in Table 5.
The updating of the internal state of the neuron is executed
by using the following set of equations.

Table 5: Nomenclature for neuron for selecting exchange
methods

kr : Decay parameter of the gain effect
αex : Scaling parameter of the tabu effect
β : Scaling parameter of the gain effect
Δex(t) : Gain of the objective function value

difference between after the candidate
and that of current tour.

A, θ : Positive biases

ξex(t+ 1) = βΔex(t) +A (8)

ζex(t+ 1) = −αex

t∑

d=0

kdrxex(t− d) + θ (9)

xex(t+ 1) = f
(
ξex(t+ 1) + ζex(t+ 1)

)
(10)

Where, the sigmoid function of Eq. (3) is used as f .
If xex(t) > 1

2 , the proposed method switches to another
exchange method from the current exchange method. In
other words, when the current exchange method can re-
duce costs, the method is continued to use, otherwise, it
is switched to the other exchange method.
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Table 6: Experimental results of proposed and conventional methods for rbg443.
��������

Method
Proposed

Proposed Chaotic Local Hybrid
(fixed ratio) Search[4] Search[8] GA[9]

Minimum cost 2720 2720 3739 N/A N/A
Maximum cost 2723 2730 3841 N/A N/A
Average cost 2720.4 2722.1 3793.0 N/A N/A

Gap [%] 0.04 0.09 1.16 0.09 0

Table 7: Experimental results of proposed and conventional methods for kroA100.
��������

Method
Proposed

Proposed Chaotic
(fixed ratio) Search[4]

Minimum cost 21369 22373 21282
Maximum cost 22288 22852 22134
Average cost 21754.8 22690.6 21440.8

Gap [%] 2.2 6.6 0.7

5. Results of numerical experiments

We numerically evaluated the performance of the pro-
posed method for some benchmark problems of TSPLIB
[7], performing 20 trials for each problem. We used asym-
metric and symmetric problems. As asymmetric problems,
we used ‘br17’, (17-city) , ‘p43’, (43-city), ‘ry48p’, (48-
city), and ‘rbg443’, (443-city) from TSPLIB. Moreover,
as a symmetric problem ‘kroA100’ of 100-city was used
for the evaluation. We show results of the performance of
the proposed method for ‘p43’, ‘ry48p’, and ‘rbg443’ and
‘kroA100’ in Table 3, 4, 6 and 7, respectively. In these
tables, the performances of conventional methods are also
shown. Results in these tables shown that the proposed
method with dynamic switching between block shift opera-
tions and 2-opt exchanges achieves the exact solution more
frequently than the conventional methods.

6. Conclusions

In this paper, we have proposed a method for solving an
asymmetric TSP using chaotic neural dynamics. The pro-
posed method with dynamic switching between block shift
and spot exchange gives better solutions than the chaotic
search method [4], although it is not superior to the exist-
ing method of using a hybrid genetic algorithm[9].

A future problem is to investigate a method for selecting
efficient parameters automatically.
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