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Abstract—A macro-mechanical cantilever array is
newly proposed for experimental investigations of intrinsic
localized modes (ILMs). The cantilever array is designed
to have individually tunable on-site potentials. Thus, im-
purities in the array can be induced and removed manually.
By a sinusoidal excitation, several ILMs are successfully
generated. In addition, the generated ILM is manipulated
by adding an impurity to the cantilever array. The mech-
anism of the manipulation is numerically discussed based
on the structure of phase space. Coexisting ILMs, unsta-
ble manifolds, and domains of attraction of stable ILM are
shown for the case that an ILM is manipulated by adding
an impurity.

1. Introduction

An energy localization in discrete media is called in-
trinsic localized mode (ILM). A. J. Sievers and S. Takeno
first discovered ILM as a spatially localized and tempo-
rally periodic solution in a nonlinear discrete lattice [1]. In
this decade, ILMs have been identified in micro- or nano-
systems. These experimental studies directly suggest the
phenomenological universality of ILM. In addition, the ex-
periments in micro-cantilever arrays [2, 3] allow us to ex-
pect to apply ILM to micro- or nano-engineering. Because
cantilever structures are widely used in micro- and nano-
devices [4]. Thus, ILM in a micro-cantilever array will
have a potential to be utilized for sensors and actuators
which have high sensitivity and accuracy.

For applications of ILM, it is necessary to establish a
control method. That is, ILM has to be generated, de-
stroyed, and moved as desired. An experimental manip-
ulation in micro-cantilever arrays has been realized by
M. Sato [5]. ILMs are generated, destroyed, repelled, and
attracted by adding a localized impurity. It implies that a
control method can be established based on the manipula-
tion using impurities.

To establish the control method, it is necessary to clar-
ify a mechanism of the manipulation. In addition, experi-
mental investigations are inevitable to confirm the grasped
mechanism. For the purpose, a macro-system shows the
advantage to confirm the dynamics and the principles of
the control method. Then a macro-system is proposed as an
analogous dynamical model to the micro- or nano-system,

so that the dynamical behaviors can be discussed experi-
mentally.

One of the good analogous models is a magneto-elastic
beam system [6]. The experimental model has a similar
equation of motion to the micro-cantilever array in which
ILMs were observed. In the model, permanent magnets
are placed to adjust the on-site nonlinearity. If the mag-
netic field is adjustable at each site, it will be possible to
add or release an impurity. Along the idea, we designed a
macro-mechanical cantilever array having tunable electro-
magnets based on the magneto-elastic beam system. In this
paper, at first, the macro-mechanical cantilever array is in-
troduced and is modeled as nonlinear coupled ordinary dif-
ferential equations. Then an experimentally observed ILM
is shown with a numerical simulation. In addition, an at-
tractive manipulation is demonstrated. In Sec. 4, the phase
structure around the manipulated ILM is investigated nu-
merically. Finally, the experimental attraction is numeri-
cally confirmed.

2. Macro-mechanical Cantilever Array

In this section, a macro-mechanical cantilever array is in-
troduced and model equations are described. A schematic
configuration of the macro-mechanical cantilever array is
shown in Fig. 1 (a). The array consists of eight cantilevers,
permanent and electro magnets (PM and EM), a coupling
rod, and a voice coil motor. The cantilevers are placed with
an equal interval of 15.0 mm in one dimension. The size of
each cantilever is 70.0 mm in length, 5.0 mm in width, and
0.3 mm in thickness. At the free end of each cantilever,
a small cylindrical PM is attached to face the EM which
is placed beneath the cantilever. Because of the magnetic
interaction between these magnets, each cantilever is gov-
erned by a nonlinear restoring force against the displace-
ment of its tip.

The magnetic force between PM and EM can approx-
imately be described by Coulomb’s law for magnetic
charges. Then the interaction force is nonlinearly changed
against the displacement of cantilever. The configuration
of magnetic charges is shown in Fig. 1 (b). If the displace-
ment of cantilever is sufficiently small relative to the length
of cantilever, Coulomb’s law for magnetic charges gives
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Figure 1: Configuration of (a) cantilever array and (b) mag-
netic charges.

Table 1: Parameter symbols and their estimated values in
Eq. (2)

Symbol Value Symbol Value
ω0 2π×35.1 rad/s γ 1.5 s−1

C 284 s−2 χ0 −4.71 × 10−5 m3/s2

d0 3.0 mm χ1 −9.14 × 10−3 m3/s2A
A 3.0 m/s2 ω 2π×36.1 rad/s

the restoring force

F(un) =
mpme

4πµ0

un(
u2

n + d2
0

) 3
2

= χ(IEM)
un(

u2
n + d2

0

) 3
2

, (1)

where mp and me correspond to magnetic charges of PM
and EM, respectively. The distance between PM and EM
at the equilibrium state is denoted by d0. The magnetic per-
meability is represented by µ0. Because the magnitude of
me depends on the current flowing in EM, the coefficient of
the interaction can be represented as a function of the cur-
rent, χ(IEM). In this paper, we assumed the linear relation-
ship χ(IEM) = χ0+χ1IEM. Because EM has a ferromagnetic
core, an attractive force between PM and EM appears even
if the current is kept to be zero. Thus χ0 is always negative.
On the other hand, the current direction changes the sign
of χ1IEM. Here the current enhancing the attractive force is
defined as positive. Therefore, χ1 is also negative.

The coupling rod causes an interaction force depending
on the difference of displacement of adjacent cantilevers.
The force linearly changes against the displacement differ-
ence if the deformation of the rod is sufficiently small. As
shown in Fig. 1 (a), the rod is attached near the support.
The displacement of cantilever at the rod is quite small rel-
ative to the tip. Thus we assume the linearity of the cou-
pling force. The whole coupled system can be excited by
a voice coil motor (VCM) through the support. Therefore,
the equation of motion of the coupled cantilever array is
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(b) Numerical

Figure 2: Intrinsic localized mode which is excited at n =
5. Parameters for the numerically obtained ILM are listed
in Table 1. The current flowing in EMs are set at 24.0 mA.

obtained as follows:
u̇n =vn,

v̇n = − ω2
0un − γun + F(un) + A cos (ωt)
−C (un − un+1) −C (un − un−1) ,

(2)

where n = 1, 2, . . . , 8 and C denotes the linear inter-site
coefficient. The boundary conditions of Eq. (2),{

u0 = 0, v0 = 0,
u9 = 0, v9 = 0,

(3)

are given by the fixed ends of cantilever array shown in
Fig. 1 (a). Parameters estimated experimentally are in Ta-
ble 1.

3. Observation and Manipulation
In this section, experimental results are briefly shown,

focusing on the observation and the manipulation of ILM
are briefly shown.

3.1. Experimentally excited ILM and numerical simu-
lation

Intrinsic localized modes are experimentally observed
when the VCM excites the macro-mechanical cantilever
array at 36.1 Hz [7]. Fig. 2(a) shows waveforms of an ob-
served ILM for each cantilever. One of the cantilevers has a
quite large amplitude while the others are relatively small.
The amplitude distribution is obviously localized. A nu-
merically excited ILM is shown in Fig. 2(b). The 5th can-
tilever has the largest amplitude as well as the experimental
one shown in Fig. 2(a). For the other ILMs, numerical sim-
ulations well match experimental observations [7]. Thus,
Eq. (2) is appropriate to study ILMs.

The observed ILM is classified into “Sievers-
Takeno (ST) mode” [8]. Because only one cantilever
has a large amplitude relative to the others. In this paper,
the observed ILM is labeled “ST5s” to distinguish it from
other coexisting ILMs, because the 5th cantilever has
the largest amplitude. The detail of the naming rule is
mentioned in Sec. 4.1.

3.2. Attractive Manipulation
The observed ILM does not propagate in space as long

as the VCM excites the cantilever array at a constant fre-
quency and amplitude. However, by adding an impurity
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Figure 3: Manipulation of an ILM by adding an impurity.
The impurity is added at n = 4 by varying the current IEM4
from 24.0 mA to 11.5 mA.

to the cantilever array, the ILM can be shifted its posi-
tion. Fig. 3 shows an attractive manipulation. In this ma-
nipulation, ST5s is initially excited. After the impurity is
added, the amplitude of 4th cantilever begins to increase.
On the other hand, the amplitude of 5th cantilever is de-
creased. The impurity is removed when the amplitudes of
4th and 5th cantilever are almost same. The oscillation of
5th cantilever becomes smaller with spreading small travel-
ing waves. However, the amplitude of 4th cantilever grows
in large. As a result, the locus of ILM is shifted from n = 5
to n = 4. That is, ST5s is attracted to the impurity.

4. Global Phase Structure and Impurity

In this section, the mechanism of the attractive manipu-
lation is discussed based on the phase structure.

4.1. Coexisting ILMs

By numerical simulations, many localized solutions are
found in Eq. (2). In this paper, we only focus on localized
solutions which exist nearby ST5s. Figs. 4(a)–(f) shows the
localized solutions which are obtained by the anticontinu-
ous limit [9]. Even symmetric ILMs shown in Figs. 4(b)
and 4(e) are called “Page (P) mode” [8]. P-modes are la-
beled by using two numbers because two cantilevers have
a large amplitude. Then the ILM shown in Fig. 4(b) is la-
beled “P4s-5s”. The upper suffix of label is based on the ini-
tial condition of the anticontinuous limit. When cantilevers
in the array are decoupled, each cantilever independently
oscillates. In this case, three oscillatory states are found for
each cantilever at which the frequency of the external force
is set at 35.7 Hz. That is, the stable resonance, the unstable
resonance, and the stable antiresonance. These three states
are arbitrarily chosen for an initial combination of the anti-
continuous limit. For localized solutions, only one or two
cantilevers are set at the stable or the unstable resonance
while the others are set at the stable antiresonance. The up-
per suffix of ST5s implies that the 5th cantilever is set at
the stable resonance at the initial step of the anticontinuous
limit. P4u-5u is labeled In the same manner, namely, the
4th and 5th cantilevers are set at the unstable resonance.
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(b) P4s-5s
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(c) ST5s
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(d) ST4u

0  2/35.7 1/35.7

1

2

3

4

5

6

7

8

-8

0

 8

t [s]

n

u
n
[m
m
]

(e) P4u-5u
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(f) ST5u
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(g) Ground state

Figure 4: Numerically obtained ILMs around ST5s. P4u-
5s(P4s-5u) does not coexist for this case. It can survive if
the coupling coefficient C is sufficiently small.

The stability of coexisting solutions shown in Fig. 4 is
determined by Floquet multipliers. ST4s and ST5s are sta-
ble. The ground state shown in Fig. 4(g) is also stable.
For ST4u, ST5u, and P4s-5s, one of Floquet multipliers is
real and greater than +1. On the other hand, P4u-5u has
two Floquet multipliers outside unit circle. These multi-
pliers are also real. It implies that ST4u, ST5u, and P4s-5s

have a one dimensional unstable manifold and P4u-5u has
a two dimensional unstable manifold. In the next section,
the global phase structure is discussed by calculating one
dimensional unstable manifolds and domains of attraction
of stable ILMs.

4.2. Unstable manifolds and domains of attraction

An impurity in the cantilever array changes the phase
structure. The attractive manipulation is a result of the
change of phase structure. Fig. 5 shows the phase struc-
ture when an impurity exists at n = 4. The impurity is
induced by decreasing the current IEM4 to 5 mA. In Fig. 5,
ST4u, ST5u, and P4s-5s survive at IEM4 = 4 mA. ST4u,
ST5u, and P4s-5s are vanished by adding the impurity. ST5s

at the no-impurity regime (ST5s
no−impuirty) is indicated by

the open circle. Domains of attraction are calculated for
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Figure 5: Phase structure around ST5s with the impurity.
Solid square and circles indicate coexisting ILMs. Unsta-
ble manifolds of P4-5 are represented by solid curves. Blue
and red regions correspond to domains of attraction of ST4
and ST5, respectively.

phase points on the plane which includes P4s-5s, ST5s, and
ST5s

no−impuirty. The blue region corresponds to the domain
of attraction of ST4s. In Fig. 5, the open circle is in the blue
region. So, the trajectory started from the open circle con-
verges to ST4s. Fig. 6 shows waveforms of the trajectory
in Fig. 5. The amplitude of 4th cantilever becomes almost
same as the 5th cantilever around t = 6. Then the oscil-
lation of 4th cantilever glows in large and the oscillation
of 5th cantilever becomes smaller. Consequently, ST5s is
attracted by the impurity as well as the experimental result.

The blue region in Fig. 5 tends to be large as the cur-
rent IEM4 becomes small. That is, the impurity changes the
phase structure around ST5s. Therefore, it is concluded
that the attractive manipulation is caused as a result of the
change of phase structure.

5. Concluding Remarks

The macro-mechanical cantilever array was produced to
study the dynamics of intrinsic localized mode. In this pa-
per, the attractive manipulation was experimentally demon-
strated and numerically discussed. As a result, the mecha-
nism of manipulation of ILM could be investigated based
on the phase structure.

The macro-mechanical cantilever array makes it easy to
investigate the control of ILMs in microscopic engineer-
ing if the scaling law is held. Results in the cantilever ar-
ray can be applied into micro- or nano-scale localization
dynamics through the nondimensionalization of equations.
We will attempt to investigate the possibility to apply the
analysis using the macro-mechanical cantilever array for
micro-engineering.
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Figure 6: Numerical simulation of the attractive manipula-
tion shown in Fig. 3. The current flowing in EM at n = 4
is decreased to 4 mA when the impurity is added. The im-
purity is added at t = 0. The amplitude and the frequency
of external excitor are set at A = 3 m/s2 and ω = 2π× 35.7
rad/s.
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