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Abstract—Let us introducen (≥ 2) nonlinear mappings
fi(i = 1, · · · ,n) defined on reflexive real Banach spacesXi−1

and let fi : Xi−1 → Yi (a Banach space) be completely con-
tinuous on bounded convex closed subsetsX(0)

i−1 ⊂ Xi−1.
Moreover, let us introducen fuzzy-set-valued nonlinear
mappingsFi : Xi−1×Yi → {a family of all non-empty closed
compact fuzzy subsets ofXi}.

Here, by introducing arbitrary constantβi ∈ (0,1],
for every integer i (i = 1, · · · ,n ≡ 0), separately,
we have a fixed point theorem on the recurrent system
of βi-level fuzzy-set-valued mapping equations:xi ∈
Fiβi (xi−1, fi(xi−1)), (i = 1, · · · ,n ≡ 0), where the fuzzy
setFi is characterized by a membership functionµFi (xi) :
Xi → [0,1], and theβi-level setFiβi of the fuzzy setFi is

defined asFiβi

△
= {ξi ∈ Xi | µFi (ξi) ≥ βi}, for any constant

βi ∈ (0, 1].
This theorem can be applied immediately to discussion

for characteristics of ring nonlinear network systems dis-
turbed by undesirable uncertain fluctuations and to ex-
tremely fine estimation of available behaviors of those dis-
turbed systems. In this paper, the mathematical situation
and proof are discussed, in weak topology.

1. Introduction

In general, by the set-valued mappingF defined on a
Banach spaceX is meant a correspondence in which a set
F(x) is specified in correspondence to any pointx in X. In
particular, whenF(X) ⊂ X, and if there exists a pointx∗

such thatx∗ ∈ F(x∗), x∗ is called a fixed point ofF [1].
For an original completely continuous nonlinear map-

ping f : X → Y (a Banach space), the author gave
some types of discussions of uncertain fluctuation prob-
lems, giving a composition type of fixed point theorem:
x ∈ F(x, f (x)) concerning to a set-valued nonlinear map-
ping F : X × Y → {the family of all non-empty closed
compact subset ofX} [1, 2, 3]. Thereafter, the author gave
complex types of fixed point theorems for the system of
set-valued nonlinear mapping equations, suitable to discus-
sion for uncertain fluctuation problems of practical com-
plex nonlinear systems.[4],[5]

In complex large-scale, so called as multi-media, net-
work systems, the successively recurrent circular connectin
of channels often plays an important role as a typical ele-

ment network of local area networks(LAN). However, in
large-scale circular networks, whenever some undesirable
fluctuations are induced into their element channels, even if
their influences are originally small to every element chan-
nel itself, total affections may be successively accumulated
step by step, and as results, may grow so serious that the
network itself becomes useless. Therefore, we must care-
fully evaluate and control those fluctuations such that over-
all behaviors of respective channel outputs can be led, in
real time, into “available” or “tolerable” regions assigned
in advance.

In such a reason, the author presented fixed point theo-
rems for a successively recurrent system of set-valued map-
ping equations, and refered to available behaviors of sig-
nals to be appeared in every portion of succesively recur-
rent circular channels disturbed by undesirable fluctuations
[6]. Moreover, by introducing the concept of fuzzy-set-
valued mapping [7], as typical examples of much more re-
fined theories, the author presented fixed point theorems for
recurrent systems of fuzzy-set-valued nonlinear mapping
equations,and referred to available behaviors of signals that
appear in every portion of practical recurrent ring nonlinear
network systems [8]. This paper is its more-refined the-
ory of the similar problem under more wide conditions,
through a precise deduction by introducing th fuzzy-set-
valued mapping in weak topology.

2. Fuzzy Set and Fuzzy-Set-Valued Mapping

First of all, let us consider a family of all fuzzy sets orig-
inally introduced by Zadeh [7] in a Banach spaceX, and let
any fuzzy setA be characterized by a membership function
µA(x) : X → [0,1]. Now, we can consider anα-level set
Aα of the fuzzy setA asAα

△
= {ξ ∈ X|µA(ξ) ≥ α}, for any

constantα ∈ (0,1]. The fuzzy setA is called compact, if
all α-level sets are compact for arbitraryα ∈ (0,1].

A fuzzy-set-valued mappingG from X into X is defined
byG : X→ F (X), whereF (X) is a family of all non-empty
, bounded and closed fuzzy sets inX. If a point x ∈ X is
mapped to a fuzzy setG(x), the membership function of
G(x) at the pointξ ∈ X is represented byµG(x)(ξ).

For convenience, let us introduce a useful notation: for
an arbitrarily specified constantβ ∈ (0,1], a pointx belongs
to theβ-level setAβ of the fuzzy setA: x ∈ Aβ

△
= {ξ ∈ X |
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µA(ξ) ≥ β} is denoted byx ∈β A [9].
Here, let us introduce a new concept ofβ-level fixed

point: for the fuzzy setG(x), if there exists a pointx∗ such
that x∗ ∈β G(x∗), thenx∗ is calledβ-level fixed point of the
fuzzy-set-valued mappingG [9].

Now, let us remember that we have introduced a new
metric into the space of fuzzy sets [9].

Definition 1 Let us consider a Banach space X. For any
fixed constantβ ∈ (0,1], theβ-level metricρβ between a
point x∈ X and a fuzzy set A is defined as follows:

ρβ(x,A)
△
= inf
β≤α≤1

dα(x,A), (1)

where

dα(x,A)
△
=


inf
y∈Aα
∥x− y∥ if α ≤ αA,

inf
y∈AαA

∥x− y∥ if α > αA.
(2)

Here,αA
△
= supx∈X µA(x). And also, for any fixed constant

β ∈ (0,1], by means of the Hausdorffmetric dH, theβ-level
metricHβ between two fuzzy sets A and B is introduced as
follows:

Hβ(A, B)
△
= sup
β≤α≤1

Dα(A, B), (3)

where Dα is defined as

Dα(A, B)
△
=



dH(Aα, Bα)
if α ≤ min{αA, αB},

dH(AαA, Bα)
if αA < α ≤ αB,

dH(Aα, BαB)
if αA ≥ α > αB,

dH(AαA, BαB)
if α > max{αA, αB}.

(4)

Here,αB
△
= supx∈X µB(x) and the Hausdorff metric dH be-

tween two sets S1 and S2 is defined by

dH(S1,S2)
△
= max{sup{d(x1,S2)|x1 ∈ S1},

sup{d(x2,S1)|x2 ∈ S2}},
(5)

where d(x,S)
△
= inf {∥x− y∥ | y ∈ S} is the distance between

a point x and a set S .

In order to give a new methodology for the discus-
sion more sophisticated than the one by usual crisp set-
valued mappings, the author presented mathematical the-
ories based on the concept ofβ-level fixed point, by es-
tablishing fixed point theorems forβ-level fuzzy-set-valued
nonlinear mappings which describe detailed characteris-
tics of such fuzzy-set-valued nonlinear mapping equations,
for every levelβ ∈ (0,1] [8, 9]. Particularly, by intro-
ducing arbitrary constantβi ∈ (0,1], for every integeri
(i = 1, · · · ,n ≡ 0), separately, the author gave a refined
theory suitable to precise discussion for characteristics of
disturbed ring nonlinear network systems [8].

3. Fixed Point Theorem in Weak Topology for Succes-
sively Recurrent System of Fuzzy-Set-Valued Map-
ping Equations

Here, we will present the fixed point theorem in weak
topology for successively recurrent system of fuzzy-set-
valued mapping equations.

For the first step, let us introduce reflexive real Banach
spacesXi (i = 1, . . . ,n ≡ 0), in which the norm is repre-
sented by∥ · ∥, and also, let us define there non-empty
bounded closed convex subsetsX(0)

i (i = 1, . . . , n ≡ 0). Let
X′i be the dual space ofXi and let us introduce a weak topol-

ogyσ
(
Xi ,X′i

)
into Xi . Then,Xi is locally convex topolog-

ical linear space,and therefore,X(0)
i is weakly closed and

weakly compact. Further, let us consider another real Ba-
nach spaceYi (i = 1, . . . , n ≡ 0) in which the norm is rep-
resented by∥ · ∥.

Now, let us introducen (≥ 2) mappingsfi (i = 1, . . . , n
≡ 0) defined onXi−1, respectively, and letfi : Xi−1 → Yi

be completely continuous on bounded convex closed subset
X(0)

i−1 ⊂ Xi−1 (i = 1, . . . ,n ≡ 0).
Moreover, let us introducen fuzzy-set-valued mappings

Fi : Xi−1 × Yi → Fc(Xi) (the family of all non-empty com-
pact fuzzy subsets ofXi) (i = 1, . . . ,n ≡ 0).

Here, we can recognize that for anyxi−1 ∈ X(0)
i−1

and fi (xi−1) ∈ Yi , we have F(0)
i (xi−1; fi(xi−1))

△
=

F(0)
i (xi−1; fi(xi−1)) ∩ X(0)

i , ϕ, and moreover, there exist
βi-level projection points̃x′i of arbitry pointx′i ∈ X(0)

i upon
the fuzzy setF(0)

i (xi−1; fi(xi−1)) such that∥∥∥x̃i
′ − x′i

∥∥∥ = min{
∥∥∥x′i − zi

∥∥∥ |
zi ∈βi F(0)

i (xi−1; fi(xi−1))}. (6)

Now, let us introduce a series of assumptions:

Assumption 1 Let the mapping fi : X(0)
i−1 → fi(X

(0)
i−1) ⊂ Yi

be completely continuous in the sense that when a weakly
convergent net{xνi } (ν ∈ J : a directive set) weakly con-
verges tox̄i , then the sequence{ fi(xνi−1)} has a subsequence
which strongly converges to fi(x̄i−1) in Yi .

Assumption 2 Let the fuzzy-set-valued mapping Fi :
X(0)

i−1 × Yi → Fc(Xi) (the family of all non-empty compact
fuzzy subsets of Xi) satisfies the following Lipschits condi-
tion with respect to theβi-level metricHβi , that is, there are
two kinds of constants ai ≡ ai(βi) > 0 and bi ≡ bi(βi) > 0
such that for any x(1)

i−1, x
(2)
i−1 ∈ Xi−1 and for any y(1)

i , y
(2)
i ∈ Yi ,

Fi satisfies the inequality

Hβi

(
Fi(x

(1)
i−1; y(1)

i ), Fi(x
(2)
i−1; y(2)

i )
)

≤ ai ·
∥∥∥x(1)

i−1 − x(2)
i−1

∥∥∥ + bi ·
∥∥∥y(1)

i − y(2)
i

∥∥∥ , (7)

where Lipschitz constants ai (i = 1, . . . , n ≡ 0) are confined
by

0 < a1 · a2 · . . . · an < 1. (8)
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Then, under these preparations, we have an important
lemma on the successively recurrent system of fuzzy-set-
valued mapping equations:

xi ∈βi Fi(xi−1; fi(xi−1)), (i = 1, . . . ,n ≡ 0). (9)

Lemma 1 For all i (i = 1, . . . ,n ≡ 0), let us adopt arbi-
trary points x(0)

i ∈ X(0)
i and also fix all values of fi(x

(0)
i−1) (i =

1, . . . ,n ≡ 0). Now, for every i, let us consider a sequence
{x(ν)

i }(ν = 0,1,2, . . .) starting from the above adopted point

x(0)
i , and with each x(ν)i ∈ X(0)

i as theβi-level projection

point of x(ν−1)
i ∈ X(0)

i upon the fuzzy set Fi(x
(ν−1)
i−1 ; fi(x

(0)
i−1)),

but for any number m≥ 1 (m≤ n− i), x(ν)
i+m ∈ X(0)

i+m is spec-

ified as theβi+m-level projection point from x(ν−1)
i+m ∈ X(0)

i+m

upon the fuzzy set Fi(x
(ν)
i+m−1; fi+m(x(0)

i+m−1)). Then, these se-

quences{x(ν)
i } (i = 1, . . . n ≡ 0;ν = 0,1,2, . . .) are Cauchy

sequences, having their own limit pointsx̄i ∈ X(0)
i , respec-

tively, such that

x̄i ∈βi F(0)
i (x̄i−1; fi(x

(0)
i−1)), (i = 1, . . . , n ≡ 0). (10)

All limit points x̄i (i = 1, . . . ,n ≡ 0) depend on their
starting pointsx(0)

i and parametersy(0)
i
△
= fi(x

(0)
i−1), respec-

tively. These correspondences may be multi-valued, in
general, and hence, can be represented by set-valued con-
tinuous mappings defined on each domain:

x̄i ∈ Hi(x
(0)
i , y

(0)
i ), (i = 1, . . . , n ≡ 0). (11)

If these mappings have fixed pointsx∗i in respective do-
main, or in respective bounded convex closed subsetsX(0)

i
: i.e.,

x∗i ∈ Hi(x
∗
i ; y∗i ) ∈ X(0)

i , (i = 1, . . . , n ≡ 0), (12)

wherey∗i
△
= fi(x∗i−1), these relations imply that

x∗i ∈βi F(0)
i (x∗i−1; fi(x

∗
i−1)), (i = 1, . . . ,n ≡ 0). (13)

This result means that the solution set{x∗i } (i = 1, . . . ,n ≡
0) of the system of set-valued nonlinear mapping equa-
tions (9) can be obtained in connection with the set of
limit points {x̄i} (i = 1, . . . , n ≡ 0) of Cauchy sequences
{x(ν)

i } (i = 1, . . . ,n ≡ 0;ν = 0,1,2, . . .).

Here, in order to verify the existance of the fixed point
x∗i of Hi , from the standpoint refined in the weak topology,
now, it is very convenient to apply the well-known fixed
point theorem for set-valued mapping:

Lemma 2 (Ky Fan [10]) Let Xi be a locally convex topo-
logical linear space, and X(0)

i be a non-empty convex com-

pact subset of Xi . LetHc(X
(0)
i ) be the family of all non-

empty closed convex subsets of X(0)
i . Then, for upper semi-

continuous set-valued mapping Hi : X(0)
i → Hc(X

(0)
i ), there

exists a fixed point x∗i ∈ X(0)
i such that x∗i ∈ Hi(x∗i ).

In order to apply this lemma to our problem, we can
verify that the above-defined set-valued mappingHi(xi) ≡
Hi(xi ; y(0)

i ) is upper semicontinuous, and its range is closed
and convex.

As a result, we have the theorem:

Theorem 1 Let Xi be a reflexive real Banach space, and
X(0)

i be a non-empty bounded closed convex subset of Xi .
By the dual space X′i , let us introduce a weak topology
σ(Xi ,X′i ) into Xi . Let fi and Fi be deterministic and fuzzy-
set-valued mappings, respectively, which satisfy Assump-
tions 1 and 2. Then, we have a Cauchy sequence{xνi } ⊂
X(0)

i (ν = 0,1, . . .), introduced by the successive procedure
in Lemma 1. This sequence has a set of limit points{x̄i},
and we can define a set-valued mapping Hi by the corre-
spondence from the arbitrary starting point z(0)

i ≡ xi ∈ X(0)
i

to the set of limit points{x̄i} in X(0)
i : x̄i ∈ Hi(xi). This

set-valued mapping Hi has a fixed point x∗i in X(0)
i , which

is, in turn, the solution of the system of set-valued mapping
equations (9).

4. An Application to Recurrent Ring Nonlinear Net-
work Systems with Undesirable Fluctuations

The fixed point theorem here-derived can be applied im-
mediately to analysis for characteristics of recurrent ring
nonlinear network systems with undesirable fluctuations
and to fine evaluation of available behaviors of those dis-
turbed systems.

Let us consider a recurrent ring nonlinear network sys-
tem which consists ofn stations andn unilateral nonlinear
channels. The station (i) is operated by the operator (i),
(i = 1, · · · ,n ≡ 0). For instance, in consideration of the
output signalxi−1 of the channel (i −1), the operator (i −1),
at the station (i − 1), operates his own input signalu0

i−1 and
gives the input signalwi−1 into the channel (i). The channel
(i) transfers this input signalwi−1 to the output side as an in-
put signalxi of the station (i). The function of the operator
(i − 1) is described as

hi(xi�1; u0i�1) gi(wi�1; pi) hi+1(xi; u0i )
Operator (i � 1)ofStation (i � 1) Operator (i)ofStation (i)Channel (i)

u0i�1 pi u0iinput signal input signalinternal stateve
tor parameterxi = fi(xi�1) 4= gi(hi(xi�1))
xi�1 wi�1 xi wi

wi−1 = hi(xi−1,u
0
i−1), (14)

and the nonlinear function of the channel (i) is described as

xi = gi(wi−1, pi), (15)

where pi denotes the internal state vector parameter of
channel (i), representative of whole internal structures and
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parameters. For fixedu0
i−1 and pi , functionshi andgi can

be abbreviated ashi(xi−1) andgi(wi−1), respectively. Inci-
dentally, we denote

fi(xi−1)
△
= gi(hi(xi−1)). (16)

As we previously pointed out, undesirable fluctuations
are often induced into ill-conditioned communication chan-
nels. In fact, in our ring network system, output signals
xi sometimes undergo undesirable uncertain fluctuations
forming closed subsetsGi(hi(xi−1), fi(xi−1)) in each space
Xi , respectively. So, for such a disturbed output signalxi ,
we can define a new set-valued nonlinear mapping:

Fi(xi−1, fi(xi−1))
△
= Gi(hi(xi−1), fi(xi−1)). (17)

Thus, the behavior of the channel (i) can be described in
the form:

xi ∈ Fi(xi−1, fi(xi−1)). (18)

Originally, these sets are crisp. However, in order to in-
troduce more fine estimation into these resultant fluctuation
sets, here we can reconsider anew these setsFi as fuzzy
sets. Then, let us replace the above described crisp sets
Fi(xi−1, fi(xi−1)) by fuzzy sets with same notations, accom-
panied with suitable membership functionsµFi (ξi), ξi ∈ Xi ,
which should be properly introduced corresponding to con-
scious planning for the fine evaluation of resultant fluctua-
tions themselves.

Now, for any fixed constantβi ∈ (0,1] different for ev-
ery channel (i), separately, then, we can accomplish fine
estimation of fuzzy setFi(xi , fi(xi−1)), by using individual
βi-level (i = 1, · · · ,n ≡ 0), respectively. So, for every fixed
constantβi ∈ (0,1], we can introduce a new system ofβi-
level fuzzy-set-valued nonlinear mapping equations:

xi ∈βi Fi(xi−1, fi(xi−1)), (i = 1,2, · · · ,n ≡ 0). (19)

If there exists a set ofβi-level fixed points{x∗i } in X(0)
i

(i = 1, · · · ,n ≡ 0), which satisfy the system ofβi-level
fuzzy-set-valued mapping equations (19), eachx∗i can be
considered as aβi-level likelihood output signal of chan-
nel (i), with internal statepi being affected by uncertain
fuzzy fluctuation, for fixed input signalu0

i−1 of station (i−1)
(i = 1, · · · ,n ≡ 0). Here, thisβi-level likelihood signal
x∗i can be found in a closed domain in which membership
functionµFi (x∗i−1,y

∗
i )(ξi) has value larger than or equal toβi ,

individually.
Thus, the fluctuation analysis of this type of recurrent

ring networks of unilateral nonlinear channels, undergone
by undesirable uncertain fluctuations, can be successfully
accomplished at extremely fine-level of estimation, by im-
mediate application of the here-presented fixed point the-
orem in weak topology for system ofβi-level fuzzy-set-
valued nonlinear mappings, with consciously selected val-
ues of parametersβi (i = 1, · · · ,n ≡ 0).
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