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Abstract—We provide an fiicient algorithm utilizing adjacent dimension (see [4, Def. 8.6]), but enumerating all
discrete Morse theory to dramatically reduce the size dhese paths is a combinatorially explosive proposition. We
a persistence complex while preserving its persistent hase an extended version (see [5]) of the theory of coreduc-
mology groups. Significant gains in both time taken antion from [9] to construct discrete Morse persistent com-
memory consumed are observed when we compare to thlexes diciently from any persistence complex. We also
existing methods of computing persistent homology. Oumplement a caching strategy to avoid the exponential cost
technique is not restricted to cubical, simplicial or ev&li C of summing over paths.
complexes. The rest of this paper is arranged as follows. In section
2 we provide the basic definitions and prior results that we
have used in our work. In section 3 we describe our main
algorithm. We also provide certain details of implementing

Persistent homology has become ubiquitous in the topgjIS algorithm in G-+ along with a comparison to existing

logical analysis of data since its inception in [3] and Subg,oftware.

sequent refinement in [13]. However, the standard algo-

rithm for the computation of persistent homology group®. Preliminary Definitions and Results

of a persistence complek with n cells over a field as o )

described in [13] relies on the Smith Normal Form over L€tRbe a principal ideal domain throughout the paper.

the PIDF[t]. The optimal known implementation of the . .
Smith Normal Form over the integers, for instance, is of-1- Persistent Complexes and Persistent Homology
super-cubical complexity in (see [10]). For many appli-  The following definition pertains to combinatorial com-

cations involving large persistent complexes, the stahdapjexes of cells as developed by Tucker and Lefschetz (see
algorithm is unfeasible in terms of both time and memory; 1] and [6)).

1. Introduction

costs. . . A complexoverR is a finite graded set = | |4 Xq with
Some progress has been made fiificent computation eachs € X, being called aell of dimension galong with a

of persistent homology, for instance in [12], but the effynction« : X x X — R called anincidence functiosuch
ficiencies obtained via this method are applicable only tghat for anyy and¢ € X,

cubical datasets with little hope for generalization toeoth

types of complexes. Recent approaches reduce the comt. «(17,¢) # 0 implies dimy = dimé + 1, and
plexity to matrix multiplication time as in [8], but practt

implementations of the Coppersmith-Winograd algorithm 2+ 2¢ex k(n.0) - k(£.€) = 0.

(see [2]) for matrix multiplication remain elusive. ConsiderX’ c X such that for anyy € X’ we have
An alternative to these methods is to reduce the persig:- ¢ x | «(5,£) £ 0} ¢ X’. Such a subsex’ is called a
tence complex directly without changing the persistent hqg|osed)subcomplexf X. We see immediately that the re-
mology groups. If we have a single compléxthen dis-  striction of x to X’ x X’ defines an incidence function on

crete Morse theory from [4] provides an excellent theorety-

ical tool for reducing the size of the complex. There are, \yie denote each free modUREX,) by Co(X) and call its
however, large gaps in terms of practical implementationgiements thej-chains The basis elements of this module
Some progress has been made towards finding optimal dige precisely the cells in Xq. We will distinguish theq
crete Morse functions on triangulated 2-manifolds in [7khain corresponding té from the cell¢ by denoting the
but we know little about generalizing such results to higheghain as?. The incidence functior induces the associated

dimensions and more general complexes. boundary operatord : Cq(X) — Cq-1(X) via

Even if we are given a discrete Morse functjpn X —
R, the process of computing homology requires summing o) = ZK(”’ g)jf‘ 1)
multiplicities over all gradient paths linking critical ikeof fex
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and the properties of ensure the familiar proper§y-1 o «(K, Q) is used to clear out the column Kfand the row of
dq = 0. Finally, theqth homology group ofX is defined Q in the matrix representation of the boundary operétor
to be the quotient modulkly(X) = kerdy/img dq.1. The via the elementary row and column operations
computation of homology groups involves expressing the

matrix representation of eacly with respect to the bases k(&) — k(n, &) - w )
XqandXq_1 in Smith Normal Form. «(K, Q)

Now consider a sequenge = {X*} of complexes so that Since these operations are admissible moves towards com-
eachXX is a subcomplex of the subsequedft®. This en- puting the Smith Normal Form, the homology groups of the
tire sequence is calledersistence complexet«* denote  complexX are isomorphic to those of the reduced complex
the incidence product of eacki with the understanding X \ {K, Q}. Proceeding in this fashion, we may remove all
that 1|y« = kX, Therefore, each boundary operatorthe paired cells i and@Q from X without changing the
1 also restricts t@* on X¥. That is, each inclusion map homology groups. The boundary operator on the remaining
i C(X*) — C(X*1) is achain map The p-persistent g- critical cellsA is denoted\ and called the Morse boundary
th homology groupf X as defined in [13] is the quotient operator. It may be directly readfdrom the boundary ma-
module trices after all the paired cells have been removed via the

By vk kerd operations described in equation (3).
He(X) = ————— (2) h . Y
kerd nimg <P These row operations and their inverses correspond to

_ w1 . well-defined chain mapg, andyq as described at the end
where the quotient makes sense when each module in sigfthe preceding section.

is regarded as a submoduleccg(Xk‘fp). It has been shown

in [13] that if R is a field then each generator of the persisp 3. Reduction of Persistence Complexes

tent homology groups of may be represented by a family

of intervals of the typeky, ko) with k; < k, wherek; isthe ~ Given a persistence compléx = {xK}, we will describe

first value ofk for which the generator is an element ofthe construction of acyclic matchinggf, p¥ : K¢ — @)

kerdk andk; is the first value ok where the generator is an of eachX* such that the obvious inclusion and restriction

element of imgX. requirements are satisfied on the critical and paired cells.
In the subsequent sections, we describe how discretdat is, we have

Morse theory is used to reduce eadt to an associ-

ated Morse complexAX via chain equivalent maps‘a : L A AT K c Kt and@ c @

Cq(X¥) = Co(AX) andgk : Cq(X*) — Cq(A¥) such that 2. Pl = pk

1. E_ach?l" i_s a subcomplex afA*** with a given inclu-  Note that the second requirement forces the pairings to re-
sion mapj* : C(AX) — C(AY). spect the indek. That is, cells inX**1 \ XX may only be
Spaired with each other. These conditionflisg to ensure

2. The chai ith i ions. i . .
e chain maps commute with inclusions. That i that the following diagram commutes

!//k+1 o ik = jk o !//k and¢k+1 o jk = ik o ¢k.

The first condition guarantees that the Morse complexes ﬁ, C(XY) '_k, (X< ﬁ)
{Ak} form a persistence complex which we call, and the T s
second condition guarantees that the persistent homology v H¢ v H"’

groups of¥ and M are isomorphic. Some details have
been omitted here due to space considerations, but these
will be supplied in an upcoming publication.

jk—l K jk kel jk+1
..— CHA)Y — CH)— ...
whereyX and ¢k are the chain equivalences between each
complexX* and its Morse comples#. From this commu-
tative diagram, we immediately have the two desired prop-
The relationship between a cell comphand its Morse  erties from the end of section 2.1.
complexA has been described in [4]. Following the rein-
terpretation in [1], we partition the cells of into three 3 Algorithms, Implementation and Results
categoriesA, K andQ. The cellsA c X which eventually
form the reduced Morse complex are callgdtical. The Before describing any algorithms, we summarize use-
other two cell categories, denot@&fland@ are required to ful notation pertaining to persistence complexes. Firgt, w
be bijective via a correspondenpe K — Q such that for abuse notation slightly to write € ¥ to indicate that;
eachK in K the incidence(K, p(K)) is a unitinR. Such a is a cell in some complex* belonging to the persistence
decompositionf, p : K — Q) of a complexX is known complex# . For any celk in 7, define
as amcyclic matching
Each pair of cellK € K andQ = p(K) € Q may then be bd(£) {neF |« n)# 0}
removed from the complex altogether. The unit incidence cb(é) {neF |« & + 0}

2.2. Excision of Cell Pairs
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We callbd(¢) the set ofboundary cellsor simply bound- Here is a simple subroutine that allows us to populate the
ariesof £ andcb(¢) the set otoboundary cellsr cobound- gradient paths of coboundaries of a given cell.
ariesof £ Note that for a persistence comptgx= {X*},

the notion ofbd is well defined independent of the index Algorithm: UpdateGradientPath
k. Thatis, if¢ € XX thenbd(¢) c XX since we have the In: &€ Out: Updatesy(n) for all 7 € cb(é)
subcomplex property and restricts as expected to lower 01 | for eachn € cb(£)
values ofk. However, a celt may have dierentcb’s de- 02 if ¢ e A< for some k
pending on which compleX* is being considered. We 03 9(m) < 9(n) + k(. €) - &
remove the ambiguity by insisting thab(¢) be the union 04 else
of cb(¢)’s over all the nested complexa¥. 05 9(n) < 9(m) + k(n.£) - 9(&)

06 end if
3.1. Coreduction 07 || end for

The coreduction homology algorithm was first intro-Finally, here is our coreduction-based algorithm for reduc
duced in [9] to reduce the size of a single complewith-  ing 7 to M. For simplicity and to emphasize that we only
out altering its (reduced) homology groups. dlementary need to store each cell once rather than save a copy for each
coreduction pairis defined to be a pair of cells andQ  subcomplexX* containing that cell, we partition the cells

in a complexX such thavK = u- Q, whereuis a unitin in the persistence compléx, X by settingB! = X* and
R. Clearly, this is a special case of the cells paired in agk = x*\ xk1 for higherk.
acyclic matching. The advantage of restricting attent®n t

coreduction pairs is apparent when one considers the ma- Algorithm: MorseReduce
trix operations in (3). If we excise the pak(Q), we only In: F = {Xk}f = {Bk}r; Out: M= {ﬂk}r
need to update(n, &) when bothk(K, &) and «(n, Q) are 01 || foreach ke {1.....K}
non-zero. But ifQ is the only solution inX of «(K, %) # 0, 02 while BX £ o
then there is no need to updatat all and the traditional 03 Pick Ae B of min dimension
costs associated with Smith Normal Form computation are 04 A — AKUIAL;
not encountered_. . . L. 05 updateGradientPath(A)

The coreduction algorithm relies on excising a cell of 06 B — B\ {A]
minimal dimension from a given compleX and then re- 07 Que := Empty Queue of Cells
moving all possible elementary coreduction pairs until no | go Que — A
more pairs are found. A method to keep creating and re- 09 while Que # o
moving coreduction pairs by choosing new minimal cells 10 Que — K
once the traditional algorithm halts may be found in [5]. 11 it 9K =0
The only additional cost comes from computing the bound- 12 Que « cb(K)
aries of the newly chosen minimal cells, but the precise for- . —~
mula for the new boundaries comes from discrete Morse iz er?(;e:—llfk?fqzlztg .I?Q c B¢
theory. ' ’

We extend this new coreduction technique from [5] to 15 B¢ — B\ (K]
persistent complexes so that the properties of the commut-| 1° Que Cb(g((?())
ing diagram from section 2.3 are preserved. 17 9Q <~y

18 if dimQ =dimA
3.2. Main Algorithm 19 updateGradientPath(Q)
) ) ) 20 end if

We provide an algorithm to construct a Morse pfr5|s- 21 Que « ch(Q)
tence complex from a persistence compjex= {Xk}l. 22 B « B\ (Q)
First, associate to each celle X* a descending gradient 23 end if
path ¢£) which is an element oE(AX). The gradient path 24 end while
for each cell in the filtratior” is initialized to the trivial 25 end while
chain and will be populated as the algorithm proceeds. On | 26 || end for
termination, the gradient patd{A) for eachA in the Morse 27 || return {Ak}f

persistence complei will hold the chain corresponding
to AA, the Morse boundary. Thus, the storage of gradient As the algorithm picks and excises critical cefis it
paths at each step bypasses the cost of summing multipligadates the gradient paths of cellscim(A) and enqueues
ities over paths as in [4] completely. those cells to check for elementary coreduction pairs that

The main idea is to pick as critical a cell of minimummay have been created as a result of the excision. Note that
dimension inX* for the lowesk such thatX* is non-empty  while the critical cells are chosen in order of increasing
and then perform the usual coreduction algorithm from [9}there is no restriction on thie. corresponding td* from
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