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Abstract—This paper proposes a design method of
resonant converters applying computation algorithm of
bifurcation values. As a design example, the phase-
controlled resonant dc-dc converter with the class-D Zero-
Voltage Switching (ZVS) inverter and the class-E rectifier
is designed. By drawing the ZVS region on the parameter
space, it is possible to obtain the proper component values
for satisfying the ZVS condition at any phase shifts.
The validity of the design method was confirmed from
the quantitative agreements with PSpice-simulation and
experimental results.

1. Introduction

Resonant converters are widely used as power-
electronics circuits for RF power supply [1], wireless
power transfer system [2] and so on. One of the design
motivations of the resonant converters and inverters is
an achievement of the soft switching conditions such as
Zero-Voltage Switching (ZVS) condition.

The phase control [3] is a major control strategy to
achieve the soft switching in the wide control-parameter
region. By changing the phase shift between two inverters,
the amplitude of the sinusoidal current can be adjusted and
output-power control is achieved. It is, however, not simple
to design the phase-controlled converter for achieving ZVS
at any phase shifts. This is because the ZVS condition is
sensitive to load variations. Therefore, it is important to
comprehend the switching states in wide parameter region
for determining proper system parameters.

By the way, switching converters are regarded as typical
nonlinear systems with periodic external forces. Therefore,
the power-electronics research field is very familiar with
nonlinear-system analysis research field. In the nonlinear
research field, there is the special computation algorithm
for obtaining bifurcation values [4]. The bifurcation-value
derivation problem narrows down to the derivation of
the system parameters, which satisfy the bifurcation and
steady-state conditions simultaneously. On the other hand,
most of power-electronics-circuit characteristics such as
switching conditions and output power are defined in the
steady state. Namely, it is possible to derive system
parameters of the power-electronics circuits for satisfying
the assigned design conditions with high accuracy and
low computation cost when the computation algorithm of
bifurcation values is applied to the circuit designs.

This paper presents a design method of resonant
converter applying computation algorithm of bifurcation
values. As a design example, the phase-controlled resonant
dc-dc converter with the class-D ZVS inverter and the
class-E rectifier is designed. By drawing the ZVS region on
the parameter space, it is possible to obtain the proper com-
ponent values for satisfying the ZVS condition at any phase
shifts. The validity of the design method was confirmed
from the quantitative agreements with PSpice-simulation

and experimental results. The maximum efficiency of the
designed converter is 95.8% with 400 kHz operation and
50 W output power.

2. Summary of Design Algorithm

The computation algorithm for bifurcation-value deriva-
tions has special computation techniques, which provides
rigorous bifurcation values with low computation cost
regardless of the system complexity. In this paper,
computation algorithm in [4] is basis for the proposed
algorithm.

2.1. System Description

Let us consider a dynamical system described by differ-
ential equations:

dx
dt
= f (t, x, λ), (1)

where t ∈ R, x ∈ Rn, and λ ∈ Rm denote time,
n-dimensional state, andm-dimensional system parameter,
respectively. In this paper, for sake of simplicity,

f : R× Rn × Rm → Rn

(t, x, λ) 7→ f (t, x, λ) (2)

is periodic function int with periodtT :

f (t + tT , x, λ) = f (t, x, λ). (3)

We also assume that (1) has a solutionx(t) = φ(t, x0, λ)
defined on−∞ < t < ∞ with every initial conditionx0 ∈
Rn and everyλ ∈ Rm : x(0) = φ(0, x0, λ) = x0.

2.2. Poincaŕe Mapping and Steady-State Conditions

By the periodic hypothesis (3), it is natural to define a
C∞ diffeomorphismT from state spaceRn into itself :

T : Rn → Rn

x0 7→ T(x0, λ) = φ(tT , x0, λ).
(4)

The mappingT is often called the Poincaré mapping and is
used for investigating qualitative properties of (1).

If a solutionx(t) = φ(t, p0, λ) is periodic with periodtT ,
the pointp0 ∈ Rn is a fixed point ofT :

T( p0 , λ ) = p0. (5)

If p0 = x0, (5) corresponds to the boundary conditions for
the steady state. The initial valuesx0 for the steady state
can be determined uniquely by solving (5) withp0 = x0.
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2.3. Power-Electronics Circuit Design Conditions

Power electronics circuits such as switching converters
can be expressed by differential equations with periodic
external forces as given in (1). Additionally, most of design
restrictions of the switching converters are evaluated in the
steady state. Because it is necessary to consider multiple
conditions for the circuit designs, we have

G(x0, λ) =


G1(x0, λ)
G2(x0, λ)
...

GN(x0, λ)

 = O. (6)

When (5) and (6) are solved simultaneously by using
Newton’s method, it can be obtainedx0 for guaranteeing
the steady-state conditions andλ for achieving the design
conditions simultaneously.

2.4. Boundary-Curve Tracking

The visualization of system characteristics in two-
dimensional parameter space (λ1, λ2) is considered. When
characteristics are investigated all the sampling points of
parameter space, high computation cost is necessary for
the characteristic comprehensions. The characteristics
can be visualized with low computation cost by drawing
the boundary curves, which is our proposal for the
computation-cost problem. (λ1l , λ2l) expresses thelth
parameter set for satisfying the assigned conditions and
subscriptionl means the number of iteration. It is assumed
that the first parameter set (λ10, λ20) for satisfying the
assigned conditions can be obtained. For boundary curve
derivations, one of the parameters is slightly changed, e.g.,
λ11 = λ10 + ελ1, whereελm is a sampling interval on the
parameter space forλm. The other parameter, namely
λ21 can be determined from the parameter-derivation
algorithm. By changing the system parameter slightly,
Newton’s method is converged with a few iterations.

It is necessary to know the direction and the slope for
following the boundary curve. The direction and slope can
be obtained approximately from

(∆λ1l ,∆λ2l ) = [(λ1l − λ1(l−1))/ελ1, (λ2l − λ2(l−1))/ελ2]. (7)

By using (7), the parameter for obtaining thel+1th solution
is renewed as{
λ1(l+1) = λ1l + (−1)sgn(∆λ1l )ελ1 if ∆λ1l > ∆λ2l ,
λ2(l+1) = λ2l + (−1)sgn(∆λ2l )ελ2 if ∆λ2l > ∆λ1l .

(8)

When the above computations are iterated againstl, the
boundary curve can be followed automatically in the
parameter space.

3. Design Example

3.1. Phase-Controlled Class-D Inverter

The phase-controlled class-D inverter is composed of
two identical class-D inverters, which are connected in
parallel. Each inverter consists of input voltage sourceVI ,
two MOSFETs as switching devicesS1 j and S2 j , shunt
capacitancesCS1 j and CS2 j , and series-resonant circuit
Lr j − Cr j , where the subscriptj is a label of the inverters.
The top and bottom switches at each inverter turns on and
off alternatively with the switch on-duty ratioD, where
D < 0.5 for generating the dead time. The ac currentir j
is generated by the series-resonant filterLr j − Cr j . The
rectifier input currenti, wherei = ir1 + ir2, is fed into the
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Figure 1: Phase-controlled resonant dc-dc converter with
the class-D ZVS inverter and the class-E rectifier. (a)
Circuit topology. (b) Equivalent switching device model.

class-E rectifier. The amplitude ofi can be controlled by
the phase shift between the invertersϕ, which means that
the output power can be adjusted by changing the phase
shift. A maximum and minimum rectifier input currents
are yielded atϕ = 0 andϕ = π, respectively.

3.2. Class-E Rectifier

The class-E rectifier consists of diodeD, diode-shunt
capacitanceCD, low-pass filterL f −C f , and load resistance
R as shown in Figure 1. In the class-E rectifier, the
difference of the input currenti and the output current
Io flows through the diodeD or the shunt capacitance
CD alternatively. During the diode is in off state, the
current flows through the shunt capacitance. The diode
voltage is transformed into a DC voltage through the
L f − C f low-pass filter. In the diode-on duration, the
diode voltagevD is approximately zero, which leads to the
ZVS at turn-off instant. At the turn-off transition of the
diode, diode voltage and the slope of it are zero, which
are called class-E ZVS/ZDS conditions. Because of the
class-E ZVS/ZDS conditions, the class-E rectifier can also
achieve high power-conversion efficiency. It is noted that
the class-E rectifier always achieves the class-E ZVS/ZDS
conditions regardless of the circuit parameters, which is
different from the class-D ZVS inverter.

The phase-controlled resonant converter as shown in
Fig. 1 can achieve a high power-conversion efficiency when
the phase-controlled inverter satisfies the ZVS condition.
Therefore, it is quite important to ensure that the phase-
controlled inverter achieves the ZVS at any phase shifts.

3.3. Circuit Description

The following assumptions are given for converter
modeling.

1) All the switching devices, which are MOSFETs,
MOSFET anti-parallel diodes, and rectifier diode
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work as ideal switching devices; namely zero switch-
ing time and infinite off-resistance are assumed.

2) The switch-on resistance of MOSFETs, anti-parallel
diodes, and rectifier diode are considered, which are
expressed asrS, rS D, andrD, respectively.

3) The shunt capacitances include MOSFET drain-to-
source capacitances. The nonlinearity of the MOS-
FET parasitic capacitances are ignored. Additionally,
the shunt capacitances at top and bottom switches are
identical, namelyCS1 j = CS2 j .

4) The equivalent series resistances (ESRs) of all com-
ponents are considered. However, they are sufficient
small not to affect the waveforms.

5) The switchesS11 andS21 turn on atθ = 0 andθ =
π, respectively, with duty ratioD. Additionally, the
class-D inverters 1 and 2 are driven with phase shiftϕ.

6) The component values of the inverter 1 are the
identical to those of the inverter 2.

For the circuit-equation formulations, the normalized
parameters are defined as follows.

a) ω = 2π f : The angular operating frequency.

b) ωin = 2π fin = 1/(
√

LrCr ) : The resonant angular
frequency of the inverter.

c) Ain = ( fin/ f ) = ωin/ω : The ratio of resonant
frequency of the inverter to operating frequency.

d) Bin = CS/Cr = (CS1 + CS2)/Cr : The ratio of the
sum of shunt capacitances of switches to resonant
capacitance of the inverter.

e) ω f = 2π f f = 1/(
√

L f C f ) : The cut-off angular
frequency of the low-pass filter.

f) Are = ( f f / f ) = ω f /ω : The ratio of cut-off frequency
of the low-pass filter to operating frequency.

g) Bre = CD/C f : The ratio of the shunt capacitance of
the rectifier diode to low-pass filter capacitance of the
rectifier.

h) H = Lr/L f : The ratio of resonant inductance of the
inverter to low-pass filter inductance of the rectifier.

i) Q = (ωLr )/R : The parameter like loaded quality
factor of the inverter.

From the above assumptions and normalized parameters,
the circuit equations are

d
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Rir j

VI
=

1
Q

(
vS1 j

VI
−

vCr j

VI
− vD

VI
− rLr

R
·

Rir j

VI

)
d
dθ

vCr j

VI
= A2

inQ ·
Rir j

VI
d
dθ

vS1 j

VI
=

A2
inQ

Bin

[(
R

RS2 j

)
−
(

R
RS1 j
+

R
RS2 j

)
vS1 j

VI
−

Rir j

VI

]
d
dθ

vD

VI
=

A2
reQ

BreH

[
R(ir1 + ir2)

VI
− R

RD
·vD

VI
−

Rif
VI

]
d
dθ

Rif
VI
=

H
Q

(
vD

VI
−

vf

VI
−

rL f

R
·
Rif
VI

)
d
dθ

vf

VI
=

A2
reQ

H

(
Rif
VI
−

vf

VI

)
, j = 1 and 2,

(9)

where RS1/R, RS2/R, and RD/R are the normalized
resistances of the bottom switch of the inverter 1, that
of the inverter 2, and the rectifier diode, respectively.

The normalized resistances of the bottom switches of the
inverter are given by

RS j

R
=



rS

R
, if Dr j is in on-state,

∞, if Dr j is in off-state and 0≤
vS1 j

VI
< 1.

rS D

R
, otherwise.

(10)
Similarly, the normalized resistance of the rectifier diode is

RD

R
=


rD

R
for

vD

VI
≤ vth

VI
,

∞ for
vD

VI
>

vth

VI
,

(11)

where vth is the threshold voltage of the rectifier diode.
When we definex is x = [x1, x2, · · · , x9] = [Rir1/VI ,
Rir2/VI , vCr1/VI , vCr2/VI , vS1/VI , vS2/VI , vD/VI , Rif /VI ,
vf /VI ]T ∈ R9 andλ = [Q, Ain, Are, Bin, Bre, H, D, R, rS/R,
rS D/R, rD/R, rLr /R, rL f /R, VI , ϕ ]T ∈ R15, it is seen that
the circuit equations in (9) corresponds to (1). The voltage
and current waveformsφ can be obtained by applying the
Runge-Kutta method to (9).

3.4. Drawing the ZVS Region

For drawing the ZVS region, it is necessary to express
the boundary condition of switching states between ZVS
and non-ZVS. In this paper, the switching states of the
bottom switches are considered because of symmetric
operations between the top and bottom switches.

Because the waveforms in the steady state are periodic
orbit with 2π, the steady-state condition corresponding to
(5) is

φ(2π, x0, λ) − x0 = 0 ∈ R9. (12)

The boundary condition between ZVS and non-ZVS means
that the switch-voltage waveform reaches zero from posi-
tive to negative direction at switch turn-on instant. Namely,
we have

φ5(2π) = 0 and
dφ5(2π)

dθ
< 0 for the inverter 1 (13)

and

φ6(2π + ϕ) = 0 and
dφ6(2π + ϕ)

dθ
< 0 for the inverter 2. (14)

By solving (12)-(14) successively with the curve track-
ing algorithm, it is possible to draw the boundary curve
between the ZVS and non-ZVS regions on the parameter
space. When a parameter set satisfies all of two conditions,
the ZVS can be achieved at both the inverters 1 and 2.
3.5. Computation Results

The component values according to the concrete design
specifications can be obtained by using the normalized pa-
rameters. In this design example, the design specifications
are given as: the operating frequencyf = 400 kHz, the
load resistanceR = 50Ω, and the maximum output power
Pomax= 50 W. The output power is controlled from 50 W
to 0 by varying the phase shiftϕ. From R = 50 Ω and
Q = 3, the resonant inductanceLr = 59.7µH was obtained.
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Figure 2: Boundary of ZVS or non-ZVS region for fixed
phase shifts and ZVS region at any phase shifts onAin and
Bin space.

Table 1: Component Values and Characteristics of Phase-
Controlled Resonant dc-dc Converter.

Calculated Measured Difference
Cr1 9.96 nF 10.0 nF 0.53 %
Cr2 9.96 nF 10.0 nF 0.53 %
CS1 684 pF 673 pF -0.17 %
CS2 684 pF 670 pF -0.21 %
CD 5.14 nF 5.14 nF 0.00 %
L f 300µH 303µH 1.00 %
C f 5.28µF 5.28µF 0.00 %
Po 50.0 W 49.8 W -0.004 %
η 95.8% 91.9% -3.90 %

Also, H = 0.2, Are = 0.01, Bre = 0.001, rD/R = 0.05,
Dre = 0.5, rS/R = rS D/R = 0.05 are given. Because of
H = 0.2, the inductance of low-pass filter wasL f =300µH.
The inductors ofLr1, Lr2, andL f were made posterior to
the component value derivations, and ESRs of inductances
were measured asrLr1 = 0.28 Ω, rLr2 = 0.27 Ω, and
rL f = 0.11 Ω. The input voltage for achieving 50 W
output power forϕ = 0 is VI = 116 V. Figure 2 shows
the superimposed boundary curves for the fixed phase shift.
The narrowest ZVS region appears atϕ = 72◦ in this design
example. Additionally, it can be confirmed from Fig. 2 that
the ZVS region forϕ = 72◦ covers with the ZVS regions at
other phase shifts. Namely, the converter, which achieves
the ZVS at any phase shifts, can be designed by selecting
a set of parametersAin and Bin from the dotted region in
Fig. 2, which is the ZVS region forϕ = 72◦. In this design
example, we selected the parameter set ofAin = 0.51 and
Bin = 0.068. By using this parameter set, it is possible to
achieve the ZVS at any phase shifts with high output power.

3.6. Experimental Verifications

Circuit experiments and PSpice simulations were carried
out for showing the validity of the converter design. Table 1
gives the component values.

Figure 3 shows superimposed waveforms of numer-
ical calculations, PSpice simulations, and experimental
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vs2

ir1 ir2

vD

vf

i

0 π 2π 0 π 2π 0 π 2π

Figure 3: Waveforms of numerical calculations (dashed
line) ,PSpice simulations (dotted line) and circuit experi-
ments (solid line) forϕ = 72◦. Vertical : Dr11, Dr12:10
V/div, vS11, vS12:100 V/div, ir1, ir2:1 A/div, i:2 A/div,
vD:200 V/div, vf :50 V/div and Horizontal : 400 ns/div in
PSpice simulations and circuit experiments.

measurements forϕ = 72◦. The ZVS region is the
narrowest atϕ = 72◦. It was confirmed from Fig. 3
that both inverters 1 and 2 achieved the ZVS atϕ =
72◦. Namely, the phase-controlled resonant converter with
class-D ZVS inverter could be designed successfully. This
result showed the validity of the ZVS-region map as shown
in Fig. 2. Additionally, the numerical waveforms agreed
with the experimental and PSpice simulation waveforms
quantitatively, which showed the validity of circuit-model
formulations and the steady-state waveform derivations.

4. Conclusion

This paper has been proposed design method of resonant
converters applying computation algorithm of bifurcation
values. As a design example, the phase-controlled resonant
dc-dc converter with the class-D ZVS inverter and the
class-E rectifier is designed. It is possible forth designed
converter to achieve the ZVS condition at any phase shifts.
The validity of the design method was confirmed from
the quantitative agreements with PSpice-simulation and
experimental results.
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