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Abstract—We present the bifurcation cascade leading
to self-pulsing dynamics in a semiconductor laser embed-
ded in a photonic integrated circuit. The mechanism at
the origin of the self-pulsations is explained by a phe-
nomenon of beating between external cavity modes and
anti-modes. This dynamics is specific to lasers subjected
to time-delayed optical feedback from a short external cav-
ity, in which the feedback delay is shorter than the laser
relaxation oscillation period. On the basis of experimental
observations and numerical studies, we show that increas-
ing the feedback strength causes the laser to exhibit a suc-
cession of self-pulsing dynamics at frequencies increasing
up to 17 GHz. Moreover, we demonstrate that the mecha-
nism underlying this dynamics is a migration of limit cycles
through successive modes in the phase space, which fre-
quencies are determined by the distribution of the modes
and anti-modes. Simulations using the Lang-Kobayashi
model show good qualitative accordance with the experi-
mental observations and allow to understand the frequency
interval in which self-pulsations can be observed.

1. Introduction

The interesting properties of the rich nonlinear dynamics
of semiconductor lasers with optical feedback are nowa-
days commonly used for optical communication and signal
processing [1]. Recently, studies of nonlinear dynamics
in Photonic Integrated Circuits (PICs) have been thriving
[3, 4]. Due to their compactness and their high phase sta-
bility, the suitability of PICs for chaos generation or laser
coupling in applications in the fields of fast random bit gen-
eration or telecommunications has been evidenced [5, 6].
Another fundamental interest of PICs is the fact that they
are suitable to study lasers subjected to feedback in short
external cavity configurations, i.e. when the feedback de-

lay is shorter than the relaxation oscillation period [7].
We focus here on one kind of nonlinear dynamics spe-

cific to short cavity regimes, namely self-pulsation: state
in which the emitted intensity shows harmonic oscillations
versus time. Self-pulsation has been first reported theo-
retically [8], and has later been analyzed experimentally
in lasers with ultra-short external cavity [9, 10]. In such
short-cavity configurations, self-pulsation can be generated
from a beating between external cavity modes and anti-
modes. This beating results in a self-pulsing dynamics at a
frequency determined by the frequency distribution of the
modes and the anti-modes.We present an experimental ob-
servation of the bifurcation scenario showing self-pulsation
originated by a beating between successive pairs of modes
and anti-modes and discuss the evolution of the pulsing fre-
quency as the feedback strength increases.

2. Experimental observation of self-pulsation in PIC

Our PIC consists of a distributed feedback semiconduc-
tor laser bounded by a photodiode and a 2.3-mm long active
external cavity composed of two independent semiconduc-
tor optical amplifiers and a passive waveguide ended by
a reflector. The external cavity frequencyfcav is close to
17 GHz. The relaxation oscillation frequencyfRO ranges
from 2.3 to 7.4 GHz, according to the laser injection cur-
rent. This fulfills the short external cavity condition, since
fcav > fRO [7].

Experimental results are presented in Fig. 1, where a
transition from steady state to self-pulsation is seen as the
feedback strength is increased, by adjusting the injection
current in one of the optical amplifiers (JS OA1). The laser
injection current is indicated by its normalized value with
respect to thresholdJ/Jth, whereJth = 13 mA. In Fig. 1,
the value ofJ/Jth is equal to 1.0. The scenario starts when

2015 International Symposium on Nonlinear Theory and its Applications
NOLTA2015, Kowloon, Hong Kong, China, December 1-4, 2015

- 149 -



2

4

6

8

10

12

0 0.5 1 1.5 2 2.5 3 3.5 4

In
te

ns
ity

 [
ar

b
. u

n
its

]

Time [ns]

0

20

40

60

80

100

0 5 10 15 20
Frequency [GHz]

P
o

w
er [dB

]

(a.1)

(a.2)

(a.3)

(a.4)

(b.1)

(b.2)

(b.3)

(b.4)

14.1 GHz

14.3 GHz

1.36 GHz

Temporal waveforms RF spectra

Figure 1: Experimental observation of self-pulsing dynam-
ics whenJ/Jth=1.0 for increasing values ofJS OA1: (a-b.1)
9.60 mA, (a-b.2) 10.25 mA, (a-b.3) 10.53 mA and (a-b.4)
11.40 mA. The temporal waveforms (left) and the RF spec-
tra (right) have been vertically shifted for clarity.
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Figure 2: Experimental bifurcation diagram showing three
dynamical cycles of self-pulsations seen when increasing
JS OA1 for J/Jth fixed to 1.0. The colors correspond to differ-
ent dynamics: grey is steady state, green is self-pulsation,
blue is quasi-periodicity. Yellow is a peculiar intermittent
regime which is not discussed here. The region labeledcy-
cle 1corresponds to the scenario presented in Fig. 1.

the laser operates in steady state (Fig. 1.(a.1)). As the
feedback strength (JS OA1) is gradually increased, a bifurca-
tion occurs and this steady state gives way to self-pulsation
(Fig. 1.(a.2)) at the frequency of 14.1 GHz. If the feed-
back strength is further increased, a new frequency rises
upon the harmonic background, inducing a transition to
quasi-periodicity (Fig. 1.(a.3)). In the corresponding RF
spectrum, (Fig. 1.(b.3)) the peak at 14.3 GHz is the rem-
iniscence of the frequency of the self-pulsation and corre-
sponds to the fast dynamics in the time trace. A second
peak stands in the region of low frequencies (1.36 GHz)
and corresponds to the newly-emerged slowly-varying en-
velope shaping the time trace in Fig. 1.(a.3). A further
increase ofJS OA1 causes this quasi-periodic dynamics to
collapse and the laser to recover steady state (Fig. 1.(a.4)).

As the feedback strength increases, these three suc-
cessive dynamics [steady state, self-pulsation and quasi-
periodicity] shape a dynamical cycle, reproducing itself
several times. This observation is illustrated in Fig. 2
where an experimental bifurcation diagram obtained when
varying JS OA1 from 0 to 25 mA is represented. In this
diagram, the scenario [steady state (grey), self-pulsation
(green), quasi-periodicity (blue)] is reproduced three times.
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Figure 3: Simulated RF spectra. Spectra (c.2) and (c.3)
illustrate the frequency contents of traces in Figs. 4.(a.2)
and 4.(a.3) respectively.

3. Numerical analysis of bifurcation to self-pulsation

We carry out simulations making use of the Lang-
Kobayashi rate equations [2] in order to give a theoretical
explanation of the bifurcation cascade and mechanism un-
derlying self-pulsation:

dE(t)
dt

=
1
2

[
GN (N(t) − N0)

1+ ϵE2(t)
− 1
τp

]
E(t) (1)

+ κE(t − τ)cos(Θ(t))

dΦ(t)
dt

=
α

2

[
GN (N(t) − N0)

1+ ϵE2(t)
− 1
τp

]
(2)

− κ
E(t − τ)

E(t)
sin(Θ(t))

dN(t)
dt

= J − N(t)
τs
− GN (N(t) − N0)

1+ ϵE2(t)
E2(t) (3)

Θ(t) = ωτ + Φ(t) − Φ(t − τ) (4)

In these equationsN, E andΦ are respectively the carrier
density, the electric field amplitude and the electric field
phase.τ ps andκ represent the feedback delay and strength.
α=3 is the linewidth enhancement factor,J is the laser in-
jection current,GN is the gain coefficient,N0 is the carrier
density at transparency,τp andτs are the photon and carrier
lifetimes. ϵ is the gain saturation coefficient. The delayτ
is equal to 59 ps and corresponds to our experimental value
of fcav=17 GHz. The parameterR is used to quantify the
feedback strength and can be seen as a reflectivity coeffi-
cient. It is defined byκ = (1− R2

2)R/(τinR2), whereτin and
R2 are respectively the photon round-trip time in the laser
internal cavity and the reflectivity coefficient of the laser
output facet. The dynamics of the photons and the carriers
in the active external cavity is not taken into account in the
Lang-Kobayashi model. Our aim is to understand the gen-
eral mechanism at the origin of self-pulsation, which can
be well rendered with this simple model. Yet it is worth to
mention that analysis using the more sophisticated model
of the so-called Traveling Wave Equations have been car-
ried out, showing good quantitative compliance with exper-
imental observations [10].
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Figure 4: Simulated scenario of self-pulsing dynamics.
J/Jth=1.5. Temporal waveforms (vertically shifted for clar-
ity) and the corresponding phase trajectories in the carrier
density versus optical frequency shift space are presented
as the feedback strengthR is increased: (a-b.1)R=0.35,
(a-b.2)R=0.42, (a-b.3)R=0.43 and (a-b.4)R=0.46. In the
phase trajectories, the external cavity modes (anti-modes)
are represented by dots (circles).

The simulated dynamical scenario is shown in Fig. 4.
Modes (black dots) and anti-modes (circles) correspond re-
spectively to stable and unstable solutions of steady inten-
sity in the Lang-Kobayashi equations and are the the ba-
sis of the phenomenon of mode/anti-mode beating. The
RF spectra corresponding to the self-pulsation and quasi-
periodicity are given in Fig. 3. The sequence of quali-
tatively different dynamics starts with a first steady state
(Fig. 4.(a-b.1)). When increasing the feedback strength,
the system undergoes a bifurcation leading to a self-pulsing
dynamics (Fig. 4.(a-b.2)). Self-pulsation is explained by a
beating between a given mode (mode 1) and the anti-mode
belonging to the next pair of mode/anti-mode (anti-mode
2). The frequency difference between the beating mode
and anti-mode determines the self-pulsing frequency (fS P).
In the example of Fig. 4.(b-2), the frequency separation
between mode 1 and anti-mode 2 equals 13.3 GHz. As
a consequence, the peak corresponding to the self-pulsing
dynamics is located at 13.3 GHz in Fig. 3.(c.2). Then if
the feedback strengthR is increased again, this limit cy-

cle bifurcates to a more complex attractor that involves tra-
jectories close to both the current mode (mode 1) and the
anti-mode facing it (anti-mode 2). This results in quasi-
periodicity with the appearance of two incommensurate
frequencies (Fig. 3.(c.3)). The fast dynamics is represented
by the peak at 13.2 GHz and is still governed by the phe-
nomenon of beating between the mode and the anti-mode.
It is represented in the temporal waveform in Fig. 4.(a.3) by
the fast oscillations. The slow dynamics (slowly-varying
envelope) is represented by the peak at 1.34 GHz in Fig.
3.(c.3). It corresponds to the speed at which the phase tra-
jectory switches between the two attractors located at the
vicinities of mode 1 and anti-mode 2 (Fig. 4.(b.3)). Even-
tually, if the feedback strength is further increased, those
two attractors end up by collapsing and the laser gets stabi-
lized to a new steady state (mode 2 in Fig. 4.(b.4)). Now,
if the feedback strength further increased, the same three-
step-scenario will be reproduced, starting from the current
mode and revealing successive self-pulsation and quasi-
periodicity with attractors migrating towards the maximum
gain mode as new pairs of modes and anti-modes are cre-
ated. This is illustrated in Fig. 5 with a numerical bifur-
cation diagram showing regions of self-pulsing states and
quasi-periodicity of increasing amplitude. The scenario il-
lustrated in Fig. 4 corresponds to region betweenR=0.35
andR=0.46.

Since we understand that the frequency spacing between
external cavity modes increases with the feedback strength,
the self-pulsing frequency is expected to evolve alike.
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Figure 5: Simulated bifurcation diagram showing suc-
cessive cycles of [steady state, self-pulsation, quasi-
periodicity] for J/Jth= 1.5.

Figure 6 presents the experimental and numerical evolu-
tion of the self-pulsing frequencies (fS P) as the feedback
strength increases. The curves show a general increase of
the frequency which is first rapid but gradually slows down.
We understand from Fig. 6 that this increasing evolution
is limited by the value offcav which acts as an asymp-
tote to the curves. As a consequence, for a given exter-
nal cavity length, the self-pulsing states can be seen puls-
ing at frequencies up to the value offcav without reaching
it, though. We noticed both in the experiment and with
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Figure 6: Simulated (a) and experimental (b) evolutions
of the self-pulsing frequency as the feedback strength in-
creases whenJ/Jth=2.0.

numerical analysis that for all values of the injection cur-
rent, the self-pulsing frequency increases with the feedback
strength. We find that, for given values of the feedback
strength but for different values of the injection current,
there is a discrepancy in the values offS P. However this
discrepancy shows the following interesting tendency: it is
large when the feedback is weak and gets smaller as the
feedback strength increases. This implies that the feedback
strength has an influence on the dependence offS Pon J/Jth

andLcav. We give the interpretation that, according to the
feedback strength, the relative influences of the relaxation
oscillation frequencyfRO and the external cavity frequency
fcav on fS P vary. This idea is suggested by the fact that
in all our observationsfS P describes an evolution within
frequency intervals bounded byfRO and fcav. Therefore
we see the phenomenon of self-pulsation as a pulsing dy-
namics dominated by the relaxation oscillation frequency
at weak feedback and by the external cavity frequency at
larger feedback strengths.

4. Conclusion

We presented an experimental and numerical analysis
of self-pulsation in the case of a semiconductor laser em-
bedded in a photonic integrated circuit. We reported on
the particular dynamical scenario of cycles made of steady
state, self-pulsation and quasi-periodicity undergone when
the feedback strength increases. Simulations based on
the Lang-Kobayashi equations gave insight into the mech-
anism of self-pulsation through mode/anti-mode beating.
We also evidenced the fact that the pulsing frequency is
a consequence of an interplay between the frequencies of
both the relaxation oscillations and the external cavity.
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