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Abstract—In this study, we consider a system of cou-
pled two fast-spiking neurons as a motif of an interneuron
network. We investigate the bifurcation structure to clarify
synchronization phenomenon of the neurons. As a result,
we find that unidirectionally coupled neurons with an exci-
tatory or inhibitory synapse, easily achieve synchronization
at a higher or lower firing frequency than the fundamental
frequency of a post-synaptic neuron. When an electrical
synapse is added to above model, the neurons have a wider
parameter region in which stable synchronous firing is ob-
served than unidirectionally coupled neurons have. Fur-
thermore, we can observe the coexistence of two synchro-
nized states.

1. Introduction

For complex and large scale networks, studying the be-
havior of the sub-network(motif) is very important to es-
timate the phenomena in whole networks. The interneu-
ron networks are categorized into such complex networks.
Skinner and coworker investigated an inhibitory two-cell
network as a motif of the interneuron networks, and they
found that analyzing a basic motif predict the dynamics of
the large network[1]. Also, Nomura et al. considered an-
other motif and large scale network consisting of such mo-
tifs, and showed that synchronous firing can be observed in
both cases at the same value of the parameters [2]. Hence,
the investigation of the phenomenon in the motif by using
neuron model is very available way to clarify synchroniza-
tion in the interneurons network.

For the analyses using coupled FS neurons model, it is
found that the synchronous firing state can be changed by
the strength of the electrical and chemical couplings[2]. In
addition, Wang et al. discovered that the synaptic delay of
an excitatory chemical synapse also affect the synchronous
firing state[3]. In these studies, the external stimuli of the
neurons are fixed as the same value. However, in the brain,
individual neurons fire at the different frequencies by the
various external stimuli. Thus, there is the necessity of re-
searching synchronization when the neurons oscillate in the
different firing frequency.

In the previous study, we investigated synchronization in

the unidirectionally coupled two Morris-Lecar(ML) neu-
rons with a chemical synapse, when the firing frequency
of a pre-synaptic neuron was varied. We found that the
neurons have a wide parameter region in which stable syn-
chronous firing is observed as a firing frequency becomes
higher or lower than a that of a post-synaptic neuron for the
excitatory or inhibitory synapse[4].

In this study, we replace the ML neuron model with FS
neuron model to examine more realistic model. We investi-
gate synchronization and bifurcation structure in three cou-
pling cases: 1)an unidirectional chemical synapse (exci-
tatory or inhibitory), 2)an electrical synapse, 3)both (uni-
directional inhibitory and electrical synapses), these mo-
tifs are observed in actual neocortical interneurons network
discovered by Beierlein and coworkers[5]. As a result, in
case(1), the neurons easily achieve synchronization at a
higher or lower firing frequency than that of a post-synaptic
neuron for the excitatory or inhibitory synapse, respec-
tively. In case(2), the neurons show in-phase, anti-phase
and other synchronization by the difference of the funda-
mental frequency of individual neurons. In case(3), the
neurons have a wider parameter region in which stable syn-
chronous firing is observed than the coupled neurons with
an inhibitory synapse have. Furthermore, in case(3), the
neurons easily achieve synchronization at a smaller stimuli
and shows a lower firing frequency than in case(1). There-
fore, the electrical synapse play the key role the synchro-
nization at a wide range frequency in the inhibitory net-
works.

2. Neuron Model

Figure 1 is a schematic diagram of coupled two neurons.
We use the Erisir’s neuron model as a single FS neuron
model[6]. The system equation is described as follows:

CM
dV1

dt
= −gNam3

1h1(V1 − VNa)

−gk1n4
1(1)(V1 − Vk1) − gk2n2

2(1)(V1 − Vk2)
−gl(V1 − Vl) + g(V2 − V1) + Iext1 (1)

CM
dV2

dt
= −gNam3

2h2(V2 − VNa)
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Figure 1: Schematic diagram of coupled two FS neurons. gsyn

and g are maximum coupling conductance of the chemical and
electrical synapse, respectively. Iext1 and Iext2 are varied and fixed
external DC current of Neuron 1 and 2.

−gk1n4
1(2)(V2 − Vk1) − gk2n2

2(2)(V2 − Vk2)
−gl(V2 − Vl) + g(V1 − V2) + Isyn + Iext2 (2)

dxi

dt
= ax(Vi)(1 − xi) − bx(Vi)xi (3)

(i = 1, 2, x = m, h, n1, n2)

where, V1,2 is the membrane potential of each neuron. m
and h are activation and inactivation variables for sodium
ion, respectively, and n1 and n2 are activation variables for
Kv1.3 and Kv3.2−3.3 potassium ions, respectively. g is the
maximum coupling conductance of electrical synapse. Iext1
and Iext2 are varied and fixed external DC current, respec-
tively. The synaptic current Isyn is denoted as follows:

Isyn = gsynα(V2 − Vsyn) (4)

where, gsyn is the maximum coupling conductance of
chemical synapse. Vsyn is the reversal potential of
the chemical synapse fixed as 0[mV](excitatory) or
−75[mV](inhibitory). The open channel of chemical
synapse α is given by Eqs.(5) and (6).

dα
dt

=
β

τd
(5)

dβ
dt

= − α
τr
− (

1
τr
+

1
τd

)β (6)

The solution α(t) of Eqs.(5) and (6) with initial condi-
tion (α, β) = (0, 1) at t = 0 is calculated as α(t) =
τr
τr−τd

(e−
t
τr − e−

t
τd ). τr and τd are the raise and decay

time constants of synaptic current. For the excitatory
(resp. inhibitory) synapse, (τr[msec],τd[msec]) = (0.5, 2.0)
(resp.(0.5, 7.0))[7]. In this study, we fix a synaptic delay as
1[msec]. The values of the other parameters are shown in
Table 1.

3. Result

We investigate the bifurcation structure in three coupling
cases ;1) a chemical synapse, 2) an electrical synapse, 3)
both. In this study, the external DC current of Neuron2
is fixed as 80[pA] corresponding to the fundamental fre-
quency denoted by f2 = 31.77[Hz]. The firing frequency
of Neuron1 can be varied by changing the value of the ex-
ternal DC current of Neuron1.

Table 1: The values of the parameters
gNa = 900[nS]
gk1 = 1.8[nS]
gk2 = 1800[nS]
gl = 4.0[nS]
VNa = 60[mV]
Vk1 = −90[mV]
Vk2 = −90[mV]
Vl = −70[mV]
CM = 8.04[pF]

3.1. Chemical Synapse

We obtain two-parameter bifurcation diagrams Fig.2(a)
and 2(b) for respectively excitatory and inhibitory
synapses, by using algorithms in [8, 9]. The horizontal
axis is the firing frequency of Neuron1 f1, and the verti-
cal axis is the synaptic conductance gsyn. In this case, f1
corresponds to the synchronous firing frequency of cou-
pled neurons because Neuron1 is not affected by Neuron2.
In these figures, the solid and dashed curves indicate the
saddle-node and period-doubling bifurcation, respectively.
The white dashed lines show the value of the fundamental
frequency of Neuron2 f2. In the shaded regions, we can
observe the stable synchronous firings. We can find the
Arnold’s tongue structure formed by the saddle-node bifur-
cation in the both synapses.

Figures 2(a) and 2(b) show that the neurons have a wide
parameter region in which stable synchronous firing is ob-
served as the synchronous firing frequency becomes higher
or lower than f2 for the excitatory or inhibitory synapse, re-
spectively. This synchronization phenomenon is also found
in coupled ML neurons model[4]. However the period-
doubling bifurcation is observed in gsyn ≥ 2.7 only for the
inhibitory coupling in this study.

3.2. Electrical Synapse

Figure 3 is the two-parameter bifurcation diagram in an
electrical coupling case. The horizontal axis is the firing
frequency of the coupled neurons, and the vertical axis is
the electrical synaptic conductance g. In this figure, we
can observe stable synchronous firing in the shaded region.
This figure shows that when g < 0.4, the neurons easily
achieve synchronization at a higher firing frequency than
f2. However, when g ≥ 0.4, the neurons synchronize at not
only a higher firing frequency but also a lower that than f2.

Figures 4(a)-4(d) are lissajous curves at the points(a)-(d)
in Fig.3. The vertical and horizontal axes are the mem-
brane potentials of Neuron1 and Neuron2, respectively.
From Fig.4(b), the neurons synchronize at in-phase be-
cause the neurons have the same fundamental frequency at
the point(b). At the points(a) and (d), the neurons show the
anti-phase synchronization (Figs.4(a) and 4(d)). At these
points, the difference of the fundamental frequency of in-
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(a) Excitatory synapse.
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(b) Inhibitory synapse.

Figure 2: Two-parameter bifurcation diagrams in the case
of excitatory(a) and inhibitory(b) synapse coupling. In these
figures, the solid and dashed curves indicate the saddle-node and
period-doubling bifurcation, respectively. The white dashed lines
denote the value of the fundamental frequency of Neuron2(=
31.77[Hz]). We can observe stable synchronous firing in shaded
regions.

dividual neurons becomes larger than that at point(c). At
the point(c), the neurons show the near anti-phase synchro-
nization (Fig.4(c)).

3.3. Inhibitory chemical and Electrical Synapses

Figure 5 is the bifurcation diagram in coupled neurons
with the both synapses. The vertical axis is the external
DC current of Neuron1 Iext1 and the horizontal axis is the
coupling conductance of the chemical synapse. We fix cou-
pling conductance of the electrical synapse as 0.8[10]. In
the shaded area, we can observe stable synchronous firing,
and the white dashed line indicates the value of the exter-
nal DC current of the neurons when Iext1 = Iext2 = 80
corresponding to f1 = f2 = 31.77. The firing frequen-
cies of coupled neurons at the point(a) and (b) in this figure
are about 18.8[Hz] and 47.3[Hz], respectively. Hence, the
neurons have a wider band of synchronous firing frequency
than unidirectionally coupled neurons have.

Figure 6 is the enlarged figure around Iext1 = 84.8 of
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Figure 3: Two-parameter bifurcation in the case of an elec-
trical synapse coupling. Symbols are the same as those of Fig.2.
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Figure 4: Lissajous curves at the points(a)-(d) in Fig.3.
(a) f1=14.88, (b) f1=31.77, (c) f1=38.55, (d) f1=31.77.

Fig.5. In the dark shaded region the coexistence of the
synchronized states is observed, so the bifurcation struc-
ture becomes complicated. Figure 7 shows the schematic
one-parameter bifurcation diagram along the line l in Fig.6.
Closed circles represent the saddle-node bifurcations. We
can see that a unstable solution and two stable solutions ex-
ist at the same value of the external DC current of Neuron1.
By the changing the value of Iext1, these stable solutions
disappear with unstable one by the saddle-node bifurcation.

4. Conclusion

In this study we investigate the bifurcation structure
and synchronization phenomena of coupled two fast-
spiking neurons with unidirectional chemical and electri-
cal synapses, when we change the values of the firing fre-
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Figure 5: Two-parameter bifurcation diagram in both chem-
ical and electrical coupling. Symbols are the same as those of
Fig.2
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Figure 6: Enlarged bifurcation diagram of Fig.5.

quency of the pre-synaptic neuron and the coupling con-
ductance. In the case of coupled neurons with only uni-
directional chemical synapse, we find that the neurons
easily achieve synchronization at a lower or higher fir-
ing frequency than the fundamental frequency of the post-
synaptic neuron. On the other hands, in the case of an
electrical coupling, by changing the value of the firing fre-
quency of one of coupled neurons, the various synchro-
nized states(in-phase, anti-phase and near anti-phase) are
observed at the same value of the coupling conductance.
In the case of both unidirectional inhibitory and electri-
cal couplings, the neurons have a wider parameter region
in which stable synchronous firing is observed than in the
above cases. Furthermore, we discover the coexistence of
the synchronized states in only this case.

In the future works, we should clarify the mechanism of
generating these phenomena, and consider the physiologi-
cal meaning of the phenomena.
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