2008 International Symposium on Nonlinear Theory and its Applications
NOLTA'08, Budapest, Hungary, September 7-10, 2008

NDLTH|2M]8

A Method for the Generation of a Class of Ill-conditioned Matrices
Tetsuo Nishi®, Takeshi Ogita’, Shin’ichi Oishi, and S. Rump*

tFaculty of Science and Engineering, Waseda University
Okubo, Shinjuku, Tokyo, Japan
tHamburg University of Technology
Hamburg, Germany
Email: nishi-t@waseda.jp, ogita@waseda.jp, oishi@waseda.jp, rump@tu-harburg.de,

Abstract—This paper shows a generalization of Rump’s
method, which generates a class of matrices with extremely
large condition number.

1. Introduction

S. Rump proposed a method to generate a class of
extremely ill-conditioned matrices [1]. Here the ill-
conditiond matrix implies those having its condition num-
ber such as 10%° ~ 10%% or larger in double precision arith-
metic. These matrices are very useful to examine the qual-
ity of accuracy-guaranteed algorithms for solving linear
simultaneous equations [2]-[4]. For this purpose we desire
more variety of extremely ill-conditiond matrices.

Rump used a tricky technique (shown in Sec. 2.1) to gen-
erate an ill-conditioned matrix A. One of key points of his
method is to generate a 2 x2 matrix V whose determinant is
one and whose elements are extrelemy large. To generate
V Rump utilized a very special equation, the PELL EQUA-
TION. Since his method includes some freedom, we have a
class of ill-conditioned matrices of an arbitrary size. How-
ever the class of matrices is not so wide and therefore it
is still desirable to generate more variety of ill-conditioned
matrices. This is the motivation of this reseach and this
paper studies on the following three items.

Item 1. We show that almost the same discussion as
Rump’s is possible when we use the matrix V generated
by the Euclid algorithm instead of the Pell Equation. This
extends the Rump’s matrices considerably. Instead of his
tricky and rather complicated calculation, we use a simple
matrix manipulation, by which the following Item 2 can
easily be derived.

Item 2. We show an extension to the case where the matrix
V is a 3 x 3 matrix.

Item 3. Related to Items 1 and 2 above, we show that we
can find a 3 x 3 integer matrix A’ = [ai’j] with laj;| < u and
with |A’| = 1 by bordering a 2 x 2 integer matrix.

2. A generalization of Rump’s method by means of
simple matrix manipulation (Item 1)

2.1. Three key steps in Rump’s method

Rump’s method is composed of three key steps as:

1. Generation of a 2 x 2 integer matrix V such that

P F
v-[g 6] m-

P F
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where P, Q,F and G are extremely large positive in-
tegers such as 10°.

2. P,Q,F and G are particularly chosen as
F=kQ, G=P 2
and P and Q > 0 satisfy the PELL Equation:

V:[ P kQ

2 12 _
P2 _kQ2 =1 o F |

Vi=1 (3)

3. P,Q, F and G are realized by decomposing it into rel-
atively small integers and by using the matrix similar
to the companion matrix as shown later.

As the result he could give an explicit form of the inverse
matrix A~! as well as the condition number of A.

2.2. Formulation of the problem

In a similar way as Rump’s method we consider:
Problem 1: Generate a class of integer matrices, say B =

[bij] satisfying

Bl = +1 4
|bij| <o’ (5)

where ¢ is a number such as 10 (for single precision),
1016, 253 (for double precision), but may possibly be 2, 10
or 1000 depending on the applications.

2.3. Generalization of Rump’s method

Instead of the Pell equation we use the Euclid algorithm
to determine F and G in Eq.(1) for the prescribed P and
Q. As is well-known, this is possible if P and Q have no
common factor[5]. For example, we choose P and Q as:

P = 25 Q=3" or (6)
P = 2k15k211k3, Q:3ml7m2 (7)
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Let o be a large number such as 108, 10'® and 23, The
extremely large numbers P, Q, F and G can be expanded
as:

n n-1 n-2
= Pno + Pp10 "+ P20

+oeo 4+ PLo+ Po

Un0" + On-10"t + Gn20™ % + -+ + Guo + o
2

+ .o

= an'n + fn_la'”_l + fn_zo'”_ -+ f]_O' + fg

® MmO T
1l

= gho"+ gn_lo'”'1 + gn_za"'z +
0<P,Q,F,G < o™,

oo+ 010+ 0o
0<pi, O fi, gi<o

Using the above, we define a (2n + 2) x (2n + 2) matrix, A
as

[ Pn Pn-1 Pn-2 Pn-3 - P11 Po
O On-1 On2 On-3 -+ Q1 Qo
1 - 0 0 - 0 0
0 1 - 0o - 0 0
0 0 1 o - 0 0
0 0 0 1 . 0 o0
0 0 0 0 1 -
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 o0
0 0 0 0 0 0
L 0 0 0 0 - 0 0
fn fn—l fn—2 fn—3 f1 fO
On On-1 On-2  On-3 g1 Qo
0 0 0 0 0 0
0 0 0 0 0 o0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0 ®)
1 -o 0 0 0 0
0 1 - 0 0 o0
0 0 1 _— 0 0
0 0 0 1 0 0
0 0 0 0 1 -
2.4. Calculation of the inverse matrix A1
We will calculate A~* for (10). Let
1 0 0 o --- 0 o"
0 1 0 0 --- 0 ot
... n_2
r=ten H=| ° O 1 0 0o
0 0 0 o --- 1 o
0 0 0 o --- 0 1
Then we have:
A=Al =2A=AT! = Al=r@A)!

Let p, g, f, g be row vectors of order n and =\ be n x n
matrix as follows:

[pn. Pa-1,- -+, Pl 4= [Gn, G-z, -+ Gal
[fn’ fn—l, cey fl], g= [gn, On-1,""" »gl]

p
f

0 1 -0 -+ 0

2; = e e e e e
0 0 0 - -0
0 0 0 - 1

and let Oy, be m x | matrix with all entries 0.
Then A’ can be rewritten as:

p P f F

, g Q| g G
A = 9
E; Onl 0n4,n Onl ( )
On,n Onl Z; Onl

Let the (2n+2)x(2n+2) permutation matrix Perm changing
the order of the columns of A’ such that

p f P F

q g | Q G
Z; On,n Onl Onl
O Zy | On On

A" = AP = (10)

Then we have:

A" =APem = A = A//Pgrlm = (A’)_l = F’erm(A”)_l

(11)
Let A” be rewritten as:
oo Uu Vv
= o]
U:2x2n, V:2x2, W:2nx2n (12)
Then we have
0 w1
m-1 _
(A ) _[ V—l _V—lU\N—l :| (13)
Since V| = 1, we have:
G -F
-1 _
V™= [ Q P ] (14)
Since W can be written as:
W= 0 (15)
wl=3x1ex! (16)
1 o o2 o .. ™!
0 1 o o2 ... "2
s1_ o 0 1 o - ov
0 0 o --- 1 loa
0 0 o --- 0 1
We can easily calculate —-V-*UW~L. So we have
_ e 0 w-t
A =TPem(A") " = rperm[ vl _ylgwel ] a7
of which first three columns are as follows:
"G | —o"F | 1+0"(-Gf, + Fi)
"G | =" F | 0+ 0" (~GP, + Fp) | -
-o"Q o"P o"(-G fn~+ Fgn) (18)
o tp 0" (=Gf, + Fgn)

_a.n—lQ
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2.5. Infinity-norm condition number of A
From Eqs.(18) and (10) we have

IA Y. > max[c"(G + F),s"(Q + P)]

n

Ao > max]y"{pi + fil, > {di + G)]
0 0

(r”zn:pi > P, a“anqi >Q, a”znl fi>F, a”zn:gi > G,
5 5 0 0
ANl - 1Al > max[(P + F), (Q + G)] - max[(G + F),(Q + P)]
Assume without loss of generality that
P>Q, P>F = F>G
Then we have a final result (Proof is omitted):
Al - 1A leo > (P + F)(Q + P) ~ (™)

This is a generalization of Rump’s result.

3. Extension to Case where V is a 3 x 3 matrix (Item 2)

3.1. Outline of extension

Let P,Q,R,F,G,H, L, M,N be extremely large integers
with the magnitude less than o"** and let

P F L
V={Q G M|, V=1
R H N

P=pno" + pn—lo'n_l + .-+ Po, |pil <o etc,

Let Abea3(n+ 1) x 3(n + 1) matrix such that

OO M—ta™
OMOD‘I(QI—hI
MO oot —

p,q,F, f,...,A: rowvectors of ordern + 1

i.e., P=1[pn Pn-1,---,Pol, etc.

Let X be an n x (n + 1) matrix such that

1 -0 0 o --- 0
R A N CC
0 0 0 1 -

A1 can similarly calculated as previously. Most different
point is the calculation of V=1

Wi
W12
Wi3

Wa1
W22
Wa3

W31
W32
W33

vt=

where w;; is a cofactor of the (i, j) element of V.

3.2. Infinity-norm condition number of A

Infinity-norm condition number of A can be calculated
as follows:

-1
Al > max[o" (Wil + [Waa| + [Wa]) ,

" ((Waa| + IWaa| + [Wazl),

" (Waa| + [War| + [Way )]

n

Zn“{rm fie T D o4@+ G+ M,
0

0
Z{Fi + By + i)
0

Using the formula:

Al > max

|V|V( II< f ) = Wi Wi — W;iWig

we can derive

P+F+L= %(P+Q+R), etc.,
Without loss of generality we assume

P, Q, F,G, and ws3 are very large.
Then we have the final result:
1Alleo-IA ™ oo > (P+F +L){[Was |+ Waal+wasl) = O(@*"*V)
4. Generation of a third order integer matrix

with the determinant one

. Problem 2: Find a 3 x 3 integer matrix A" = [a;] by
bordering the prescribed 2 x 2 matrix A = [a;;]. Here |ai’j| <
i, where y corresponds to o™+ in the previous sections.

ai;r ar Y1

A = [an ap y2 |, IA=1 (20)
X1 X2 z

[aijl <p, Xl <p Wil <y, lzl<p (21)

Of course we have to impose some restrictions on a;j. The-
orem 1: Ann x n integer matrix A can be bordered so that
its determinant is equal to one, only if the (n — 1)th deter-
minant (common) divisor is one.

In the case of n = 2 this means that there is no common
factor among all a;; (i, j = 1,2). As a special case we
impose:

Assumption 1: a; and ay, have no common factor.
Theorem 2: On Assumption 1 we can find X3, X2, Y1, Y2
and z satisfying the conditions in Problem 2.

Proof of Theorem 2)

Lemma 1: By the Euclid algorithm we can choose x;
and X, such that

a1 ax

=1, |x| <
X1 Xo IXi] < p
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Then |A’| can be written as:

A =y a1 az ai;  anp 7 ai;  an
X1 X2 X1 X2 g1 a
= yp+ay,+bz

Here in general
jal <, 1bl < 42
Lemma 2: Let a and b are integers satisfying
lal, bl < 4.
Then there exist y, and z satisfying |y,|, |z| < u and
lays + bz| < u.

We can prove Lemma 2 by using Euclid algorithm.
Using Lemma 2, we can choose y; such that

lys +ay, + bzl = 1,ly1| < p

Proof of Lemma 2) Assume thata > b > Oand let xo = a
and x; = b. The Euclid algorithm derives the following:

Xo = koXl + X2 (0 <Xz < Xl)
X1 = kixo+ X3 (0<x3<Xp)
X2 = k2X3 + X4 (0 < Xg < X3)
Xn-1 = KnoiXn + Xner (0 < Xnya < Xp)
Xo = KnXnet + Xns2 (0 < Xnp2 < Xne1)

From this we have the following expression:

Xo _ Pn Pn-1 Xn

X1 On  On-1 Xn+1
Po=1, p1 =Ko, Pn= Pn-1Kn-1+ Pn-2
Go=0, 01 =1, gn =n-1kn-1 + Qn-2

The following important formula holds:

‘ P Pna :(_1)n

On  On-1

We therefore have:

Xn :(_1)n On-1 —Pn-1 Xo
Xn+1 —0n Pn X1
or
Xn = (-1)"[An-1X0 — Pn-1X1]
¥ner = (=1)"[=0nXo + Pnxi]

Lemma 2 can be proved by showing 0 < p, < u from the
following theorem:

Theorem 3: Assume that

u2>Xg>x >u>0 (22)
and let n be an integer such that
Xn > [, Xns1 < U (23)
Then
K> Pn > 0n(>0) (24)

Proof of Theorem 3) Assume first that n is even. Then the
above conditions means

On-1Xo — Pn-1X1
0< —0nXo + PnX1

> p

< M

Since pngn-1 — Pn-10n = 1 holds, we have:

1+ pn10n

Pn

which is substituted into the above, we have:

1+ Pn-10n
Pn
from which we have

On-1 =

X0 = Pn-1X1 > U

Xo + Pn-1(0nXo — PnX1) > Pnit

Since u? > Xp and 0 > gnXo — PnX1 > —u hold, we have:

12> Popt, 18, P < i

This completes the proof for n even. The case of n odd can
be treated similarly.

5. Conclusion

We show some generalization of Rump’s method to gen-
erate extremely ill-condition matrices.
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