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Abstract— In this paper we derive a new fast and effi-
cient iterative algorithm for N-th order Nonnegative Tensor
Factorization (NTF). We propose to use a set of local cost
functions whose simultaneous or sequential (one by one)
minimization via a projected gradient technique leads to
simple and very efficient algorithm. The proposed algo-
rithm exploits nonlinear projected gradient and fixed point
approaches and it is a natural extension of our Hierarchical
- Alternating Least Squares (HALS) algorithm developed
for Nonnegative Matrix Factorization (NMF) and NTF2 [1]
for sparse and noisy data. In the special case, the proposed
algorithm reduces to an improved fast HALS algorithm for
the standard NMF. Extensive computer simulations con-
firmed validity and excellent convergence properties of the
proposed algorithm.

1. Introduction and Problem Formulation

In this paper, we extend the hierarchical Alternating
Least Squares (HALS) algorithm for NMF [1] proposed by
us recently to a multi-way Non-negative Tensor Factoriza-
tion (NTF). Tensors (also known as N-way arrays or mul-
tidimensional arrays) decomposition and factorization are
used in a variety of applications ranging from neuroscience,
image processing and psychometrics to chemometrics [2,
3, 4, 5]. Non-negative Matrix Factorization (NMF), Non-
negative Tensor Factorization (NTF) and parallel factor
analysis (PARAFAC) models with non-negativity and spar-
sity constraints have been recently proposed as sparse and
quite efficient representations of signals, images, or gen-
eral data [2, 6]. From a viewpoint of data analysis and data
mining, NTF is very attractive, and more accurate than 2D
matrix factorizations, such as NMF, because it takes into
account spatial and temporal correlations between vari-
ables. Moreover, it usually provides sparse common load-
ing factors or hidden (latent) components with physiolog-
ical meaning and interpretation [2]. In this paper we con-
sider the special but very important form of the PARAFAC
model with additional nonnegativity (and optionally spar-
sity) constraints, referred here as the NTF model.

Throughout this paper, common standard notations are
used as indicated in Table 1. In the general case, the NTF
model can be described as a factorization of a given N-
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Table 1: Basic tensor operations and notations

o outer product Xy in — mode product of tensor and matrix
© [Khatri-Rao product X In — mode product of tensor and vector
® [Kronecker product Y, n — mode matricized version of Y

® [Hadamard product A° AM oAV Do, oAV

@ felement-wise division [A%" AWM o...0 AV oA Do...0 40
[e],/r"" column vector of [e] | g® AD @ ANV g @AW

(4
B

the n — th factor A% ANV g...gA™VeA" Vg...0 AV
a” | column vector of A®| STR(a,b)10log,,(lall,/lla - bll,)
la}fas”,....a™) PSNR _ P0log y(Range of Signal /RMSE)

Y lensor Fit(¥Y,1)[100(1 — ¥ - YIZ/IY - EQDIIF)

th order tensor ¥ € Rfjxh‘"x’”

component matrices: A” = [a(ln),a(zn),...,ag‘)] € R
n=1,2,...,N representing the common (or loading) fac-
tors

into set of N unknown

R
X=2+£=Zﬂraﬁl)oaﬁz)o...oaﬁm+£ 1)
r=1
= [ AD, AP AN+ R=[AL{A)]+R, (2)

where Y is an approximation of tensor Y, and R denotes
the residue or error tensor, A = [A1,A2,...,Ag] € R’j are

scaling factors and vectors aﬁ”) are unit length columns
||a§”)||§ = a™"a"™ = 1. This model can be referred to

CANDECOMP by Carroll and Chang [7], or PARAFAC
by Harshman [8], or Kruskal [9].

The objective is to estimate nonnegative component ma-
trices: A™ or equivalently the set of vectors a”’, (n =
1,2,...,N, r=1,2,...,R).

2. Derivation of FAST HALS NTF Algorithm

Most of the algorithms for the NTF are based on Alter-
nating Least Squares (ALS) minimization of the squared
Euclidean distance [2, 7, 8]. In particular, we can attempt
to minimize the following cost function:

2

. (3)

1 R
ST
r=1 F

subject to some additional constraints such as nonnegativ-
ity and sparsity. In such a case a basic approach to the
above formulated optimization problem is alternating min-
imization or alternating projection: the cost function is al-
ternately minimized with respect to a sets of parameters
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(”) each time optimizing one vector while keeping the oth-

ers vectors fixed. In this paper, we consider a different ap-
proach: instead of minimizing only one global cost func-
tion, we perform sequential minimization of the set of lo-
cal cost functions composed of the squared Euclidean terms
(and optionally additional regularization terms):

1 . 2
P, ....d) = = ”X(") ~daoa® o...oa<N>H
Y9 _ 1 g™ g, ®—uT||2
=3 '—(n) 4 a; {“1} P’ ®)

for j =1,2,...,R, subject to additional constraints, where

Z(j) =Y- Z/l’ aﬁl) o ag) 0-++0 aiN) (6)
r#j
R
=Y- /l,a(,l)o'-'oa(,N)+/l,-a(.1)0...oa(.N)
- S J
=1
=Y -Y +[4;{a;ll. (7

Note that (5) is the n—mode matricized version of (4). The
gradients of (5) with respect to elements a(j") are given by

aj O + /l? a(j") {aj}OﬂzT {aj}ofn . (8)

Based on the following property of Khatri-Rao product
(A(l) o) A(Z))-r (A(l) o) A(2)) — (A(I)TA(I)) ® (A(Z)TA(Z)) ., (9)

we have {aj}&"T {aj}efn = {a]Taj}&" = {1}®" = 1. There-
fore, new fixed point learning rules for A®™ obtained by
equating the gradient (8) to zero are given by

f.’%-ygg{ } /. (10)

Actually, we can neglect the denominator in (10) due to
normalization a(].") to unit length vectors:

O-p
a(n) - X(/) {aj} , a‘(]ln) — a&n)/“a‘(jn)“} (11)

The weight (scaling) factor A; can be estimated from vec-
tor a( ) as A i = ||a§1v)||2 before normalizing this vector.
Note that the learning rule (11) has an equivalent expres-

sion given by

a?” — ¥V %a"T %16 TR0 a T Xya(T
=YV %, {a]}. (12)

The above updating formula is compact but with high
computational cost. In the following section, we will derive
an efficient realization of this learning rule. From the defi-
nition of Khatri-Rao product and the property that Khatri-
Rao and Kronecker products of two vectors are identical,
we have

@ @] [, ,? ) o O] _ (1) @)
[A 0A ]j—[al ®a;” ... a, ®aR]j—aj Oa;, (13)

Table 2: FAST-HALS NTF

1: Nonnegative random or ALS initialization A !
2: Compute A: A, = ||a(N)||2
3: Normallze all a to unit length
4 (A“)TA“))@...@(AW)TA(N))
5: repeat
6: for n =1to Ndo
7. T, = X(n) {AQ”’}
8: T3=T @ (AMWTAM)
9: for r = 1to Rdo
10: a” < [A,a" +[T2], - A™ diag(2) [T3],]+ 2
11: if n=N then
12: A = lla™
13: end if
14: Normalize a(") to unit length a(") =a, )/Ila(")llz
15: end for
16: T =T;®AMTA®
17: end for
18: until convergence criterion is reached
and in more general case,
Op
a;} 7 = [a] . (14)
J

By replacing XEZ )) in (11) by (7), and taking into account
(14), the learning rule (11) can be expressed as follows

al’ < v, [4° ] -Y,, [4°] ;1A daji, {“/}Oin

—ly Ae_n]j —AMD, AT [AO‘”]j +/lja(j”) {aj}@‘”T {aj}e—n

[—(n)

= |¥,,A%"]| - A"D; [A%TA%] + 20"
|
|

= X(n)AG-"]], ~A"™D, [{ATA}®’"L +1 jaj.’”

— X(n)AG_n]‘ (n)D [{ATA} (A(n)TA(ﬂ))]j + /lja;")’ (15)

where D, = diag(d) is a diagonal matrix whose diagonal
entries are A;.

The equation (15) represents the new fast learning rule
for a] In combination with a componentwise nonlinear
operator defined as [A]; = max{0, A}, we finally have a
new algorithm referred as Fast HALS NTF algorithm

a e [A,aj.”) . [X(H)Ae,n]j — 4D, [(aTa)? ®(A(n)TA(n))L]+. (16)

The detail pseudo-code of this algorithm is given in Ta-
ble (2). In a special case of N = 2, FAST-HALS NTF be-
comes FAST-NMF for NMF problem.

2.1. Experiments

Extensive simulations were performed for synthetic and
real-world data on a 2.66 GHz Quad-Core Windows 64-bit
machine with 8GB memory. Results were compared with

!For 3-way tensor, direct trilinear decomposition could be used as ini-
tialization.

(n)

2In practice, vectors a;" are often fixed sign before rectifying.
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NMWEF [3], IsNTF [10] algorithms and also with two im-
plementations of PARAFAC ALS algorithm [7, 8] by Kolda
and Bader [11] (denoted as ALS_K) and by Andersson and
Bro [12] (denoted as ALS_B) under the same condition of
difference of fit value (1e-5) through three performance in-
dices: Peak Signal to Noise Ratio (PSNR) for all frontal
slices, Signal to Interference Ratio (SIR) for each columns
of factors and the explained variation ratio (Fit) for a whole
tensor.

Two noisy tensors generated by three benchmarks
X_spectra_sparse, ACPos24sparsel®and X_spectra
[6] with size of 300 x 300 x 300 (Example 1(a)) and
500 x 500 x 500 (Example 1(b)) have been corrupted by
Gaussian noise with SNR = 0dB. Illustrations for Example
1(a) with volume, iso-surface and factor visualizations are
given in Fig. 1(b), 1(c) and 1(d); while running time and
distributions of SIR and PSNR indices are depicted in Fig.
2 and also are available in Table 4. Fast HALS provides
high accuracy for factor estimation based on SIR index,
and the highest explained variation with the fastest running
time.

Examples 2-6 show Fast HALS NTF in use with real
world data sets which are described in Table 3. In Exam-
ples 2 and 3, Amino acids fluorescence data from five sam-
ples containing tryptophan, phenylalanine, and tyrosine
(claus.mat)[13, 12] and Sugar process data (sugar .mat)
[4] were corrupted by Gaussian noise with SNR = 0dB be-
fore reconstruction with R = 5 rank-one tensors. Compar-
isons of performance and running time for Example 2 are
illustrated in Fig. 3 (also in Table 5). There are two illustra-
tions of estimated factors for amino acids and sugar tensor
factorized with 3 components by FAST HALS NTF given
in Fig. 4(a) and 4(b), respectively. In Example 4, DOSY
nuclear magnetic resonance lipoproteins [5] 268 x 53 x 7
was factorized with 4 components.

For EEG data, we used two data sets: tutorial-
datasetl.set (Example 5) and tutorialdataset2.-
zip (Example 6) [14]. After pre-processing data set
tutorialdatasetl.set by complex Morlet wavelet, it
yields 64 channels x 72 epoches time-frequency spectra of
72 x 61. This data was converted to a 3-way tensor of size
64 x 2769 x 72 before factorizing with 2 components. For
Example 6, its data set contains the inter-trial phase coher-
ence (ITPC) of 14 subjects during a proprioceptive pull of
left and right hand (28 files) and generates tensor 64 x 4392
x 28 [14]. Tlustration of this example for FAST HALS
NTF is given in Fig. 5 with scalp topographic maps and
their correspondent IPTC time-frequency measurements.

For real world data sets, standard ALS algorithms re-
turned a slightly higher performance than that of Fast
HALS algorithm. However, their components contain neg-
ative elements in order to enforce them to be orthogo-
nal. Therefore, FAST HALS NTF could be considered to
achieve the highest performance for nonnegative data.

Through these examples, it is shown that FAST HALS
NTF algorithm is robust to noise and produces the best per-

Table 3: Description of data sets and notation of Examples

claus.mat [13]
3 |Sugar process data, sugar.mat [4] 268 x 53 x 7

4 [DOSY NMR of lipoproteins, webnmr .mat [5] 25 x 24 x 1600
64  channels of EEG measurements
5 (64channels x (71frequency — 39time) X|72 x 2769 x 64| 2
[72epoches, tutorialdatasetl.set [14]
ITTPC of T4 subjects during a pro
prioceptive pull of left and righ
6 lhand (28 datasets), 64channels |64 x4392x28| 3
(61 frequency — 72time) X 28subjects,
tutorialdataset2.set[14]

Exp)] Data set \ Size [R
1(a)[X_spectra_sparse, ACPos24sparsel®300 x 300 x 300 4
1(b)land X_spectra [6] 500 x 500 x 500 4
) [Amino acids fluorescence data)| 5% 20161 | 5
5

4

Table 4: Performance Comparison for Examples 1(a)-(b)

Epr \ FastNTF \ NMWF ! | IsNTF \ ALSB \ ALSK
Am Arz; AU Am All) AG) A\IJ A\IJ A9 A(l) A(.) Ah] A(l)‘ A(.v A(Jw
4407 4535 4119 564 B30 3400 999 4543 4120 4311 3938 411§ 4310 39.77 4121
SIR (dB) | 44.64 4480 30.17 4459 4493 3932 4464 4481 39.16 4447 3895 39.2 44.18 39.00 39.13
1) 4120 9236 3994 4099 4143 39.84 4120 42.40 39.75| 3793 35.21] 39.66 3794 35.23 3.6
D37 4076 2093 D247 231 4100 241 4279 4087 4254 3683 40.66 4187 3697 40.68
Fit (%) 99.988 99.9832 99.9866 99.9873 99.9872
Time (sec) 6.129q 56.524 2829.980) 15.080 36.1116
A!IJ‘ A!l] A[,\‘ A(l)‘ A(l) A(.\)‘ All) Au)‘ A\X] A(l) A(.) A(T)
4109 48.14 441§ 47.08 4745 4384 X 46,60 41.04 4413 4671 4104 4417
SIR (dB) [ 50.04 5049 47.39 4587 417§ 4873 (fal 4923 42,19 4744 49.1 44.15 4742
1(b) 4639 4175 4680 4627 4147 468 351 39.99 415 4449 4004 431
411§ 0143 60 4527 0.9 521 4419 3947 4537 4444 3047 4537
Fit (%) 99.9959 99.9918 X 99.9953 99.9953
Time (sec) 517322 513.3660 X 145.7304 965.7621

Table 5: Performance Comparison for Examples 2-6
\ Fit (%) \ Time (seconds)

Exp. 2 3 4 5 6 [2] 37 4 5 6
FastNTF| 98.0218 99.1366 99.5027 69.7721) 52.4131 0.3¢ 0.4¢ 855 452  7.08
NMWF | 97.8153 99.0940 99.4981| 69.7681) 52.3806| 1.69 6.29 41.64 30.65 58.19
ISNTF | 97.6360] 98.9133| 99.3414| 46.3228 51.3317) 3.30 38.93 101.70, 2667.70 4029.84
ALS B | 96.9702 99.0521| 99.5053 69.7762 53.1749 0.87 142 2053 1422 67.24
ALSK | 97.0264 99.0812 99.3933 69.7734 53.1336 044 0.66 17.19 3699 6639

formance with the fastest running time.

3. Conclusions and Discussion

The main objective and motivations of this paper is to
derive fast and efficient algorithm which is suitable to NTF
problem. The extended algorithm FAST-HALS NTF is ver-
ified for many different benchmarks. The developed algo-
rithm is robust to noisy data and has many potential ap-
plications. This algorithm is also suitable to large scale
dataset due to its local learning rules, and fast processing
speed. We can easily increase number of rank one tensors
in processing progress. The algorithm can be extended to
semi-NTF and to sparse PARAFAC using suitable nonlin-
ear projections [15].

'In fact, the NMWF fails for noisy data in Examples 1-3 cause of
negative elements. We enforced the estimated components to have non-
negative values by half-wave rectifying.

-43 -



35r T4 198.5
S
o @, - 18g 198 §
@ | e, ’ \ o) =
S o5 owt .
= . RN 122 4975 =
& 20+ 58 A © g <
* ° ° N | {1F Jo7 S
150 @ ° ° [ TI b
(a) Noisy data  (b) Volume 99.99% (c) Iso-surface 99.99% (d) Factors [ 4 o ‘%
0 - - - - . 96.5
FastNTF  NMWF ISNTF ALS_B ALS_K

Figure 1: Tllustration of tensor reconstruction by Fast HALS
NTF for Example 1(a) with tensor Y € R300300:300 georaded by
Gaussian noise with SNR = 0dB.
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Figure 3: Comparison of performance and running time for Ex-
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Figure 2: Comparison of performance and running time for Example
1(a) with tensor corrupted by Gaussian noise with SNR = 0dB.
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