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Abstract—This paper proposes an innovative genera- V= [ P kQ ] V] = ’ P kQ ' -1 1)
tion method of extremely ill-conditioned integer matri- Q P | Q P
ces. This method is superior to the conventional Rump’s The conditionV| = 1 is important for an ill-conditioned

method, i.e., the former has a simpler algorithm and c : :
generate more variety of ill-conditioned matrices than th ag“x- The integer andQ are gxtremely large SL.jCh_ as
latter. -. 0°° and are chosen so as to satisfy the Pell equation:

1. Introduction PP-kQ@ =1 @)
Extremely ill-conditioned matrices are required to ex-Thus|V| = 1 in Eq.(1) is satisfied. Then utiliziny in
amine the quality of accuracy-guaranteed algorithms fd¥d-(1), he proposed aif2- 2) x (2n + 2) integer matrixA
solving linear simultaneous equations[1]-[6]. Here an illand showed by rather tricky calculations thesatisfies
conditioned matrix implies that its condition number is
106 ~ 109 or larger in the double precision arithmetic.  Condy(A) = [|AleA e > (P + Q)(P + kQ) ~ 421
Once S. Rump[7] proposed a method to generate ex- 3
tremely ill-conditioned matrices. His method utilizedThe last term (4%™b) is obtained under certain reason-
the Pell equation which is well-known in the number able assumptions. Sinceis a (h + 1) X (2n + 1) matrix,
theory[12]. The method is most well-known and is used age see that the condition number in Eq.(3) per degree is
a standard tool to generate an ill-conditioned matrix with aapproximatelyy, i.e.,{Cond,(A)}Y@D ~ 4.
arbitrary condition number in the INTLAB, but the variety
of generated matrices is not so large because the number, oé . . ,
solutions of the Pell equation is not so many. So we warft2: Previous extensions of Rump’s method
other methods to obtain more variety of matrices. From

this point of view we proposed [8][10][11] several methodi) We showed[8][10][11] that Rump’s algorithm can easily

e generalized by replacingin Eq.(1) with the following

which are considered as extensions of Rump’s method[7 wo kinds of matrices.

In this paper we propose another method to general
ill-conditioned matrices. It has the following features2.2.1 Replacing/ by more general type of ax22 matrix
in comparison with Rump’s method[7] and its extensions The matrixV was generalized as:

[8][10][11]: (i) it has a simpler algorithm, (ii) the ob- 9 :

tainable condition number is roughly the same as previ-

ous ones, (iii) it generates much variety of matrices. The V= [ P (F; , V|I=PG-QF=1 (4)
obtained matrices are somewhat similar to the companion Q

matrix. : .
Prescribed® andQ having no common factor, e.g.,

2. Preliminaries P 2, Q=3"
_  oklpk2q 1k3 _ qmlom2
Let u be a large positive integer such a$ 100 or 253 P = 2757115, Q=377
(buty = 10 oru = 2 may also be permissible theoretically) . L . .
and let am x n integer matrixA = [a;] to be determined we can findF andG satisfying Eq.(4) by using the Euclid

satisfy|a;| < . Itis very probable that the maximum con-2algorithm[13].
dition number ofAis large, ag: is large. Our purpose is to 2 2 2 Replacingy by a 3x 3 matrix
generate an integer matriX = [&;] such thafa;| < x and
Cond@)(= |AIIIA~Y]) is extremely large.
3. Generation of ill-conditioned matrices similar to the

2.1. Outline of Rump’s method companion matrix

One of the key points of Rump’s method is to find:a2 3.1. Generation method

integer matrixv? s.t. ) ] ] ) )
In this section we consider the generation of an ill-

1The symboV is different from that in the original Rump’s paper[7]. conditioned matrix, which is similar to a companion ma-
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trix. Let A be ann x n integer matrix such that

aQ a a & an-1 an
1 -0 O o - 0 0
0 1 -0, 0 .- 0 0
A=] 0 0 1 -o3 - 0 0
0 0 0 0 -+ —0on2 0
0 0 0 o .- 1 —0n-1
_ , ®)
Without loss of generality we can assume
O<oi<u (i=1,2--,n-1) (6)
In this paper we determirgg (i = 1,-- -, n) such that
(g1 + @)oz +@g)os+--Jon-1+a =1 (8)

Eq.(8) corresponds W|
seethag (i =

1in Eq.(1). From the above we

and negative values Referring to Eq.(8), we will describe, -

how we determing.

3.2. Determination of g

We determiney by the following three steps:
Step1: From Eq.(8) we have

1-a,=0 (modop_1) 9)
from which we have
1-a,
= kn-1, (Kn-1=0,+1,+2,£3,--.) (10)
On-1
Thus we have
an =1-ono1knoa (11)

Thereforek,_; has to satisfy from Eq.(7) the following
equation:
lan] = |1 — on-1kn-al < p (12)

i.e.,—u < 1-o0n_1ky-1 < u. This can be rewritten as

1+u>onaknr>-u+1 (13)
from which we have
1+,u>kn_l>—;1+l (14)
On-1 On-1
From the above and Eq.(14) we see that
1 1-
wi=| gt e o or |32 <o a9
20'(]7]_ On-1

are appropriate candidate kf 1, butk,_; is not limited to
Eq.(15). We hava, from k,_; and Eq.(11) by Eq.(11).

Step 2: Quite similarly we can derive equations corre-

sponding to Egs.(9)—(15) successively. We take 1, 2,

-, n=1inthe order. Then we ha¥g_», kh_3, - - -, K1, an_1,
an_o, - -+, & as follows:
Kn-j an j=0 (modon-j-1) (16)
kn_
—kn]ls (kn-j-1=0,%£1,+2,--) (17)
On-j-1
an-j = Kn—j — on-j—1kn-j-1 (18)
[an-jl = IKn-j — on-j—1Kn-j-1l < (19)
Kn-j + 1 —H + K-
s s Ky > ——— (20)
On-j-1 On-j-1

We therefore have:

Kn-j +

2njl

kn—jl—

are appropriate candidate lof
Step3:
a = k]_

](>0)0r[

2!’]]1

Sinceg; have to satisfy Eq.(8), we assume

Assumption1: We choose; as

ay >0, a1 <0
or
ag <0, a1 >0

For convenience let

kn=1

I(j+1 +u Sk > M+ kj+l
O'J ] O'J
Ki 1+ u
ka[ ”20 (> 0) or [

is reasonable candidateslgf

aj+1 = Kj1 — ojk;

Eq.(25) is only an example of choice and we can also

choose many other values.

kj+1

k2i <0, k2i+1>0(i =1,2,~~

kgi >0, k2i+1<0(i =1,2,--~

3.3. Condition number of Ain Eq.(5)
In this section we calculate the condition numbeAadf

Eq.(5) with theso-norm. For this purpose we need to calcu-
, which can be easily calculated
in a similar way as in [8] as follows:

late the inverse matriA—!

Let
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 0 1
0 0 0 0 0
0 0 0 0 0
Then we have
A = AH
[ & a ag ay
1 —01 0 0
0 1 -0 O
= 0 0 1 -o3
0 0 0 0
| O 0 0 0
1 0 O 0 O
0O 1 o0 0O O
0O 0 1 0O O
0O 0 O 1 0
0O 0 O 0 1
0O 0 O 0 O
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(21)

(22)

)
2)

(23)

,N) necessarily include both positive Then we can calculatg andk; recursively forj = n—-1,n-
-, 2 in this order by both Eq (24) and Assumption 1.

(24)

] (<0) (25)

(26)

(27)
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0 1 o1 o2 [lioi [} 2o
a &% A & Bo B |1 0 0 1 o 0203 2.0
1 —o1 O 0 0 0 0 0 0 0 1 o3 - 3 O
0 1 -0 0 0 0 0 X
= 0 0 1 -o03 0 0 0 0 0 0 0 1 On_2
0 0 0 0 0 1
0 0 0 0 1 -on2| O L 1 -K; -Ky -Kg e =Ky
0 0 0 0 0 1 0 r 271 o 1-— Kl 1—[271 o 272 o - Kn—l l—[;Iil ai
_ Stor —KiII3 o 520 - Kna [15 0o
Let e e
1 —K]_ _anl
N o= [UL
= |'wlo ] We therefore have
U = [ag a a3 an-1 | n-1 n-2
"1 -0y O 0 0 ||A—1||w > max{l—l O'i,(—KO'n_1+1)l—IO'i (29)
0 1 -0 O 0 1 =1
0 0 1 -0 0 n
wo= 7 0 T Al > max{Z|a,—|,max(o-i+1)} (30)
0 0 O 1 —ono =)
L0 0 0 0 1 Finally we have
n-1 0 W_l
(A) = 1 _Uw—l n-1 n
Cond,(A) > (H m]z il (31)
1 1
[ 1 o1 oz [lio H;j i This corresponds to the Rump’s result in Eq.(3). If we
0 1 o2 o203 2 i choose
wt = |0 0 1 o3 - 570 lail ~ i, Vi~ VK (32)
0 O 0 1 on2 then we see thaK,.; ~ w271, We therefore see from
L0 O 0 0 1 Egs.(31) and (32) that
_UW—l = _[ a @ az -+ An-1 ] g 1 1
1 o1 s [Bor "2, Condo(A)>p2"-pz(N=Lu~m2  (33)
0 1 o2 003 2:2 i Since the size o\ is n, the condition number per degree is
X 0 0 1 S 3 O approximately, that is, Eq.(31) is approximately equal to
o o 0 1 o that in [7].
0 0 0 0 1 3.4. Considerations through examples
= _[ Kl’ KZ’ K37 5 Kn—l ]
Example 1: Let
where
u=10 n=4, o1=02=03=5 (34)
j-1 j-1
- . o (i = Nl We choosé; anda; using Egs.(9)- (22).
Kj=a 1:1[ i+ 8 l;l gitoo+a (j=12---n-1) Since 1- a4, must be divided by 5, we have
i.e., a4:13_4565_93“'
Ki = & So we choosey = -9 as an example. Theky = (1 -
K = aomi+a a4)/5= 2.
Ks = @002+ @02 +a Sinceks — ag must be divided by 5, we choosg = 7
and thereforé, = —1. Since k; — a) must be divided by
o2 5, we choose as, = -6 andk; = a; = 1. Then ((1x 5+
Kiei = alliZfoi+- (=6)) x 5+ 7)x 5+ (=9)) = 1 surely holds.
So we have the final form ok as: We therefore have
A = HQA) 1 -6 7 -9
= ‘)" (28) 1 -5 0 O
A= 35
1 0 0 0 0 Mte: 0 1 -5 0 (35)
0 1 0 0 0 [Iite 0 0 1 -5
0 0 1 o0 0 o
e Lo 125 -124 130 -225
0 0 0 O 1 onoon 1_| 25 =25 26 -45
0 0 0 0 0 ong A=l's 5 5 9 (36)
0O 0 o0 O 0 1 1 -1 1 -2
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from which we see that

Cond.(A) = I|AIl - |A™Y| = 13892 (37)

We haveA| = —1 and the singular values éfare about
14.1, 514, 442, and 000312. Therefore we have

14109418

Conch(A) = =2t
ON(A) = 55031213

~ 45202995

Remark 1: From the above results, we see thatAihas
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a considerably large condition number even for such small

w andn, (i) A has three large singular values and an exq]

tremely small one, and (iiijA~* is very near to a matrix
with rank one.

Example 2: Let

u=100Q n=4, o1=02=03=50 (38)
In a similar way as in Example 1 we chodg@anda; using
Eqgs.(9)-(22).

Since a4, must be divided by 50, we chooag= —799
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by 50, we choose a& = —864 andk; = a; = 17. Then
((17x 50+ (-864))x 50+ 716)x 50+ (-799)) = 1 holds.

We therefore have

[ 17 -864 716 -799
A = 1 -50 0 0
- 0 1 -50 0
e 0 1 -50
[ 125000 -2124999 1750050 -1997500
Al 2500 -42500 35001 -39950
- 50 -850 700 -799
1 -17 14 -16
from which we see that
Cond,(A) = ||Al| - A7 ~ 13x 1C° (39)

We havgA| = —1, and singular values are about 1380050

49.4 and 00000003. Then we have

13785521

0.0000003~ +69% 10°

Condh(A) =

Thus A has a considerably large condition number for
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We see from the above examples that we do not obtain

uniform singular values distribution. The reason is omitted

here due to the lack of space. As a trial to obtain more uni-
form singular value distribution, we can choasg= 1 but

the result is not necessarily good. The desirable singular
value distribution will be discussed in near future.

4. Conclusion

This paper proposed an innovative generation method of
extremely ill-conditioned integer matrices. This method is
superior to the conventional Rump’s method in some re-
spects.
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