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Abstract—In this paper, the harmonic balance analysis i A A A ing = Ong(Vey)
of Generalized Chua’s circuit exhibiting n-scroll attiarst \"/ G \‘;
has been accomplished using the dual-input describing Céz C, Cl::C1 N
R

functions of the piecewise linear characteristics of the
Chua’s diode.

Figure 1: The Chua’s Circuit

1. Introduction

The Chua’s circuit is one of the systems for which chao%' The Generalized Chua's Circuit

has been verified analytically [1]. Despite its minimal The Chua’s circuit depicted in Fig. 1 has the following
structure, it has a rich diversity of behaviors rangingtate space representation

from equilibrium states to period doubling bifurcations,

from quasi-periodicity to intermittency which makes X=A-Xx+b-g¢(y)

it a milestone in nonlinear research [5]. The rich y=C-X @)
diversity of dynamical behavior of the circuit given by is
experimentally verified [4]. where

It had been proposed that the double scroll behavior
characteristic to the circuit is due to the interacting timi
cycles and unstable equilibrium[3]. The existence of ' ,
interacting predicted limit cycles and unstable equilibni k=0 k= Z (Mj-1 —m)S; i =+£1,£2,-
can be verified using heuristic harmonic balance method. =1
In this method, the circuit is represented in the & fwrm
first. Then, the output of the linear part is approximated -a(l+0) a O —a
with a limit cycle, and the amplitude and the bias of A ={ 1 -1 1],b = { O]andC: (1 0 0)
the nonlinearity are approximated using the the describing 0 -8 0 0
functions [2]. The existence of the predicted limit )
cycles interacting with the equilibrium for the basic formwheree, g and¢ can be defined in terms of the circuit
of the circuit with two break points had been verifiedParameters.
previously [7, 12]. The double scroll, the strange attractor of the Chua’s

e : . circuit, can be obtained for some specific range of
The Chua's circuit can be generalized in the sense th érameters and with two break-points piecewise linear

o et e mensories 5 e ron pIESr I he et The nscrol (4.2, atract
modification of the nonlinearity of the circuit [8-11, 13 ¥amlly was c_)bta}lned as a result of g_enerallzatlon c_>f the
14] ' 77 Chua’s CIF.CL!I'[ with additional bregk points in the nonlinea
' characteristic of the Chua's diode [8]. Due to the
In this paper, the harmonic balance analysis of thgeneralization of the nonlinear characteristics, it haanbe
Generalized Chua’s circuit exhibiting n-scroll attrastbes shown that increasing the number of scrolls in all state
been accomplished, by extending the study in [12]. variable directions is also possible [11].

¢(y):my+kl’ S|<YS Si+1, So=0
' )
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3. Harmonic Balance Analysis For the nonlinearity including breakpoints in the re-
o ) gionS;_1 < y(t) < Sypr =1,2,--- ,n—- p+ 1,the DIDFs
In order to analyze the circuit by harmonic balancgave peen obtained by using a symbolic solver for the
method the equations are first written in the classical Lur'generalized Chua’s diode as,
form. The nonlinear part of the Lur'e form of Chua'’s circuit

is as in (2) and the linear part can be represented as, 1
2 P P NPO (A, B) = % [(mp+r + M)A+ Kpyr + k,]

(9 = —a(S? + s+ ) @ L&
S+ (1+ a(l+9))s? + (B + ad)s+ aB(1 +6) * A Z{[(mm = Meyic)A+ (Kot — K1)
Assume that the output of the system (1) is =1 A_S .. (12)
P  Or+i
y(t) = A+ Bsin(t) ) X sin ( B )
then the corresponding nonlinearity output is approxima- (Mysi = Msiog) VB? — (A Sr+i)2}
tely given by
. 1
#((1)) = No(A, BIA + Ny(A, B)Bsin@wt) () NIP(A B) = 5(Mper +m)
where the approximating gain to the bias input is 1 . A—S.i
PP 99 P + = Z {(mm — Myyig)sint (—H' )
oo T £
1 . =1 (13)
No(A.B) = ~ f $(A+ Bsin(t))dt, 7) L (i = M ) (At Sra) + 20kesi — Keica)
vy B2
and the approximating gain to the sinusoidal input is x VB2 - (A~ Sr+i)2}

1 r . _ To interpret the bifurcation phenomena, the stability of
Ni(A.B) = o f¢(A+ Bsinwt) sin(tdt.  (8)  he |ocated limit cycles has to be considered. Assuming
—oo that the bias is constant for small perturbations, the ktgbi
If ¢ : R— Ris memoryless, time invariant and odd withOf the Predicted Limit Cycles (PLC) can be studied via

respect to its argument, then bafinal input describing L0€b criteria [2, 6]. The relative location of thegri o
functions(DIDF), No : R2 - RandN; : R2 - Rare locus with respect to the amplitudB and the L(Jwg

independent od. locus with respect to frequenay provides the stability
The approximation given in (6) valid if infgrr_nation of a limit cycle, and a sustained (_)scillation or

a limit cycle occurs wheﬁm locus andL(jw) locus

IL(jw)I > [L(jkw)I, k=23, ?=-1 (9 intersect. If-—L_ is enclosed by the(jw) locus, then

N1(Ao,B)
hence the higher order harmonics generated by t}ige system Is unstabl_e _and the output amplitude sul_aje_cfced
nonlinearity can be neglected. 0 any disturbance will increase, on the other hand if |_t is
In order to have a limit cycle in the form of (5), the ngt enclosed the system is stablle,_then the outp_ut amplitude
following equations must be satisfied ' will decrease. Hence, by examining the locus in the range
|A — Aol < AA for the bias, the stability of predicted limit
1+ No(A, B)L(0) = 0 (10a) cycle can be concluded, wheh and By are bias and
1+ Ni(A B)L(jw) = 0 (10b) amplitude of the PLC, respectively.
The instability of the PLC can also be verified
analytically following the same line of reasoning in [2],
To predict the limit cycles in all possible regionswhich is stated for single sinusoidal input describing
determined by the breakpoints, biasand the amplitud® functions. The Eqg. (10) can be represented as
of the of the limits cycles have been considered. To locate
Uo(A.B) =0 (14a)

U1(A B,w) + [V1(A, B,w) =0 (14b)

n

n
all possible limit cycles the solutions of, (p

) nonlinear
p=1

equations in the form
Consider a small simultaneous perturbation in amplitude,

(pr) —
1+ N (A BL0) =0 (11a) bias and the frequency as
1+ NPO(A B)L(jw) = 0 (11b)
A— A+ AA
whereN” N{P") are the gains of the nonlinearity which B B+ AB
contains p breakpoints p = 1,2,---,n) including ]
(Srili=0,1,---,p—1jforr=1,2--- ,n—p+1. W= w+Aw+ JAr
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whereAo £ —%. And the perturbed solution should still example, folw = 9, 5 = 14.286 and,
satisfy Eq. (10). Hence,

w2l

-0.143y, O<lyl<1
Uo(A+A,B+AB)=0 (15a) 0.286y — 0.429 signy), 1<y <215
Ui(A+AA B+ AB,w+Aw + jAc) =0 (15b) v = -0.571y + 0.414 signy), 2.15<y| < 3.60
Vi(A+ AA, B+ AB,w + Aw + jAc) = 0. (15¢) 0.286y — 1.671 signy), 3.60< ly|

have been chosen.
Taylor series expansion of Eq. (14), around the point For the ranges € (-1.000,-0.857), the circuit either
(A, B, w) rearranging and ignoring higher order terms yieldexhibits limit cycles, single, double or 2-double scroll

to the first order, strange attractors. The computations indicate that there a
U 9Uq sev_eral solu_tions satisfying the system of e_zquations @n)f
—AA+—AB=0 (16a) various regions. However, only the solutions farr) =
;L'JA g\? sU sU (4,1) and p,r) = (3,1) are interacting with the unstable
ol hw -0+ Z2AB + Z21AA equilibrium point at the origin after a critical value 6f
Ow 0w o8 oA (16b) These limit cycles cause the double scroll and the 2-double
+ j(%Aw + %Aa + %ABJF %AA) =0. scroll behavior. The results for various valuesésofthe

ow ow 0B oA solutions for these predicted limit cycles are summarized
Eliminating Aw in the real and imaginary parts of Eq.(16b)in Table 1 and 2.
using the Eq.(16a) gives, The stability of predicted limit cycles is first examined

using inequality (15). If the inequality (15) is true, thedto
(0U1)2 ((Nl)z AB {%o (aul N, OV, 0U1) criteria is examined to determine the stability for a range
—_— + —_— =

0w ow] ~ Ao )%\ 9w A w OA of bias values centered arouAd. Fors = —0.890, both

ow A  Ow OA

oA PLCs are far away from the origin and onlg, ¢) = (1, 1)
_ (%% _ %%)} is stable. Increasing until —0.920 the situation does
dw 0B dw 0B not change. The limit cycles loose their stability after

(17) 5 = -0.925. In simulations, it is observed that there exists
a period-2 limit cycle at = —0.925, and period-4 limit
cycle, single scroll, double scroll and 2-double scrollhwit
decreasing values 6t

™Y The level of interaction can be determined using the
distance between the projection of the predicted limiteycl
on they — axis and unstable equilibrium point at the
origin, i.e. d = |Ag — |Boll. When the biash; and the

In order that the PLC to be stable, the increm&Btand
Ao must have the same sign, i.Ac/AB > 0. Since the
left hand side of Eq.(17) is always positive, it is necessa
that,

% (aul N, OVy aul)

% dw OA  dw OA 18 amplitudeBy values are examined, for decreasing values of
oUq 0V,  0Vi 00U, (18) ¢, an increasing interaction with the unstable equilibrium
- (%ﬁ - %E) Aho ~ 0 point origin is observed. The limit cycle indicated by
o= (p,r) = (3,1) is already in interaction with the origin

arounds = -0.962, and p,r) = (1,1) limit cycle interacts
with the origin arounds = 1 (Fig. 2). This verifies that
the 2-double scroll behavior is due to the interaction of fou

for the predicted limit cycle to be stable, whefg, By
and wg are bias, amplitude and frequency of the PLC

respectively. - . A .
The PLC (5) is said to bimteractingwith a equilibrium limit cycles with unstable equilibrium point.
pointy(t) = E, if, d = |Ao - [Bol|
B>nlA-El (29) 1
withn ~ 1 [3]. 0.8
For the n-scroll case, one expects to findPLCs
; ; ; - . 0.6 ----- (3,1)
interacting with one or more unstable equilibrium points, 1)
loosing their stabilities as the level of interaction irases 0.4
(i.e. the distance between the equilibrium points and the
PLCs decreases). 0.2 ,

-0.98 -0/.96 -0.94 -0.92 -0.9 0
Figure 2: The level of interaction as the bifurcation

Since the nonlinearity is symmetric about the originparametes is varied.
examining the system for > 0 will be suficient. As an

4. Computational Results

495



Table 1: BiasAy, amplitudeBy, frequencywg of the PLC and the stability of the PLC for the regiomsr) = (1, 1)

Stability

o +Ag Bo wo n of the PLC Simulation
-0.920 | 0.83814 0.62051 2.45069 0.78237 stable| period-1 cycle
-0.940 | 0.86505 0.72618 2.45069 0.86115 unstable period-2 cycle
-0.945 | 0.87433 0.75136 2.45069 0.87703 unstable period-4 cycle
-0.950 | 0.88454 0.77627 2.45069 0.89173 unstable period-n cycle
-0.975| 0.94892 0.90011 2.45069 0.95119 unstab single-scroll
-0.995 | 1.01652 1.00274 2.45069 0.98622 unstable double-scroll
-1.000 | 1.03580 1.02943 2.45069 0.99363 unstable 2 double-scroll

Table 2: BiasAg, amplitudeBy, frequencywg of the PLC and the stability of the PLC for the regiompsr) = (3, 1)

Stability
o +Ag Bo wo n of the PLC Simulation
-0.920 | 4.39377 -3.64057 2.45069 0.24680 unstable period-1 cycle
-0.940 | 4.37371 -3.84064 2.45069 0.46693 unstable period-2 cycle
-0.945 | 4.34887 -3.89809 2.45069 0.54922 unstable period-4 cycle
-0.950 | 4.31201 -3.96034 2.45069 0.64833 unstabe period-n cycle
-0.962 | 4.15296 -4.14314 2.45069 0.99019 unstab single scroll

5. Conclusions

In this paper, it has been shown that, it is possible to
predict chaos in the generalized Chua’s circuit exhibiting

n-scroll attractors by harmonic balance analysis.
predict the interacting limit cycles,

[6] Katsuhiko Ogata.Modern Control Engineering Prentice-

To

the dual input

describing functions fom—-break point nonlinearity has
been derived. The stability of predicted limit cycles havel8] J- A. K. Suykens, A. Huang, and Leon O. Chua. A family
been examined graphically and also an analytical necessary
condition for the stability of the predicted limit cyclessha
been given. The interaction of the unstable equilibria with
n— unstable predicted limit cycles is a strong indication of [9] J. A. K. Suykens and J. Vandewalle. Quasilinear approach
n-scroll chaos. The level of interaction has been measured
using the distance between the interacting limit cycles and
the equilibria. The usual period doubling route to chaos has

been characterized by the increasing level of interaction.
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