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Abstract—We study the influence of coupling strengthwork? This problem was intensively studied for linearly
and network topology on synchronization behavior ircoupled networks of bursting neurons [11, 12], and more
pulse-coupled networks of bursting neurons. We find thaenerally, of limit-cycle and chaotic oscillators [13, 14]
the stability of the completely synchronous state in netn particular, it has been shown that synchrony in such net-
works of coupled Hindmarsh-Rose neurons only dependgorks strongly depends on the structure and size of the net-
on the number of signals each neuron receives, indepenerk.
dent from all other details of the network topology. This |n this paper we present a surprising find regarding the
is in contrast with linearly coupled bursting neurons whergynchronization of synaptically coupled networks of burst
complete synchrony strongly depends on the network strugyg neurons [15]. Studying a network of pulse-coupled
ture and number of cells. Through analysis and numericglindmarsh-Rose (HR) neurons [16]' we discovered that
we show that the onset of synchrony in a network waitly  all that matters for the onset of complete synchrony is the
coupling topology admitting complete synchronization iswumber of signalsk, received by each neuron. This is

ensured by one single condition. independent of all other details of the network structure.
More precisely, the synchronization threshold is inversel
1. Introduction proportional to the number of incoming signds This

criterion applies to a neuronal network wigimy coupling

Model studies of neuronal synchronization can be sep#pology admitting complete synchrony. For this property
rated in those where threshold models of the integrate-ang- be true, each neuron must receive signals flooth-
fire type are used [1, 2] and those where conductance-based, wherek is uniform for all neurons. The synchroniza-
spiking and bursting models are employed [3]. Burstingion condition we present below is not restricted to the HR
occurs when neuron activity alternates, on a slow timaeuron, but is directly applicable to many other bursting
scale, between a quiescent state and fast repetitive spledgkin-Huxley-type neurons as well; including the 3D
ing. There has been much work on mechanisms thstorris-Lecar [8], Sherman [11], and Wilson [17] models.
produce such bursting [6]. In contrast to coupled spik-
ing neurons, whose synchronous dynamics is relatively
simple, interacting bursting neurons may exhibiffelr 2. Network considered
ent forms of synchrony; including synchronization of in-
dividual spikes, burst synchronization when only the en- In this work, we shall concentrate on networks of HR
velopes of the spikes synchronize, and complete synchrongurons exhibiting square-wave bursting, which is very re-
[9]. Typically, burst synchronization arises at a low cousistant to synchronization. The single HR model [16] reads
pling strength whereas complete synchrony, which involves

both burst and spike synchronization regimes, requires a x=y+aX -x>-z+1,
stronger coupling. Models of interacting bursting neurons y=1-dx -y,
often use one of two élierent forms of coupling depend- Z=pu(b(x— xo) — 2,

ing on whether the synapse is electrical or chemical. In the

first case, the coupling through gap junctions is linear andhere x represents the membrane potential, gnand z
directly dependent on theftierence of the membrane po-are associated with fast and slow currents, respectively.
tentials. In the second case, the coupling is pulsatile ard d, b, |, Xo, u are parameters, andis small. For
often modeled as a static sigmoidal nonlinear input-outptihe sake of simplicity, the HR model with the above set
function with a threshold and saturation [10]. One imporeof parameters can be transformed, using the substitution

tant question about interacting bursting neurons with sudly,2) - (1-y,1+1+2), d=a+a,c=-1-1-bx, into
linear and pulsatile couplings is that of complete synchrahe form

nization: What are the conditions for the stability of the x=aX-x-y-z

completely synchronous state, especially with respect to y=(a+a)x® -y,

coupling strengths and coupling configurations of the net- z=pu(bx+c-2).
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Consider now a network afi pulse-coupled HR models. 3. Stability equationsfor the synchronous solution
The equations of motion are the following: . _ -

Addlng and subtracting an additional tergy(x -
Vs) Z cnl(X) = kas(x — V)I'(x) from the x-equation of

n
a3 v — 7 — au(X — T(x:
% = ax =%~y 2 - gs(x ~ V) E‘IC”F(XJ)’ system (1), and introducing thefiirences between the
=(@a+a) -V, z=upbx+c-2z),i,j= n neural oscillator coordinates; = x; — X, 7ij = Yj — ¥i,
(1) &j =2z -2,i,] =1..,nin the limit when these dier-
Here, the neurons are identical and the synapses are fagges are infinitesimal, we derive the stability equations f
and instantaneous, i.e. time delays and internal synaptite transverse perturbations to the synchronization mani-
variables are ignored. The paramageis the synaptic cou- fold D :
pling strength. The reversal potenth is assumed to be . e e 5
greater tharx;(t) for all x; and all timeg, i.e. the synapse §ij = (2ax=3)ij —mj = & N KT (x)éij +
is excitatory. The synaptic coupling function is modeled by +0s(Vs — X)I%(X) (kgij + hzl{c,-hfjh - cihfih}) ,
the sigmoidal functioi’(x;) = 1/[1 + exp{—A(Xj — Os)}] (a . R R
limiting version of[(x;) is the Heaviside function). This "1 = 2@+ a)xgij —mij» &ij = p(bgij - &iy).
oft-used coupling form was called fast threshold modula1—.he derivatives are calculated at the paint 0,5 = 0, 7 =

tion (FTM) by Somers and Kopell [10]. The threshlg 0, and {x(t), y(t), z(t)} corresponds to the synchronous

is chosen such that every spike in the single neuron burst
can reach the threshold (see Fig. 1). Hereafter, the indivi gurstmg solution defined via system (2). The first coupling

ual neuronal parameter®s and Vs are chosen and fixed ermsS, = —kgsF(x)g,J accounts. for.the number of inputs
k. At the same time, the contribution of the second cou-
as follows:a = 28, = 1.6,c = 5 b = 9, u = 0.00],

©. = 025 V.2 pling termS; = gs(Vs— X)I'; (x)()depends on the coupling
s — VY. » VS — &

®3)

configuration. Note that the terrE {c,hflh — Cinéin} is the

same as for linear coupling [13] In terms of the original
variablesx;, the corresponding coupling matix = C — ki

is the Laplacian of the connected graph, except for a sign
change. It is well known thab has one zero eigenvalye
and all other eigenvalues have non-positive real p&its [
The eigenvalue/, with the largest real part is crucial for
the stability analysis of the synchronized solution. If the
coupling is mutualG is symmetric and all eigenvalues are
real. For simplicity, suppose thap is simple. Then, ap-
plying the linear transformation that diagonalizgé4o Eq.

(3), we obtain the stability equation for the most unstable

Figure 1: The synaptic threshaB and square-wave burst- fransverse mode:
ing of the HR model. § = (2ax— 3Q)E — 11— £ — QXE, @
n=2@+a)X-n, ¢{=plEf-9),

C = (cj) is then x n connectivity matrix: ¢; = 1 WhereQ(x) = kgsI'(x) - gs(Vs — X)I,(X)(k +y2). System (4)
if neuroni is connected to neurop cj = 0 otherwise, is an analog of the Master Stability function [13] for pulse-
andc; = 0. Matrix C can be asymmetric such that bothcoupled networks (1). lf- is not simple, then we can write
mutual and unidirectional coupllngs are allowed. We resimilar equations to system (4) for the vectors spanning the

corresponding blocks in the Jordan normal fornGofThe
quire equal row-sumk = Z Gj =i =1,.,n This re-
i1 stability discussion, however, is essentially the same.

guirement is a necessary condition for the existence of the

synchronous solution, namely the invariance of hyperplang Complete synchrony: what matters in the network
gl(t) - fZ(t) = = ‘fn(t) fl (Xl th') i= 1 n. In topo]ogy’?

fact the equal row-sum property implies a network where

each cell has the same numiiesf inputs from other neu-  Applying the stability equation (4) to basic network con-

rons. Synchronous behavior on the manifdlé generated figurations (for the details of the proof, see [15]), we come

by the system: to the following assertion.

Statement [15]. The coupling threshold for complete syn-

chronization in the network (1) is estimated as follows:

(2
g = gk, (5)

X=axt - x2—y—z—Kkg(x— Vs(X),
y=(a+a)x* -y, z=pu(bx+c-2).
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where k is the number of signals each neuron receives, atalthe analytical predictions of Eq. (5).
gg‘:z) is a constant corresponding to the synchronization
coupling threshold between two mutually coupled HR neu-
rons (k = 1). The estimate (5) is valid for the networks
(2) with any coupling configuration (whether global or lo-
cal, regular or random, mutual or unidirectional) under the
constraint that the number of inputs k is uniform for all
neurons.

The constang™? comes from the application of the
Lyapunov function method to the system (4) with= 2
and gives an overestimate for the real coupling strength tha
leads to complete synchronization of two HR neuron842 (@) (b)
(theoretically predicted) versus2B5 actual for the above
mentioned parameters and= 10. However, using the nu-
merically obtained™?, we can predict the thresholg,
for anyk from Eq. (5), as shown in the numerical examples
below.

In support of this claim, we determine numerically the
threshold for complete synchronization as a functiork of
for various coupling configurations (local, intermediatel a
global), and compare it to the value predicted by Eq. (5).
For g2, the value from simulation of two mutually cou-
pled HR neurons was used. This valuggl’szz) = 1.285 for
A1 =10 andg(snzz) = 1.139 forA = 50. From the results © (@
shown in Fig. 2 it can be seen that the prediction is nearl
perfect. Note that even for large when the synaptic func-
tion I'(x) approaches the Heaviside function, the estimal
(5) gives an excellent numerical prediction.

ffigure 3: Examples of the unidirectional random networks
simulated. Ten networks of each tyde) n = 9,k = 3;
®)n=9k=4(c)n=16k=4(d)n=32k=4
were generated randomly. The synchronization threshold
for networks of type (a)g; = 0.429 forA = 10, andg; =
0.380 fora = 50; and of types (b), (c), and (dj; = 0.322

A =10 A =50
06 06 for 4 = 10, andgs = 0.285 forA = 50. All the calculated
. (4 !ocal;K;l —0 1 . . o (n=2)
o intermediate; K = (/50 ¢ local; K= 1 thresholds coincide perfectly wi /K.
» 04 o global; K = /20 0.4 o intermediate; K = /50

o= o global; K = (/20 . .
Finally, we have tested robustness of the synchroniza-
0.2 0.2 \\}M tion with respect to a mismatch in the synaptic strengths.
o o We have simulated networks of 20 neurons for the local,
10 2030 40 50 1020 30 40 %0 intermediate and global cases, introducing a mismatch in

the synaptic strengths around the averggePerfect syn-
Figure 2: Synchronization threshold$ in a ring of K-  chronization is no longer possible in these cases, due to the
nearest neighbor coupled HR neurons as functiona of absence of the synchronization manifold, and there is al-
for various coupling configurations @rentK). Markers: ways an error in the synchronization. However, for a given
Simulation results. Solid line: Prediction of Eq. (5). value ofgs this error falls rapidly and then remains constant
whenggs is further increased. This point can be seen as the
Note that the synchronization threshold in locally synapeoupling threshold for the approximate synchronization. |
tically coupled networks is constamj; = o"=?/2 for mu-  all simulated cases this value is nearly identical to the syn
tually nearest-neighbor coupled neurons, and does not dgronization threshold without mismatch as shown in Fig
pend on the number of neuroms This is in sharp con- 2. The synchronization has been verified to be robust for
trast with linearly coupled networks where the couplingnismatches imys of up to 5%
required for stable synchronization has a quadratic depen-In summary, the single condition (5) ensures the onset of
dence om [14]. complete synchronization in networks of synaptically cou-
To illustrate the power of condition (5) even further wepled bursting neurons (1) with any coupling topology in
have simulated -in addition to the regular, mutually couwhich each neuron receives signals frewthers. The syn-
pled networks from Fig. 2- a series of randomly generatechronization condition depends on the number of inputs
unidirectionallycoupled networks of HR neurons with uni- andnot on the connectivity matrix. The equlalconstraint
form number of synapses as those shown in Fig. 3. For afl often invalid for biologically relevant networks with a
simulated networks, numerical results are nearly idehticaomplex structure where the number of inputs is not nec-
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essarily constant, but K is uniform for a group of neu- [12] M. Dhamala, V.K. Jirsa, and M. Ding, Phys. Rev. Lett.
rons, synchronization within this group of neurons can oc- 92, 074104 (2004).

cur. The synaptic strengths can also change as a result of

pre- and postsynaptic cell activity such that the inputaéo t [13] L-M. Pecoraand T.L Carroll, Phys. Rev. Le802109
neurons become equal only for a specific interval of time. ~ (1998); L.M. Pecora, Phys. Rev.38 347 (1998).

The consequence is transient synchronization [18] that E§4] V.N Belykh, 1.V Belykh, M. Hasler, Physica (Amster-
believed to be a collective mechanism for spatiotemporal dam)195D, 159 (2004).

neuronal integration. This work promises to allow an an-

alytical treatment of even temporal synchrony in burstingl5] 1. Belykh, E. de Lange, M. Hasler, Phys. Rev. Lett.
cells. 94, 188101 (2005).
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