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Abstract—Sufficient conditions have been recently
given for a classs of ergodic maps of an interval onto it-
self: 7 =[0,1] c R' — I and its associated binary function
to generate a sequence of independent and idetically dis-
tributed (i.i.d.) random variables. Jacobian elliptic Cheby-
shev map, its derivative and second derivative induce Ja-
cobian elliptic space curve. A mapping of the space curve
onto itself: R> — R3 is introduced which defines 3 pro-
jective onto mappings, represented in the form of rational
functions of x,,y,,z, and gives a 3-dimensional sequence
of i.i.d. random vectors.

1. Introduction

Absolutely Continuous Invariant (ACI) measures char-
acterize statistical properties of orbits of nonlinear chaotic
map. It is well known that the Bernoulli shift (or Bernoulli
map) and Rademacher function can produce independent
and identically distributed (i.i.d.) binary random variables
in the sense that they furnish us with a model of indepen-
dent tosses of a fair coin [1].The tent map, closely related
to the Bernoulli map, and its associated binary function can
also generate a sequence of i.i.d. binary random variables.
Ulam and von Neumann(1947) [7] pointed out that the lo-
gistic map is topological conjugate to the tent map with its
uniform ACI measure, i.e, Lebesgue measure itself, via the
homeomorphism and that the map is a strong candidate for
pseudorandom number generation even if this map has its
nonuniform ACI measure.

Motivated by this situation, we have shown that a class of
ergodic maps with its unique ACI measure satisfying equi-

distributivity property (EDP) can generate a sequence of R

i.i.d. binary random variables if its associated binary func-
tion satisfies the constant summation property (CSP) [3].
Fortunately, many well-known 1-dimensional maps, which
are topologically conjugate to the tent map via homeomor-
phism,satisfy EDP. The Bernoulli map, logistic map and
Chebyshev polynomial are good examples. These maps are
governed by duplication formulae. In other words, a dupli-
cation formula gives chaotic dynamics. It is well known
that elliptic functions satisfy an addition theorem [8]. We
introduced a Jacobian elliptic Chebyshev rational map with
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Definition 1 (topological conjugation [5])

EDP by applying duplication formulae of the Jacobian el-
liptic function [4]. This map as well as the other well
known maps mentioned above are mappings from an in-
terval into itself. It is a natural question whether sequences
of i.i.d. binary random vectors using chaotic dynamics are
easily generated or not. In this paper we give an affirmative
answer to this question up to 3-dimension.

2. Homeomorphism

Let us consider an ergodic map 7 : I = [d,e] — [ with
its unique ACI measure f*(w)dw.

The Bernoulli map with f*(w)dw = dw is defined as
7p(w) = 2w (mod 1). If a real-valued w has its binary rep-
resentation as w = 0.d;(w)d>(w) - - -, then the one of T5(w)
is given by 13(w) = 0.d2(w)d3(w) - --. The function di(-)
furnishes us with a model of independent tosses of a fair
coin. A sequence {di(w)};’, can be regarded as a sequence
of i.i.d. binary random variables. Here is another example:
a piecewise linear map of p branches with f*(w)dw = dw,
defined byN,(w) = (-1 pw (mod p), w € [0,1]. In
particular, N,(w) is referred to as the tent map. This and its
associated binary function can generate a sequence of i.i.d.
binary random variables.

Two transfor-
mations T : I — Iand v : 1 — I on intervals I and I are
called topological conjugates if there is a homeomorphism

— onto

h:I = Tast(w)=ho7oh Y (w).!

Suppose 7(-) and 7(-) have their ACI measures f*(w)dw
and f*(@)d® respectively. Then, under topological con-
jugation, these ACI measures have the relation f*(w) =
2| F o).

mark 1 Ifwe take T(®) = Ny(), then f*(w) is simply rep-
resented by the derivative of h™'(w). Hence, if h(@) can be
defined in an inverse function of an integral, its integrand
gives an ACI measure within a normalization factor.

The most famous example of inverse functions is the sine

sin w du

0 Vi—u?

This remark is the starting point of our study. In fact,
Ulam and Neumann [7] gave the logistic map Ly(w) =

_— __ dv

which is topologically conjugate to Ny(w) via h™'(w) =

function, i.e., w =

'which is the same as the method of change of variables. [2]
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2
- sin™! vw. Schréder map [6] is another good example,
40(1 - w1 - Kw) ©
(1 _ k2w2)2 ’
dw
2K (k) V(1 — w)(1 - Rw)
(0 < k < 1) is the modulus and K(k) is the complete el-

liptic integral defined by K(k) = f 48
0 1-K2sin*4
Note that O»(w, 0) gives the logistic map L,(w). This ra-
tional map is topologically conjugate to the tent map N, (@)
via h Yw, k) = ﬁ sn~1( Vw, k), where sn(w, k) is the in-
verse function of the elliptic integral of the first kind in the
sn(w,k) dt

0 VA=D1 -k2A)

and sn(w, 0) simply reduces to sin w.

defined by Qs(w, k) = € [0,1]

with f*(w,k)dw = , where k

Legendre-Jacobi form w =

3. EDP and CSP

Now we describe some theories related to generating a
sequence of i.i.d. binary random variables.

First, we consider a piecewise-monotonic onto map 7 :
[d, e] — [d, e] satisfying the following three properties:

i) There is a partitiond = dy < d; <--- <dn, = eof [d, e]
such that for each integer i = 1,..., N; the restriction
of 7 to the interval [d;_, d;), denoted by 7;,(1 < i <
Ny,), is a C? function.

ii) 7((d;_1,d;)) = (d, e), i.e., T; is onto.

iii) 7 has a unique ACI measure denoted by f*(w)dw.
For this map, we introduce some definitions to evaluate
statistical properties of chaotic sequences.
Definition 2 (Perron-Frobenius operator [5]) For H(w) €
L* and a piecewise-monotonic onto map Tt(w), the

Perron-Frobenius operator P; is defined as P.H(w) =
N.—1

L [HOMdy = ) 1g(w)H(giw)), where gi(w) = 77 (@)
([d.w)) pary
is the i-th preimage of w.

This operator is useful in evaluating correlational prop-

erties of chaotic sequences, i.e., f G(w)PAH(w)}dw =
I

fG(T(a)))H(w)da), where G(-) € L*™.
I

Definition 3 (equi-distributivity property (EDP) [3])
If a piecewise-monotonic onto map T(w) satisfies
g @If*(gi(w) = Ff(w, 0 < i < Ny —1, then
the map is said to satisfy the EDP.?

Let us consider a stationary real-valued sequence
{H(X,)}=,,, where X, = 7"(w). The ensemble average

n=0’
E[H(X,)] is defined by E[H(X,,)] = fH(T"(w))f*(w)dw.

I
We denote E[H(X,,)] simply by E[H(X)].

2EDP is invariant for the topological conjugation.

Definition 4 (constant summation property (CSP) [3])

For a class of maps with EDP, if its associated function
H() satisfies 3 YN0 H(gi(w)) = E[H(X)], then H(") is
said to satisfy the CSP.

A method to obtain binary sequences from chaotic real-
valued sequences {7"(w)};- , has been given in [3].

Definition 5 (Symmetric Binary Function [3]) For a parti-

tiond = th < t < -+ < tyy = e of [d,e] satisfy-
ing tr+ toy—r = d+e, r=0,1,...,M and T denotes
the set of symmetric thresholds {t,}fyo. Then, the follow-
ing binary function is obtained Cy(w) = @ffo 0, (w) =
Z%%(—l)’@,,(w) which is referred to as the symmetric
binary function, where ®,(w) is the threshold function

,(w) = 0, forow<t
T, forw>1t.

Theorem 1 [3] For a class of piecewise-monotonic onto

maps with EDP, the following three symmetric properties
i) symmetry of binary function Cr(w), defined as t,+tyy—, =

d+e, r=0,1,....M
ii) symmetry of map t(w), defined as 7(d + ¢ — w) =
T(w), wel
iii) symmetry of ACI measure f*(w), defined as f*(d + e —
w) = f(w), wel
give

PACr(w)f"(w)} = E[Cr]f*(w). ey

Relation (1) implies {Cr("(w))}’, is a sequence of
i.i.d. binary random variables.

4. Jacobian Elliptic Chebyshev Rational Map
We know that the Jacobian elliptic function cn(w, k) 3 is

an inverse function of an elliptic integral of the first kind in
the Legendre-Jacobi normal form

fl dt
w= . 2
en(@h) /(1 = 2)(1 — k2 + k*2)

Kohda and Fujisaki [4] introduced the Jacobian elliptic
Chebyshev rational map with positive integer p

R (w, k) = cn(p en”Nw, k), k), w e [-1,1] 3)

which is topologically conjugate to the tent map N,(w) via

homeomorphism h~'(w, k) = % [l(((‘;:;k) and so has its ACI

dw

measure f*(w, k)dw = This map is

2K(K) V(=) (1=K +K2w?)
a rational function version of the Chebyshev polynomial
T,(w) =cos(pcos™ w), we[-1,1]. When p =2,

1-2(1 - w?) + K21 — w?)?
1 —k2(1 — w?)?

RS (w,k) = @)

The function R} (w, k) has a rational function form for any
p (p = 2) which satisfies the following recurrence formula

3en(w, 0) simply reduces to cos w.
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(a) k=0.1 (b) k=0.9

Figure 1: Two Jacobian elliptic space curves (X, Y, Z).
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Figure 2: Two Jacobian elliptic plane curves when k = 0.9.

given by an addition formula of the function cn(-):

2w en

R
-2 (1= RMw. b?) (1 - w?) "
+ R;n_](w7 k) = 07 Rgn(w7 k) = lvRI]:n(w» k) =w (5)

cn
RP

+

(W, k) =

and is commutative, ie., RI(RI(w)) =
R{M(R(w)), for integers r, s.

Rij(w) =

5. Jacobian Elliptic Plane(or Space) Curve and 2 (or

3)-dimensional Dynamics
Let us concentrate on the Jacobian real elliptic function
with p = 2 [8]. The Jacobian elliptic function X = cn(u, k),
its derivative ¥ = % cnu and the second derivative Z =

dd—; cn u give the Jacobian elliptic plane(or space) curve, re-
spectively given by
Y2 = (1 - X1 -k + kK*X?),
Y2 = (1 -X2)(1 -k +k*X?), Z = X(-1 + 2K*(1 - X?)) }
(6)
which are shown in Figs. 1, 2. A mapping from such an
algebraic plane (or space) curve into itself defines 2 (or 3)-

dimensional dynamics governed by a duplication formula,

ie., typ1 = 2Uy, X, = CO Uy, Y, = % . Zl’j and z, = % . “;‘2
Xn+l = Rgn(-xn» k):
yi+1 = T)zf(y”’k) =(- i+1)(1 -k + k2x3+1)'
In+l = TZ(Z}% k)

K= 1+2(1 - k)2 + k2xd 112+ )
- D S Y i )

- k(1 - x2) 1—12(1 - 2)2
)

The term y,;; is determined by u,; and x,4| as
—71(Xp41), 0 < upy; mod 4K (k) < 2K (k)
Yn+l = .
m(xp+1), otherwise,
m(x) = (1= x2)(1 = k2 + K2x2).
Squaring the third equation of Eq.( 6) gives the relation

where

2

Z
114 = O» (8)
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Figure 3: Three marginal distributions

Fi(x kdx, £ (v, kydy and f5(z, k)dz.

where for given Z, X? has the following at most three real-

valued solutions, |
X3(2), fork < + (R(Z.k)>0)

X*(2)={ X*2), fork > % and R(Z, k) > 0 )
X[Z(Z),Z < i < 4, otherwise
where 3 b(Zk 3 b(Z,k
X}(2) = \[-Y2R 1+ VRZ R + -"%9 — RZD
+ 3z (=1+2k%)
X2(2) =2 [Fcos 20 ¢ L (-1 +282)
X3(Z) = -2 |2 cos 8207 4 L (1 +2k2)
3 3 3 3k2
X22Z) = -2, /-Ta cos LA 4 L (—1 +2k?)
_ VZh | Pk
RO =" o1,
a(k) = — (=1 + 267,
_ 1 (—1+42k%) 2772
b(Z,k) = 51 B A
cosd(Z, k) = -1+ Cirakeye

(10)
Fig. 2 shows two Jacobian elliptic plane curves (X, Y) and
(Y,Z) when k = 0.9. On the space curve, 3-dimensional dy-
namics has a unique ACI measure with respect to each co-
ordinate. Fig. 3 shows comparisons between the marginal
distribution data taken from experiments and theoretical
calculations, where each of these theoretical distributions
is given as follows

dx
s(x, k)dx = )
S 2K(k) N1 = D)1 - K2 + k222
V2kdy
m, for k < V1/2
M, for k> VI/2, [yl < VI — &2
Fonody = | 2KOFL00
e V2kdy
2K (k)Fy(y, k)
\2kdy 5 |
m for k > V1/2, V1 -k <|y|§ %
(11)
where
F;lz(y, k) = \/(2k2 =1+ /1 = 4k2y2)(1 — 4k%y?), (12)

F2(y,k) = \/(2k2 — 1= 1= 4k2y2)(1 — 4k2y?)
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dz
2K(k)Fz§X1(Z),k)’ fork < v1/2 ] _
z

2K FZ(X\(2), 1)’ NP =N
fork > V1/2, 1 <|z| < r(k) g Sl W
dz dz

KOF2). 0 T 20 (X3(2). k)

Z
R OF, Xz R k> V72l < r?f; |

r(k) = ,/%(—1 +2Kk2)3

FoX(2).0) = (1 - XA2)(1 - + 2X2(2)
X |-6k*X7(2) + 2k - 1],

fr(z. k)dz =

(@) Xp+1 = T2 (xXn) ()
Yn+1 = Ty(n)

(©) Zn+1 = T(2n)

where

Figure 4: Three projection mappings when k = 0.9.

where

(14)

2 \2ky \/2k2 —1— /1 —4k2y2
Real-valued orbits on the curve can produce a sequence of 7-5 N ) =
3-dimensional i.i.d. binary random vectors as follows. The- (2K2 = 1+ 2k%y? — /1 — 4k%y?)?

1 tells us that
orem 1 tefls us Hha x{l—2k2y2—(2k2—1)1/1—4k2y2}. (19)

Pr {Cr,(0)fx ()} E[Cr,1/3(X)
P {Cr,(0) ;) = E[CLlfi() (15) Suppose that Z;(z) is the first bit normalized z in binary
P {Cr.(0f;)} = E[CL1f(R) representation. Let us denote Z;(z) by Z; and 1 — Z;(2) by

A
holds, where {Cr, (x5, (Cr,(v))5e, and {Cr.(z)}2,
are symmetric binary sequences with their sets of sym-
metric thresholds T, T, and T, associated with real-valued
sequences {x,}~ o, {yu} e and {z,}>",. We shall now look
into relations between (y,,, ¥,+1) and (z,, z,+1). Each of y,

Z, and D(%) by D, and 1 - D(%) by D,. We obtain a
mappping z,+1 = 7,(X(Z)) defined by
T(X1(2)). for k<5 (RZK) >0)

.(X1(Z)), for k> % and (X; ®Z)D, =1

) 7.(X(Z2)) =4 1.(X2(Z)), for k> -Land (X,®Z)D,=1
v.S. Yp+1 and z, V.S. Zzy41 gives a closed smooth curve, N ‘{5 —
which depends on whether k < +/1/2 or not, as shown 7(X3(2)), for k> V2 and (X1 ® Z))D, = 1
in Fig. 4. Suppose that k < +/1/2 and that X, (x) is the 7.(X4(2)), for k> % and (X, ©Z))D, =1
first bit of normalized x in binary representation, such as 20)
o= 0.X(0)X2(x) - X;(x) -+, Xi(x) € {0,1}. Denote ~Acknowledgments

Xi(x) by X; and 1 — X; by X;. Then, the piecewise-
monotonic onto map 7,(-) can be defined as follows:

2(y,) forX; =1
Vn) = A ’ > 16
»0n) { () = =1L (), for Xy =1, (16)
where
2V2ky AJ2k2 — 1 + /1 — 4k%y?
() = v y‘/ ’

(2K% = 1 + 2k + +J1 — 4k%y2)?
X {1 — 222+ (22 = 1) 4/l - 4k2y2}. (17)

Suppose that & > +/1/2 and that Y,(y) is the first bit
of normalized y in binary representation, such as Zk);I =

0.Yi(nY2(y)---Yi(y)---, Yi(y) € {0, 1}. Denote Y, (y) by ¥;
and 1 — Y, by Y] and D(;%) by D, and 1 — D by D,, where

dy
D(%) = { (1)’ ii_fy‘ :g Then, a piecewise-monotonic
’ dx — 7°

onto map can be obtained, defined by

) =17 (), for Xy(Dy@Y)) =1
() = =t (), for Xi(D, @ Y)) = 1
N (), for X,(D,® 7)) = 1
TivVN(yn) = _TfN(yn)s for )_(I(Dy ®oY)=1,

Ty(Vn) = 18
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