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Abstract—The behavioral modeling of switched de-
scriptor system with impulse modes is presented, in which
the backward Euler method is used for taking an arbitrary
input. This method is so simple that it can be used for mod-
eling of various nonlinear phenomena. In the numerical
examples, we demonstrate that the proposed method gen-
erates an appropriate stead-state model of class-E amplifier,
which is a resonant power amplifier.

1. Introduction

Nonlinear phenomena are expressed by a switched linear
dynamical system which is often written by a state equa-
tion. However, all the phenomena cannot be necessarily
expressed by the state equation, then, the system is ex-
pressed by a set of differential algebraic equations, which is
called descriptor system [1]. The typical situation is model-
ing of power electronics circuits. Passive linear circuits are
switched for power converters [2]. The dynamical systems
of equivalent circuit models correspond to the switched dy-
namical systems.

The behavioral model presents an efficient simulation
model, which is used for making a design guidance [5]
or generating a cost function for the optimization problem.
The behavioral modeling of class-E amplifiers is proposed
[8], in which the Weierstarss canonical form is used for
obtaining the behavioral model. However, the input wave-
form must be known a prior and tedious calculations are
necessary for obtaining the behavioral model.

In this paper, the behavioral modeling of switched de-
scriptor system is presented, in which the backward Euler
method is used for allowing an arbitrary input waveform.
Although the backward Euler method is not accurate, it
is advantageous to avoid a numerical instability. The de-
scriptor system usually has impulse modes, which cause
the instability for the numerical integration. If an accurate
numerical integration formula is used, the simulation may
be broken down. Therefore, the backward Euler method is
used as a compromise.

In the numerical examples, we demonstrate that the pro-
posed method can capture the steady-sate response of class-
E amplifier, in which the class-E amplifier behaves both
DC/AC and AC/AC converters.

2. Descriptor System

The descriptor system is expressed by a set of linear al-
gebraic differential equations,

E
dx(t)

dt
= Ax(t) + Bu(t), (1)

y(t) = Cx(t), (2)

where x(t) ∈ Rn is the state, u(t) is the input, and y(t) is
the output. A ∈ Rn×n, B ∈ Rn×p, and C ∈ Rm×n are the
coefficient matrices. The solution of (1) is obtained by the
Weierstrass canonical form:

WET =
[

Id 0
0 N

]
, WAT =

[
Λ 0
0 In−d

]
. (3)

In (3), W and T are the transformation matrices, and Λ is
the Jordan form composed of the finite eigenvalues asso-
ciated with the matrix pencil λE − A. The degree of the
characteristics polynomial is assumed to be d, then, Λ is
d × d matrix. N is a nilpotent, the eigenvalues of which are
corresponding to infinity. Il is l × l identity matrix. The
Weierstrass canonical form is numerically calculated via
QZ transform to the matrices E and A, and the solutions of
Sylvester equations [7].

Using (3), we can rewrite (1) into

ẋs(t) = Λxs(t) + Bsu(t), (4)
Nẋ f (t) = x f (t) + B f u(t), (5)

where

T−1x(t) =

[
xs(t)
x f (t)

]
, WB =

[
Bs

B f

]
. (6)

The general solutions of (4) and (5) are respectively ob-
tained by

xs(t) = eΛ(t−t0)xs(t0−0) + fs(t), (7)
x f (t) = −B f u(t)

−
µ−1∑
i=1

(
N iδ(i−1)(t − t0)x f (t0−0) + N iB f u(i)(t)

)
,
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where eΛt is the matrix exponential of Λt and µ, which is
called index, satisfies Nµ = 0. The function fs(t) depends
on the input u(t). The time-domain response of (1) includes
impulses unless ker N = x f (t0−0).

When the descriptor system expresses a linear passive
circuit, the passivity of the network is guaranteed. Then,
the index µ is at most 2. Hence, the solutions (1) are rewrit-
ten by

x(t) = α(t)x(t0−0) + β(t), (9)

where

α(t) = T
[

eΛ(t−t0) 0
0 −Nδ(t − t0)

]
T−1,

β(t) = T
[

fs(t)
f f (t)

]
,

f f (t) = −B f u(t) − NB f u(1)(t).

The expression (9) presents a behavioral transient model.
However, the function fs(t) must be closely written and the
input is restricted to a typical function such as sin(ωt).

3. Backward Euler Method

Explicit numerical integration methods such as forward
Euler and Runge-Kutta methods cannot be applied to (1),
because the matrix E is singular and (1) cannot be con-
verted into a state equation. Therefore, we apply the back-
ward Euler method as an implicit numerical integration
method. Then, the equation (1) is expressed as

E
x(n + 1) − x(n)

h
= Ax(n + 1) + Bu(n +

1
2

), (10)

where x(n+1) is the solution at t = tn+1 and h is a time step
size. Then, the solution x(t + 1) is expressed by

x(n + 1) = (E − hA)−1
(
Ex(n) + hBu(n +

1
2

)
)
. (11)

The backward Euler method is used for regularizing the
matrix E. In this case, we can use more accurate numeri-
cal integration formula such as Gear method, BDF, and so
on. However, these accurate methods are not necessarily
suitable. As the time-domain response of descriptor sys-
tem includes impulses as (8), there may be some singular
points in a time interval. If an accurate numerical integra-
tion method is used, it would try to follow an impulse accu-
rately, which breaks the numerical stability and the simula-
tion is down. To avoid the breakdown, we use the backward
Euler method, even though the accuracy is not better.

The relationship between x(n + 1) and x(0) is obtained
by

x(n + 1) = ax(n + 1) + bu(n +
1
n

)

= an+1x(0) + anbu(
3
2

) + . . . + bu(n +
1
2

)

= αx(0) + β, (12)

where a = (E − hA)−1 E and b = (E − hA)−1 hB.
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Figure 1: Basic configuration of class-E DC/AC and
AC/AC converters.
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Figure 2: Simplified circuits of class-E amplifier. The gate-
to-drain capacitance is considered with an ideal switch, in
which each number is identified as a node.

4. Numerical Results

We demonstrate that the proposed method captures the
steady-state response of class-E amplifier [6]. The basic
configuration of class E-amplifier is shown in Fig. 1. When
the MOSFET of Fig. 1 is replaced with an ideal switch and
the gate-to-drain capacitance, the equivalent circuit model
is shown in Fig. 2. It is known that this circuit gener-
ates an impulse mode [8]. The class-E amplifier has the
two features, in which the circuit constructs a DC/AC con-
verter when a pulse waveform is given at vG and a AC/AC
converter when a sinusoidal waveform is given. Moreover,
the circuit has the two state of on and off with respect to
the ideal switch; the two descriptor systems are switched.
For the on state, x(t) = x1(t) in (1), and for the off state,
x(t) = x2(t).

As the boundary condition at t = t1−0, the following re-
lationship is obtained,

x2(t1−0) = x1(t1) = α1x1(t1) + β1. (13)

Moreover, the steady-state condition is obtained by

x1(t0−0) = x2(t2) = α2x1(t1) + β2. (14)

Using (13) and (14), we can express the initial condition,
which generates the steady-state response, as follows:

x1(t0−0) = (I − α2(t2)α1(t1))−1 (α2(t2)β1(t1) + β2(t2)) .
(15)- 625 -



It should be noted that α1, α2, β1, and β2 are calculated by
using (12).

As parameters of class-E amplifier as shown in Fig. 2,
the following values were given, VD = 5V , CS = 6nF, C0 =

3nF, LC = 7.96mH, L0 = 7.96µH, R = 5Ω, rS = 0.16Ω,
and CGD = 0.178nF. The pulse wave with 50% duty ratio
and VG = 5V amplitude was given to the gate. Then, the
two modified nodal analysis equations are written as

C
x1(t)
dt
+Gonx1(t) = Bonu(t) (16)

C
x2(t)
dt
+Go f f x2(t) = Bo f f u(t) (17)

where

Gon =



0 0 0 0 0 1 1 0 0
0 1/rS 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 1/R 0 0 0 −1 0
0 0 0 0 0 0 0 0 1
−1 0 0 0 0 0 0 0 0
−1 1 0 0 0 0 0 0 0
0 0 −1 1 0 0 0 0 0
0 0 0 0 −1 0 0 0 0


,

Go f f =



0 0 0 0 0 1 1 0 0
0 0 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 1/R 0 0 0 −1 0
0 0 0 0 0 0 0 0 1
−1 0 0 0 0 0 0 0 0
−1 1 0 0 0 0 0 0 0
0 0 −1 1 0 0 0 0 0
0 0 0 0 −1 0 0 0 0


,

C =



0 0 0 0 0 0 0 0 0
0 Ca −C0 0 −CGD 0 0 0 0
0 −C0 C0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 −CGD 0 0 CGD 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 LC 0 0
0 0 0 0 0 0 0 L0 0
0 0 0 0 0 0 0 0 0


,

Bon =

[
0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0 −1

]
,

Bo f f =

[
0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 0 0 0

]
,

and Ca = CGD +CS +C0 and u(t) = [VDVG]T . Then, these
equations are rewritten as (1) and the behavioral modeling
was applied to the descriptor systems.

Figure 3(a) and 3(b) shows the state-state responses at
the nodes and branches, respectively. In Fig. 3(a), V1, V2,
and V4 imply the driven input, the switch, and output volt-
ages, respectively. At 1 µs, the switch voltage is almost
zero; hence, the zero voltage switching is achieved. On the
other hand, the blanch currents have spikes at 0.5 and 1 µ.
It appears that the zero current switching is not achieved.
However, it is the influence of impulse modes and artifical
spikes are added to the current waveform.

Figure 4(a) and 4(b) shows the state-state responses at
the nodes and branches, respectively, in which a sinusoidal
waveform u(t) = 3.2 + 6 sinωt was given. We can see that
appropriate waveforms are obtained as a AC/AC converter.

(a)

(b)

Figure 3: Steady state response of the circuit shown in Fig.
1, in which a pulse waveform is given at the gate.

5. Conclusions

The behavioral model of switched descriptor system is
presented, in which the backward Euler method is used for
taking an arbitrary input. This method is applied to class-
E amplifier, which is a resonant power amplifier. It can be
also applied to various power electronics circuits. Although
a nonlinear element is treated as an ideal switch, the con-
sideration of nonlinear characteristic other than switch is
necessary for modeling of a system accurately. Therefore,
we will try to include the nonlinear effects flexibly for the
modeling.- 626 -



(a)

(b)

Figure 4: Steady state response of the circuit shown in Fig.
1, in which a sinusoidal waveform is given at the gate.
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