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Abstract—In this paper, we propose a diagonal calibra-
tion method of images when the optical axis is unknown.
The method uses a rectangular object to calibrate images.
By using the parallel lines, the orthogonality of corners of
the object and the object’s aspect ratio, we can estimate the
camera angle and obtain a corrected image even if the im-
age is cropped.

1. Introduction

If a poster on a bulletin board is taken by a digital cam-
era, the captured image may be distorted diagonally be-
cause it is not taken from directly in front. So, many ap-
plications to correct images have been developed for pic-
tures taken from a diagonal direction and taken from a tilted
direction. In those methods, the image is often corrected
based on the information of a deformed rectangular object
in the image. The image is corrected by restoring the shape
of a deformed rectangular object in the image [1]. Espe-
cially, it is assumed that the optical axis passes through the
center position of the image [2]. However, such methods
can’t be used for cropped images since the optical axis is
unknown. In this paper, we discuss the possibility of diag-
onal correction of images in the case when the optical axis
is unknown.

2. Projection Model and Image Coordinates

In this paper, it is assumed that a rectangular object like
a paper is included in the photographed image as shown
in Fig. 1. In the projection model, as shown in Fig. 2, the

Figure 1: An Image including a Rectangular Object.

rectangular object is on the XY plane. Also, we set the co-
ordinate system so that a corner point O of the quadrangle

OACB on a rectangular object is at the origin (0, 0, 0). At
this time, by rotating the image if necessary, four points
O, A,C, B are relocated so that there are two vanishing
points E, F those are intersections of extension of the line
segment OA and the line segment BC and extension of the
line segment OB and the line segment AC, respectively.
Next, we set the Z axis in the depth direction. Also, we
assume that the viewpoint V(p, q, r) of the camera is on the
front r < 0 and a plane of the corrected image on which the
rectangular object is placed contains the origin O(0, 0, 0).
After that, we call the plane as the corrected plane. Even if
such coordinate axes are set, generality of the problem can
be maintained. The case when there are no two vanishing
points is omitted in this paper.
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Figure 2: Setting Coordinates.

3. Correction Method when the Optical Axis is Known

Let O
′
, A

′
,C

′
, B

′
to be four corner points of a rectangu-

lar object on the corrected plane as shown in Fig. 3. Here,
the point A

′
is on the extension of the line segment VA.

Other two points B
′

and C
′

are also on the extension of
the line segment VB and VC, respectively. Firstly, we ex-
plain a relationship between the viewpoint V and four cor-
ner points O

′
, A

′
,C

′
, B

′
of a rectangular object on the cor-

rected plane using Fig. 3. Let k be the intersection line of
two planes which contain three points V,O

′
, A

′
and three

points V, B
′
,C

′
, respectively. We use a proposition written

in [2].

Proposition 1 Let m and n be two different parallel lines
in 3D space. Put planes containing the line m and n to be α
and β, respectively. At this time, if two plane α and β aren’t
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Figure 3: A Relationship between a Viewpoint V and a
Rectangle O

′
A
′
C
′
B
′
.

parallel, the intersection line is also parallel to two lines m
and n.

From this proposition, the line which contains the line seg-
ment O

′
A
′

and the line which contains the line segment
B
′
C
′

are parallel to the line k. Similarly, the line l which is
the intersection of the plane contains three points V, A

′
,C

′

and the plane contains three points V,O
′
, B

′
are parallel to

the line segment A
′
C
′

and the line segment O
′
B
′
. There-

fore, the plane containing the viewpoint V and two lines k
and l is also parallel to the corrected plane which contains
the rectangular object O

′
A
′
C
′
B
′
. Furthermore, two lines k

and l are orthogonal at the viewpoint V since the quadran-
gle O

′
A
′
C
′
B
′

is a rectangle.
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Figure 4: A Relationship between a Viewpoint V and two
Vanishing Points E, F.

Next, we explain a relationship between a viewpoint V
and two vanishing points E and F using Fig. 4. The van-
ishing point E is the intersection of two line containing the
line segment OA and the line segment BC and it is included
in the XY plane including the quadrangle OACB. More-
over, the vanishing point E is a point on the plane contain-
ing the triangle VOA. Therefore, it is also included in the
plane containing the triangle VO

′
A
′
. Similarly, the van-

ishing point E is a point on the plane containing triangle
VB

′
C
′
. As a result, the vanishing point E is a point on

the intersection line k of two planes. In the same way, the
other vanishing point F is a point on the intersection line l.
Since two lines k and l are orthogonal each other, the angle

of EVF is 90 degrees. Therefore, the viewpoint V(p, q, r)
exists on the spherical surface whose diameter is the line
segment EF. Here, if the center of the image is the opti-
cal axis of the camera, we can obtain the values of p and
q. So, it is also possible to determine the values of r < 0.
From the coordinates of the viewpoint V and two vanishing
points E, F, we can obtain the corrected plane containing
the origin O using the fact that the corrected plane is paral-
lel to the plane including three points V, E, F. Finally, we
can obtain the rectangle O

′
A
′
C
′
B
′

from the coordinates of
the viewpoint V and the quadrangle OACB. This method
has been already stated in [2].

4. Correction Method when the Optical Axis is Un-
known

In the following, we will consider a correction method
when it is not known whether the optical axis of the camera
passes through the center of the image. If we don’t know
the optical axis of the camera, we can’t decide where is the
viewpoint on the sphere which has the diameter with two
vanishing points E and F. Therefore, we add a condition
that the aspect ratio of a rectangular object is known. For
example, ordinary A4 papers has an aspect ratio of 1 :

√
2.

We set the ratio to be O
′
A
′

: O
′
B
′
= 1 : k. Also,

we denote O(0, 0), A(a1, a2), C(c1, c2), B(b1, b2), E(e1, e2),
F( f1, f2). Let G(g1, g2) to be the center of the sphere where
the viewpoint exists. Since the point G is the midpoint of
two vanishing points E and F, we obtain

G
(

g1
g2

)
=

( e1+ f1
2

e2+ f2
2

)
. (1)

The spherical surface including the view point V(p, q, r)
with the line segment EF as the diameter is expressed by
the equation:

(x − e1)(x − f1) + (y − e2)(y − f2) + z2 = 0. (2)

Also, we obtain the corrected plane including the origin O
as follows

( f2 − e2)rx + (e1 − f1)ry

+ {(e2− f2)p + ( f1−e1)q + e1 f2−e2 f1} z=0 (3)

since it has a normal vector perpendicular to two line seg-
ments VE and VF.

Because the point A
′
(a
′

1, a
′

2, a
′

3) is the intersection of the
line containing the line segment VA and the corrected plane
of Eq. (3), we obtain

A
′

 a
′

1
a
′

2
a
′

3

 =
 (a1 − p)ta + p

(a2 − q)ta + q
−rta + r

 . (4)

Here, the equation

ta =
e1 f2 − e2 f1

(e2 − f2)a1 − (e1 − f1)a2 + (e1 f2 − e2 f1)
(5)
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holds. Next, we set OE = αOA (α > 1) and OF = βOB
(β > 1) in Fig. 2. Then, we have

E
(

e1
e2

)
= α

(
a1
a2

)
(α > 1) (6)

and

F
(

f1
f2

)
= β

(
b1
b2

)
(β > 1). (7)

Therefore, from Eq. (5), We obtain

ta =
α

α − 1
> 1. (8)

By the same way, we obtain

B
′

 b
′

1
b
′

2
b
′

3

 =
 (b1 − p)tb + p

(b2 − q)tb + q
−rtc + r

 . (9)

Here, it holds

tb =
β

β − 1
> 1. (10)

From O
′
(0, 0, 0) and the relation O

′
A
′
= kO

′
B
′
, we obtain

{(a1 − p)ta + p}2 + {(b2 − q)tb + q}2

= k2 {(b1 − p)tb + p}2 + k2 {(b2 − q)tb + q}2 . (11)

Therefore, if we set M = (α − 1)2 and N = (β − 1)2, we
obtain a sphere

(N − k2M)p2 − 2(e1N − k2 f1M)p

+ (N − k2M)q2 − 2(e2N − k2 f2M)q
+ (N − k2M)r2 + (e2

1 + e2
2)N − k2( f 2

1 + f 2
2 )M

= 0. (12)

4.1. In the case of k2 = N
M

In this case, the sphere Eq. (12) becomes

2(e1 − f1)p + 2(e2 − f2)q
− (e2

1 + e2
2) + ( f 2

1 + f 2
2 ) = 0. (13)

Here, if we assume

e1 − f1 = e2 − f2 = 0, (14)

we obtain (
e1
e2

)
//

(
f1
f2

)
. (15)

This means OE //OF. Hence, there are no vanishing points
and contradiction. So, the coefficients of p, q don’t take
zero at the same time and Eq. (12) becomes a plane m.
Also, from Eq. (1) and Eq. (13), we understand that the
center point G of the sphere (2) is on the plane m. More-
over, as shown in Fig. 5 the line segment EF of two van-
ishing points and the plane m are orthogonal at the point
G. In conclusion, the sphere (2) and the plane (13) inter-
sect and the viewpoint V(p, q, r) exists on the great circle
of that intersection.
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Figure 5: A Sample in the case of k2 = N
M .

4.2. In the case of k2 , N
M

In this case, the sphere Eq. (12) becomes(
p − Ne1 − k2M f1

N − k2M

)2

+

(
q − Ne2 − k2M f2

N − k2M

)2

+ r2

=
k2MN

(N − k2M)2 EF2. (16)

Therefore, the center point H of this sphere is expressed by

H

 h1
h2
h3

 =


Ne1−k2 M f1
N−k2 M

Ne2−k2 M f2
N−k2 M

0

 . (17)

This means that the point divides two points E, F into N
versus k2M externally and it also exists on the line of the
XY plane including line segment EF.

If we set each radius of two spheres (2) and (16) to be
R1,R2, we obtain R2

1 =
EF2

4 , R2
2 =

k2 MN
(N−k2 M)2 EF2 and

HG2 =
(N + k2M)2

4(N − k2M)2 EF2. (18)

Therefore, it holds

HG2 = R2
1 + R2

2. (19)

Hence, as shown in Fig. 6, two spheres form a right angle
at the intersection point I on the XY plane. The plane m
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Figure 6: A Relationship between Two Spheres.
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which contains the intersection of two spherical surfaces is
obtained from two spherical Eq. (2) and Eq. (16) as follows:

(N + k2M) ∗ ( f1 − e1)x + (N + k2M) ∗ ( f2 − e2)y
+ N(e2

1 + e2
2 − e1 f1 − e2 f2)

− k2M( f 2
1 + f 2

2 − e1 f1 − e2 f2) = 0. (20)

From this equation, the view point V(p, q, r) exists on a
circle where a sphere (2) and a sphere (16) intersect. Here,
the plane m and the line of the XY plane including the line
segment EF as follows:

( f2 − e2)x − ( f1 − e1)y + e2 f1 − e1 f2 = 0 (21)

intersect at right angles and the intersection point J is ex-
pressed by

J
(

j1
j2

)
=

 Ne1+k2 M f1
N+k2 M

Ne2+k2 M f2
N+k2 M

 . (22)

It divides two vanishing points E, F into N versus k2M in-
ternally as shown in Fig. 7.

Y

X

O

A

C

B

E

F

G

H

(k M<N)
2

J

m

Figure 7: A Relationship between Points E, F, G, H, J.

5. Determining the Viewpoint on the Circle

In both cases of subsection 4.1 and 4.2, there is a view-
point on a circle. Actually, if it holds r < 0, the viewpoint
can be any point on the obtained circle since corrected rect-
angles by using those viewpoints become all similar. The
reason is that if each point X on the photographed image is
set to OX = sOA+ tOB where 0 ≤ s < α and 0 ≤ t < β, the
point becomes on the corrected plane as follows:

O
′
X
′
=

sβ(α − 1)
αβ − tα − sβ

O
′
A
′
+

tα(β − 1)
αβ − tα − sβ

O
′
B
′
. (23)

Therefore, the point X
′

is not related to the coordinates of
the viewpoint V(p, q, r) but the relative position in the cor-
rected plane is determined only by the values of s, t, α, β.
Therefore, for example, we can determine a viewpoint V as

V

 p
q
r

 = 1
N + k2M


Ne1 + k2M f1
Ne2 + k2M f2
−k
√

NM · EF

 . (24)

Fig 8 shows a cropped image of the Fig. 1 and corrected
images by using our method.

Figure 8: A Cropped Image and Corrected Images.

6. Relationship with Projective Transformation

Using the following projective transformation, it is pos-
sible to correct distorted images if the coordinates for more
than four points by the transformation are known [3].(

X
Y

)
=

1
h31x + h32y + h33

(
h11x + h12y + h13
h21x + h22y + h23

)
(25)

In this transformation, a line lv expressed by h31x + h32y +
h33 = 0 is including two vanishing points. Also, a line ly
shown by h11x + h12y + h13 = 0 is including the line seg-
ment OA and a line lx expressed by h21x+ h22y+ h23 = 0 is
including the line segment OB. By projective transforma-
tion, the line ly is projected on the Y axis and the line lx is
projected on the X axis. Also, the line lv is projected to a
line at infinity.

7. Conclusions

In this paper, we discussed the possibility of diagonal
correction of cropped images. If there are two vanishing
points, a viewpoint can be determined for all convex quad-
rangles and a diagonal calibration is possible under the con-
dition that there is a rectangular object in the image and the
aspect ratio is known,
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