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Abstract—The synchronization method derived fromlet us consider limit cycle oscillators described by
cellular slime mold (CSM) is known as the robust method

for synchronization between limit cycle oscillators. In this dx; = X;(X, ) » dy; =Y, (%}, ;) (1)
paper a system of synchronization via an extended CSM dt dt
method is presented and investigated for cyclically coupled j=1,..,N

four chaotic circuits. Electronic circuit realization of this  The system of synchronizing the limit cycles by the CSM
system is also presented by using a state-controlled cellid-given by

lar neural network. g q
X Vi
— =Xi06,) s =L =Y 4y )0y (@)
. dt dt
1. Introduction '

Rhythm synchronization plays important roles in artiﬁ_whereyj is an arbitrary positive number that is chosen to

cial systems and biological systems. Recently a pOWencCPrrespond to the sensitivity of a biological receptor. Note

method for synchronization of limit cycles learned by cel—Hj atastate variabbe (not self state variable) was chosen to

lular slime mold (CSM) was presented [1] and its engineerrsplef,(y:je it with linear combination in theftérential equa-
ing applications have been searched. We call this synchrté(—)n dt
nization method the CSM method. The CSM method can
synchronize large number of limit cycles with broad dif-
ferent natural frequencies and mechanically quittedént
types of oscillators [1]. Existence of limit cycles is a nec
essary condition for synchronization of oscillators by th
CSM method. We have a question: Can we synchronize dx; dy;
chaotic attractors by extending the CSM method? oo Xi (%, Yi) » o Yi(xj + Z%,-Xl,yj) (3)

In this paper, using numerical experiments, we investi- !
gate synchronization in coupled chaotic systems by an e%/hereyh is not necessarily uniform as in (2) and allowed
tended CSM method. As an example, we present a systqfltake both signs. There are conventional methods for
of synchronization of cyclically coupled 4 chaotic oscil-synchronization of coupled chaotic systems [5]. However,

lators using an extended CSM method with allowing nonthe extended CSM method is not identical to conventional
uniform coupling cofficients and both signs among the copes.

efficients. Some interesting patterns of synchronization of
this coupled oscillator are observed by changing couplings. N - .

We propose also an electronic circuit realizing this syster“?’f ?’ndcggg\jmogtﬁf (Ij|m|t cycle oscillators by the ex-
using a state-controlled neural network (SC-CNN)[2] con- en MEho
figuration.

The CSM method is powerful for synchronizing
coupled- limit cycle oscillators but can not synchronize for
coupled- chaotic oscillators as it is. So we extend the CSM
&nethod a bit as in the following

In the beginning we consider synchronization of limit
cycles generated by simple cellular neural networks (CNN)
2. TheCSM Method and its Extension [3] by using the extended CSM method.

The CNN limit cycle oscillator is described by

In the CSM method, one variable to describe a limit cy- .
cle oscillator is replaced with a linear coupling of the same Xy —X1+ 17y -y, - 02 (4)
type of variables of individual oscillators [1] . For example, Xo = —Xo+Yy1+17y,+0.2 (5)
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wherey; is an output of — th cell and given by a unitgain ~ Wheny = y; = —y, in the system (8), the relationship

nonlinear function with saturation: between the state of synchronization and shown in Ta-
1 ble 2.

yi = 5(I>ﬁ+1I—IXa—1I) . (6)
The system for synchronization between two CNN oscillaTable 2: Relationship between the value of the coupling
tors by the extended CSM method is described by codficient and synchronization

¥ o= =X+ 17y1-y,-02 0<y<03 |03<y<10| 10<y

X2 = —X+y1+17y,+02 (7) not synchronized synchronized| broken waves

5(3 = =X3+ 1.7y3 - )/4 -0.2

X4 +Yy3+ 1.7y, +0.2

X4
The synchronized waves in the same phase (for param-
where etersy; = 0.4, y, = —0.4) are shown in Figure 2. For

o1 _ parametersy; = y,, we can see the two oscillators evolve
o= 2(|X' FU=bi-1) with a phase dferencer.
1
Y, = §(|X2 +y1Xe + ¥2Xa + 1 = [Xo + y1Xo + y2Xq — 1)
1
Vo = (xat+yxa+yae+ 1=t yixa+yxe-1)

v1 is a coupling cofficient from the self cell output and

v2 is one from the other cell output in a CNN oscilla-
tor. Taking proper values and sign as the coupling coef-
ficients, we can determine the pattern of synchronization
whether they oscillate in the same phase or constant de-
layed phase. Whep = y; = —y, in the system (7), the
relationship between the state of synchronization and the
coupling codicienty is shown in Table 1. For the param-
etersy; = 0.4, y, = —0.4, the two oscillators evolve with ‘
a phase dferencer as shown in Figure 1. On the other 0 50 100
hand, for parameterg = y,, we can see the two oscilla- t

tors evolve in phase.

X(1).x(3)

Figure 1: Wave forms of the CNN limit cycle oscillators in

Table 1: Relationship between the value of the couplingynchronized state with the phase 180 deg behind
codficient and synchronization

O<y<01l |01l<y<12 12<vy
long transient| synchronized| broken waves

Next we demonstrate synchronization between mechani-
cally different two limit-cycle oscillators (the CNN oscilla-
tor and the van der POL's oscillator) by using the extended
CSM method. The system for synchronization between the
CNN oscillator and the van der Pol’'s oscillator is given by

X(1).x(3)

X1 = =X+ 1.7y1 — 3/2 -0.2 4t

5(2 = —Xo+VY1+ 1.7y2 +0.2 (8) ‘

X3 = Xat+yiXaty2Xe © 0 50 100

X = —w*g+(1-%3)x t
where 1 Figure 2: Wave forms of the CNN oscillator and van
yi = §(|Xi +1 - |x - 1)) geSrNIT(r)Tl]ztﬁzglllator in synchronized states by the extended
Yo = %(|X2 +y1Xe + y2Xa + 1 = [X2 + y1X2 + y2Xq — 1)
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4. Synchronization of Coupled Chaotic Systems by the

3
Extended CSM Method
2 \
In this section we investigate synchronization of cycli- g ik M
cally connected 4 chaotic systems as shown in Figure 3 by §'</
using the extended CSM method. g o
X
-1 \
X ‘
O 0% g2 |
X
-3 -
0 50 100

t

Figure 4: Complete synchronization of the coupled chaotic
—— systems in Figure 3 by the extended CSM method

O

Figure 3: Cyclically connected 4 chaotic systems

[4] [2] which has the double scroll attractor.
The whole system for synchronization of the chaotic sys-
tems using the extended CSM method is described by

3
2
In the figure each cell consists of the Chua’s oscillator 1
0

x(4),x(7),x(10)

-1
o= a(e - f(x)) 2
Xo = —Xo+ Xz+ Xy + (y2Xg + y1X0 + -3
.2 2+ X3 + Xg + (y2X1 + Y1X10 + ¥3Xe) 3 2 1 0 1 2 3
X3 = —BX x(1)
X¢ = a(Xs— f(x))
X5 = —Xs+ Xg+ Xa+ (y2Xa + y1X1 + Y3X7) Figure 5: Lissajou’s figure x4, X7, X109 VS. X1
X6 = —BXs 9)
X7 = alxg - f(x)) Note that the extended CSM method with appropriate
Xg = —Xg+ Xg+ X7 + (y2X7 + y1X4 + ¥3X10) coupling codicients allows the coupled chaotic systems to
Xo = —PXg synchronize as well as the coupled limit cycle systems.
X0 = a(x1— f(Xw0)) 5. Electronic Circuit for Synchronizati f Coupled
. _ . Electronic Circuit for Synchronization of Coup
X11 =  —X11+ X2+ X0 + (Y2Xw0 + y1X7 + Y3X ) ,
_11 11+ X1z + X0 + (Y2X0 + Y1X7 +73%) Chaotic Systmeswith the Extended CSM Method
X12 = —fXu
In this section we present a state-controlled cellular neu-
where ral network (SC-CNNJ[2]) realization of the synchroniza-
2 1. 1 2 tion system (9) for the coupled chaotic systems. Figure 6
f)==x+ 52 -2)(x+U-x-1) . (20) shows one of 4 coupled chaotic systems and the way of

couplings by the extended CSM method, which are shown
in the broken line boxes. In this op-amp-based circuit the
The wave forms of the state variables X4, X7, andxio  op-amp LF356’s are employed. Figure 7 shows a SPICE
are shown in Figure 4 for the parameters= 12, g =  simulation for the synchronization circuit with coupling co-
9, y2=-05, y1 = y3 = L. Observing the Lissajou’s efficientsy; = —0.5,y, = y3 = -%°. These wave forms
figure in Figure 5 we find that complete synchronizatiorf voltages correspond to state variablgsxs, X7, X1 in
has been attained among the state variakiegs, X7, and  Equations (9). Obseving the Lissajou’s figure in Figure 8
X10- we find that adjacent chaotic circuits and chaotic circuits
on the diagonal in Figure 3 are synchronized in the same
phase and in the opposite phase respectively. Also we note
that very precise synchronization has been attained since
the trajectories are just on the lines.
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Figure 7: Wave forms of the coupled chaotic circuits
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Figure 8: Lissajou’s figure for node voltages in the coupled

chaotic circuits:xs, X7, X10 VS. X1

Table 3 shows relationship among the coupling template,
the type of synchronization pattern, and its pattern, which

Table 3: Patterns of synchronization in the coupled chaotic

systems (9)

| coupling template

| pattern type| pattern |

O—®

A=[ ¥ -05 % |I N
Oan0)

05 05 2 1
A=[-% 05 -] |I,- 34i

,—®
A=[-23¢ —06 o3¢ [ I [ @
=1 <@
Al =[-% -05 - 9]
A=l $-05-%] || i
Ar3=[ 075 -05 07] ’ -1 =l
Arg= [_% -05 0_25
Aq=[-2 -05 %’]
Ap=[ @ -05-61 | m"
Aiz=[-% -05 =] ’ ®
Ar4=[ % -05 _&75]

6. Conclusions

In this paper, via numerical experiments, we have
shown that the extended CSM method can synchronize
the coupled chaotic oscillations as well as the limit cy-
cles. We have demonstrated them for the cyclically coupled
4 chaotic systems, where we found there are several pat-
terns of synchronization depending on coupling templates.
We have also presented a SC(State Controlled)-CNN real-
ization for this system and confirmed its performance by
SPICE simulations. Theoretical proof for synchronization
by the extend CSM method remains to be done.
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