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Abstract—Electrical coupling has been discovered ex-
tensively between FS neurons in the neocortex. They are
also coupled by bi-directional or uni-directional inhibitory
synapses. However, the relationship between collective ac-
tivity in interneuronal circuits and different functions of
their coupling have not been revealed perfectly. To clarify
the above problem, we investigate bifurcation phenomena
in coupled neuron models and spatio-temporal dynamics
in large scale network, which consist of two-dimensional
Hindmarsh-Rose type models connected by gap junction
and inhibitory synapses. As a result, we show in- and
anti-phase solutions and complex behavior in coupled neu-
rons. By the interaction between electrical and inhibitory
synapses, moreover, spatio-temporal complex behavior oc-
curs in large scale network.

1. Introduction

Several groups have investigated fast-spiking (FS)
interneurons connected by gap junction (e.g., Ref.[1,
2]). These experimental data suggest that synchronous
interneuronal oscillations play important roles in the
neocortex[3], since they powerfully respond to syn-
chronous inputs from other networks (e.g., regular spik-
ing (RS) neurons). Moreover, they often coupled by bi-
directional or uni-directional inhibitory synapses. The in-
terplay of two different functions, voltage dependency and
short-term plasticity, can develop advanced information
processing in inhibitory interneuronal networks. However,
the relationship between collective activity in interneurons
and different functions of their coupling has not been re-
vealed perfectly.

The purpose of this paper is to clarify the relationship be-
tween various synchronous phenomena and parameter val-
ues of each coupling coefficient, i.e., we discuss the variety
of synchronous firing and spatio-temporal dynamics gener-
ated by two different functional synapses. Hence, we firstly
investigate coupled neurons and thereafter examine the

spatio-temporal behavior in the large scale network, which
consist of homogeneous two-dimensional Hindmarsh-Rose
(2DHR) type neuron models connected by gap junction and
inhibitory synapses.

We firstly investigate synchronization phenomena in
coupled neurons by using the bifurcation theory. As a re-
sult, we show that in-phase and anti-phase solutions change
to chaotic solutions via period-doubling and pitchfork bi-
furcations, although two neurons are connected by fully
and symmetrically coupling. We show an example of
spatio-temporal behavior in large scale network. Although
we set same values of coupling coefficients and internal
parameters, the large scale network shows spatio-temporal
complex behavior when initial values of each neuron are
chosen randomly. In the parameter region of two cou-
pling coefficients, these phenomena are observed exten-
sively and coexist with synchronous firing. Note that large
scale network connected by the only gap junction exhibits
synchronization phenomena. By increasing the parameter
of coupling coefficient of gap-junction, the population size
of neurons exhibiting the firing activity enlarges. Firing
patterns of each neuron do not be synchronized in the long
time course, but these neurons are divided into some clus-
ters, and the number of these clusters and its population
size change dynamically as time go on. This network may
be able to switch between synchronous and asynchronous
firing due to the input from other network. These results
may indicate the additional variety of information repre-
sentation by the interaction of two different couplings in
heterogeneous interneuronal networks.

2. 2DHR-type neuron model

To investigate synchronization phenomena in cou-
pled system interconnected by electrical and inhibitory
synapses, we firstly consider a simple neuron model de-
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scribed as follows:⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

dx
dt

= c

(
x − x3

3
− y + z

)

dy
dt

=
x2 + dx − by + a

c

(1)

where x and y denote the cell membrane potential and a
recovery variable, respectively. z represents the external
stimulus. This model is equivalent to the two-dimensional
Hindmarsh-Rose model[4, 5], if we consider the substitu-
tion of state variable, y �→ −y.

It is well known that 2DHR-type neuron model shows
two kinds of excitability[6], Class 1 and Class 2 excitability
associated with saddle-node and Hopf bifurcations, respec-
tively. In fact, this model show Class 1, Class 2 and their
subtype excitability by setting certain parameter sets[7].
Hence, this model has the possibility to be able to rep-
resent the excitability of some neurons. However, which
excitability does FS neuron exhibit? This question has re-
mained elusive. Therefore, in the following section, we hy-
pothesize that FS neuron shows Class 1 excitability, based
on some modelling studies[8, 9].

3. Bifurcations in inhibitory 2DHR-type neurons cou-
pled by gap-junction

In this section, we investigate bifurcation phenomena
in a fundamental system that two neurons are intercon-
nected by electrical and bi-directional inhibitory synapses
as shown in Fig.1.

z1 z2

ggap

Neuron-1 (x1 , y1) Neuron-2 (x2 , y2)

gsyn

gsyn

Figure 1: Schematic diagram of coupled neurons connected
by both electrical and bi-directional inhibitory synapses.

The equations are
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1 = c1(x1 − x1
3/3 − y1 + z1

+ggap(x2 − x1) + gsyns1(xsyn − x1))

ẏ1 = (x1
2 + d1x1 − b1y1 + a1)/c1

ṡ1 = α(1 − s1)/(1 + exp(−x2/0.1)) − βs1

ẋ2 = c2(x2 − x2
3/3 − y2 + z2

+ggap(x1 − x2) + gsyns2(xsyn − x2))

ẏ2 = (x2
2 + d2x2 − b2y2 + a2)/c2

ṡ2 = α(1 − s2)/(1 + exp(−x1/0.1)) − βs2

(2)

where ggap and gsyn are the maximal electrical and
synaptic conductances, respectively. For the inhibitory

synaptic transmission, we adopt the first-order kinetics
equation[10], s1,2, with a sigmoidal function. Although
this model is not equipped with biophysically meaning, we
can qualitatively investigate various synchronous phenom-
ena and the effects generated by some important parameters
in coupled system, e.g., the effects of the intensity of each
coupling or the variation of firing frequency derived from
the decay time constant of synaptic transmission.

Here, we suppose that both single neurons have the same
internal parameters, i.e., they exhibit the same excitatory
type. We fix the parameter a1 = a2 = 0.42, b1 = b2 = 1.0,
c1 = c2 = 3.0, d1 = d2 = 1.8 as each neuron shows the
Class 1 excitability [7]. Additionally, we assume that the
same constant current z1 = z2 = 0.5 is injected to the
individual neurons. This situation indicates that the iso-
lated individual neurons show the firing state with same
frequency (≈ 35[Hz]). The synaptic reversal potential is
set to xsyn = −2.5 less than the resting potential (≈ −2.2),
and the rise and decay time constants are set to α = 1.0 and
β = 0.05, respectively.

To investigate the interaction between two coupling co-
efficients, we compute the bifurcation diagram in the gsyn-
ggap plane as shown in Fig.2. In this bifurcation diagram,
Gi, Ii and Pfi represent the tangent, period-doubling and
pitchfork bifurcations, respectively. i is a nominal number.
Sin and Santi indicates the region where the stable in-phase
and anti-phase solutions exist, respectively.
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Figure 2: Bifurcation diagram of limit cycles in the gsyn-
ggap plane.

By the effect of gap-junction, an in-phase solution
(Fig.3-(a)) exists extensively in this diagram. However, the
inhibitory coupling destabilizes the in-phase solution via
period-doubling bifurcation I2, but its effect is decreased
by increasing the intensity of the electrical coupling. On
the other hand, the anti-phase solution (Fig.3-(b)) is gener-
ated by both gap-junction and inhibitory synapses. The re-
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gion exhibiting the anti-phase solution is shrank by increas-
ing the parameter ggap. Moreover, in the right-side region
than G4 curve, odd firing solutions (Fig.3-(c)) generated by
strong inhibitory coupling exist, independent of the inten-
sity of the electrical coupling. Although two neurons are
connected by fully and symmetrically coupling and have
the same internal parameters, the in-phase and anti-phase
solutions are destabilized by each pitchfork bifurcation Pf1
and Pf2, and then two sets of solutions located at a sym-
metrical position occur simultaneously. Additionally, they
change to chaotic phenomena (e.g., Fig.3-(d)) via a period-
doubling cascade, but such regions are very small. As a
future work, we will investigate the transition of these re-
gions divided by some bifurcation curves when z and β are
changed.
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Figure 3: Wave forms in Fig.2.

4. Spatio-temporal dynamics in large scale network

Finally, we study the dynamical behavior in large scale
network of 2DHR-type neurons interconnected by elec-
trical and inhibitory synapses. This system is two-
dimensionally lined up with four neighbors coupling (50 ×
50) and defined with a periodic boundary condition. We
show an example of spatio-temporal dynamics in large
scale network as shown in Fig.4. Initial values of each neu-
ron are chosen randomly, and the values of each coupling
coefficient are the same in this network. Large scale net-
work connected by only gap junction exclusively exhibits

synchronous firing mode (data not shown). On the other
hand, in the case of only inhibitory coupling, the fluctuation
of each initial value decreases gradually, and each neuron
finally shows a periodic firing state independently as shown
in Fig.4 and Fig.5-(a). However, this network shows com-
plicated spatio-temporal behavior by increasing the param-
eter ggap as shown in Fig.4. This complicated phenomena
are observed extensively in the parameter sets of two cou-
pling coefficients, although coupled neurons have small re-
gions where chaotic phenomena are shown in. In Fig.5-(b),
firing patterns of each neuron do not be synchronized in the
log time course, but these neurons seem to be divided into
some groups, and the number of them and its population
size change dynamically as time go on (Fig.5-(b)). By in-
creasing the parameter ggap, the population size of neurons
exhibiting the firing activity enlarges as shown in Fig.4.

ggap = 0.0 ggap = 0.1

ggap = 0.2 ggap = 0.3

Figure 4: Snapshots of contours of membrane potentials of
50 × 50 neurons. Note that we fix the inhibitory coupling
coefficient gsyn = 0.1.

In the large scale network of Class 2 neuron, an irregu-
lar synchrony is generated by the effect of two couplings as
shown in Fig6. However, synchronization of this network
is promoted than Class 1 neurons, because they have the
different subthreshold property, “integrate” (Class 1) and
“resonate” (Class 2) firing. Hence, to emphasize intrinsic
frequency (e.g., gamma frequency), Class 2 neuronal net-
work might be more effective.

5. Conclusions

We investigate bifurcation phenomena in coupled Class
1 neurons interconnected by inhibitory and the electrical
coupling, and clarify that many firing patterns, including
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both the in-phase and anti-phase solutions, are generated
by the interaction of each coupling. In the large scale
network, however, the spatio-temporal dynamics irregular
switching the synchronous and asynchronous firing are ob-
served extensively in the parameter sets of two coupling co-
efficients. From these results, gap-junctional coupling can
produce partially synchronous firing via the propagation
of subthreshold oscillations, while this coupling can also
promote the effect of inhibition when inputs from neigh-
bor cells have a certain time lag. Hence, this network may
be able to switch between synchronous and asynchronous
firing due to the input from other network, e.g., regular-
spiking (RS) neurons. Moreover, interneurons may switch
synchrony and asynchrony between these neurons in other
network, effectively. These results may indicate the addi-
tional variety of information representation by the interac-
tion of two different couplings in interneuronal networks.
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Figure 5: The raster plots representing the activity of 50
neurons.
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[10] X. J. Wang & G. Buzsáki “Gamma oscillation by
synaptic inhibition in a hippocampal interneuronal
network model,” J. Neurosci., 15, pp.6402–6413,
1996.

320



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /KOR <FEFFd5a5c0c1b41c0020c778c1c40020d488c9c8c7440020c5bbae300020c704d5740020ace0d574c0c1b3c4c7580020c774bbf8c9c0b97c0020c0acc6a9d558c5ec00200050004400460020bb38c11cb97c0020b9ccb4e4b824ba740020c7740020c124c815c7440020c0acc6a9d558c2edc2dcc624002e0020c7740020c124c815c7440020c0acc6a9d558c5ec0020b9ccb4e000200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /CHS <FEFF4f7f75288fd94e9b8bbe7f6e521b5efa76840020005000440046002065876863ff0c5c065305542b66f49ad8768456fe50cf52068fa87387ff0c4ee563d09ad8625353708d2891cf30028be5002000500044004600206587686353ef4ee54f7f752800200020004100630072006f00620061007400204e0e002000520065006100640065007200200035002e00300020548c66f49ad87248672c62535f003002>
    /CHT <FEFF4f7f752890194e9b8a2d5b9a5efa7acb76840020005000440046002065874ef65305542b8f039ad876845f7150cf89e367905ea6ff0c4fbf65bc63d066075217537054c18cea3002005000440046002065874ef653ef4ee54f7f75280020004100630072006f0062006100740020548c002000520065006100640065007200200035002e0030002053ca66f465b07248672c4f86958b555f3002>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


