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Abstract—Mixed-mode oscillations (MMOs) are phe-
nomena discovered in chemical experiment. We inves-
tigate MMOs generated by a two-coupled weakly driven
Bonhoeffer-van der Pol (BVP) oscillator, which is con-
nected by a large inductor. The parameter values of each
oscillator are chosen as the same values. Because the two
oscillators are weakly coupled chaos synchronization is not
observed. However, complete synchronization of MMOs
occurs.
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Figure 1: (a)Circuit diagram of a two-coupled driven
Bonhoeffer-van der Pol oscillator, (b)Equivalent circuit.

1. Introduction

Mixed-mode oscillations (MMOs) were phenomena dis-
covered in 1970s and have been studied extensively in re-

cent years [1, 2, 3, 4, 5, 8]. MMOs comprise L large ex-
cursions and s small peaks, and according to custom, they
are assigned a symbol Ls. At first glance, the definition of
MMOs appears to be ambiguous. However, MMOs are uni-
versal phenomena such as period-doubling bifurcations or
Arnold tongues and have been observed in various dynam-
ics such as BZ-reactions, electro-chemical system, and sev-
eral electric circuits. Shimizu et al. discovered that MMOs
and MMO-incrementing bifurcations (MMOIBs) are gen-
erated in a weakly driven Bonhoeffer-van der Pol (BVP)
oscillator [6, 7]. BVP dynamics are known as a simplified
Hodgkin–Huxley model and have been studied with great
interesting [9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21,
22, 23, 24, 25, 26, 27].
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Figure 2: One-parameter bifurcation diagram.

In this study, we propose a two-coupled BVP oscilla-
tor that is connected by a large inductor and investigate
synchronizations. Our dynamics are represented by a sin-
gularly perturbed fifth order nonautonomous differential
equation. Because the two oscillators are weakly coupled,
chaos synchronization has not been observed in this oscil-
lator. In contrast, complete synchronization of MMOs is- 447 -
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Figure 3: (a)Magnified view of Fig2.

observed. Moreover, completely synchronized MMOIBs
occur.

2. Circuit setup

Figure 1 shows the circuit diagram of a two-coupled
driven BVP oscillator. Two identical driven BVP oscilla-
tors are employed and they are connected by a large in-
ductor L0. Because the voltage souses are identical, the
circuit can be re-illustrated as shown in Fig. 1(b). The cou-
pled MMO-generated oscillators are analyzed for the first
time. From Kirchhoff’s law, the governing equation is rep-
resented by the following fifth-order nonautonomous dif-
ferential equation:

C
dv1

dt
= i1 − g(v1) + i3,

L
di1
dt

= −v1 − i1R + E0 + E1 sinω1t,

C
dv2

dt
= i2 − g(v2) − i3,

L
di2
dt

= −v2 − i2R + E0 + E1 sinω1t,

L0
di3
dt

= v2 − v1.

(1)

Via rescaling

τ ≡ t
Lg1
, ε ≡ C

g2
1L
,
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√
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√
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√
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√
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1
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√
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1

i2,
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L
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(2)

the normalized equation is represented by

αẏ = x2 − x1,
εẋ1 = y1 + x1 − x3

1 + y,
ẏ1 = −x1 − k1y1 + B0 + B1 sinωτ,
εẋ2 = y2 + x2 − x3

2 − y,
ẏ2 = −x2 − k1y2 + B0 + B1 sinωτ. ( d

dτ = “ · ”)
(3)

Throughout this study, we set α = 100. We set constant
parameters as in ε = 0.1, k1 = 0.9, B0 = 0.207, B1 =

0.0105 and allow ω to vary.
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(a) Time series.
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(b) Projection of MMOs onto x1 − x2 plane.

Figure 4: Example of MMOs generated in a two-coupled
driven BVP oscillator (ω = 0.58).

To observe dynamical behavior in detail, Poincaré map
F is defined as a stroboscopic section.

Figure 2 shows a one-parameter bifurcation diagram
where ω is varied. Complex bifurcation structures are ob-
served. The magnified view of Fig. 2 is show in Fig. 3.
Each MMO is surrounded by a saddle-node bifurcation and
period bifurcation. According to our numeric, the natural
angular frequency is 1.538493. Thus, MMOs occur when
ω is less than the natural frequency.

Figure 4(a) shows an example of time series behav-
ior. As observed, the time series observed in a coupled- 448 -



driven BVP oscillator is also MMOs shape. It repre-
sents 13. Moreover, Fig. 4(b) reveals that the MMO se-
quence is completely synchronized. According to our nu-
meric, MMOIB-generated MMOs are always completely
synchronous.
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(a) Time series.
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(b) Projection of MMOs onto x1 − x2 plane.

Figure 5: Example of MMOs generated in a two-coupled
driven BVP oscillator (ω = 0.5915).

By contrast, Fig. 5 shows an attractor obtained with
ω = 0.5915. As observed from Fig. 5(b), the oscillators
are synchronized, but not completely synchronized.

Furthermore, the generation of completely synchronized
MMOIBs can be observed as shown in Fig. 6.

It is confirmed that these MMOs are completely synchro-
nized. The projection of attractor 1213131313 onto x1 − x2
plane is showed in Fig. 7.

3. Conclusion

We investigated a two-coupled of weakly driven BVP
oscillator each of which generates MMOs and MMOIBs.
The dynamic showed completely synchronized MMOs and
incompletely synchronized MMOs.
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Figure 6: Example of MMOs generated in a two-coupled
driven BVP oscillator (a) 1213131313 (ω = 0.603), (b)
12131313(ω = 0.61), (c) 121313 (ω = 0.62), (d) 1213

(ω = 0.642)
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