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Abstract—We numerically investigate chaos synchro-
nization property with delayed feedback and coupling. We
focus on the different synchronization states for high and
low frequency components by applying a low-pass filter on
the change of each laser dynamics between chaotic oscil-
lations and low-frequency fluctuations (LFF). We demon-
strate dynamics-dependent synchronization, where the oc-
currence of in-phase and anti-phase synchronization at dif-
ferent frequency components is determined by the chaotic
and LFF dynamics. These numerical results agree well
with our previous experimental results in a photonic inte-
grated circuit with mutually-coupled semiconductor lasers.

1. Introduction

Coupled nonlinear systems show a variety of dynamics.
Recently, chaos synchronization in coupled semiconductor
lasers with delayed optical feedback has been widely stud-
ied for understanding fundamental physical phenomenon
and information security application. For example, chaos-
based optical communication schemes [1], secure key dis-
tribution [2, 3], and neuromorphic information process-
ing [4] have been demonstrated. When lasers are mutu-
ally coupled, the laser output can be synchronized with the
time lag corresponds to the coupling delay time, which is
known as the leader-laggard relationship [5]. In addition,
semiconductor lasers with optical self-feedback show low-
frequency fluctuations (LFF) dynamics [6]. Synchroniza-
tion phenomenon of LFF dynamics in mutually-coupled
semiconductor lasers has been reported, such as anti-phase
synchronization [7] and episodic synchronization [8].

Recently, photonic integrated circuits (PICs) have been
demonstrated and attractive as suitable photonic devices for
random number generation [9, 10] and chaos communica-
tions [11]. The relationship between synchronization state
and laser dynamics in a PIC with mutually-coupled semi-
conductor lasers has been investigated experimentally and
this phenomenon is termed dynamics-dependent synchro-
nization [12]. However, the mechanism of this synchro-
nization phenomenon has not been analyzed yet in detail.

In this study, we numerically investigate dynamics-
dependent synchronization in two mutually-coupled semi-

conductor lasers with asymmetric feedback strengths. We
focus on the synchronization state of differential frequency
components by applying a low-pass filter to analyze the in-
fluence of the laser dynamics on synchronization quality. In
particular, we study the relationship between synchroniza-
tion state and asymmetric configuration when the feedback
strength for one laser and the coupling strength are changed
simultaneously.

2. Numerical model

Our numerical model is depicted in Fig. 1. This scheme
consists of two semiconductor lasers that are mutually cou-
pled (we call laser 1 and laser 2, respectively) via a com-
mon external mirror. Each laser has an external cavity and
their cavity lengths are 11.0 mm and 10.3 mm for laser 1
and 2, respectively. The coupling length is 21.3 mm, which
correspond to the lengths of the PIC used in the previous
experiment [12]. We assume the refractive index of 3.9.

We execute numerical simulations with the rate equa-
tions known as the Lang-Kobayashi equations [13] in or-
der to reproduce the experimental results and analyze the
mechanism of dynamics-dependent synchronization. The
Lang-Kobayashi equations are written as follows:

Laser 1:

dE1(t)
dt

=
1+ iα

2

[
GN(N1(t) − N0)

1+ ϵ|E1(t)|2
− 1
τp

]
E1(t)

+κ1E1(t − τ1) exp(−iω1τ1)

+rS OAκin j [E2(t − τin j) exp[i(∆ωt − ωτin j)] (1)

dN1(t)
dt

= J1 −
N1(t)
τs
− GN(N1(t) − N0)

1+ ϵ |E1(t)|2
|E1(t)|2 (2)

Laser 2:

dE2(t)
dt

=
1+ iα

2

[
GN(N2(t) − N0)

1+ ϵ|E2(t)|2
− 1
τp

]
E2(t)

+rS OA
2κ2E2(t − τ2) exp(−iω2τ2)

+rS OAκin j [E1(t − τin j) exp[i(∆ωt − ωτin j)] (3)

dN2(t)
dt

= J2 −
N2(t)
τs
− GN(N2(t) − N0)

1+ ϵ |E2(t)|2
|E2(t)|2 (4)
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where,E and N are the complex electric field and the
carrier density, respectively.τ1,2 and κ1,2 represent the
feedback delay times and the feedback strengths.τin j and
κin j represent the coupling delay time and the coupling
strength. α is the linewidth enhancement factor,J is the
laser injection current.GN is the gain coefficient. N0 is the
carrier density at transparency.τp andτs are the photon
and carrier lifetimes.ϵ is the gain saturation coefficient.
∆ω (= 2π∆f)is the detuning of the optical angular frequen-
cies between the two lasers, where∆f is set to 3.0 GHz.
The parameter values are set as follows:J1 = 1.02J1,th, J2

= 1.10 J2,th, κ1 = 0.05, κ2 = 0.05, κin j = 0.05, τ1 = 0.29
ns, τ2 = 0.27 ns, andτin j = 0.28 ns. In addition, we set
a semiconductor optical amplifier (SOA) between the laser
2 and the external mirror to change the feedback strength
for laser 2 and the coupling strength simultaneously, for
asymmetric coupling configuration [12]. We multiply the
amplifier coefficient of SOA (defined asrS OA) and the ini-
tial value ofκ2, andκin j . The coupling strength is written
asrS OAκin j . The feedback light for laser 2 passes the SOA
twice, and the feedback strength for laser 2 is written as
rS OA

2 κin j . We investigate the synchronization states for
differential frequency components by changingrS OA.

We calculate the cross-correlation value between the
temporal waveforms of the laser 1 and 2 to quantitatively
evaluate the synchronization quality. The cross-correlation
function is defined as follows.

C =
< (I1(t − τ) − I1)(I2(t) − I2) >

σ1 · σ2
(5)

where,I1(t) and I2(t) are the output intensities of the laser
1 and 2, respectively.I1 andI2 are the mean values ofI1(t)
and I2(t). σ1 andσ2 are the standard deviations ofI1(t)
and I2(t). The bracket<> represents time averaging. We
calculate the cross-correlation function and obtain the peak
value of the cross correlationC by changing the delay time
τ continuously.

Laser 2Laser 1

Mirror
SOA
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Figure 1: Schematics of mutually-coupled semiconductor
lasers with semiconductor optical amplifier (SOA).

3. Chaos synchronization for different amplifier values

The LFF dynamics consists of high-frequency chaotic
oscillations and low-frequency intensity dropouts [6]. We

apply a low-pass filter to the laser output signals to sep-
arate these two dynamics. We calculate the cross corre-
lation between the temporal waveforms of the laser 1 and
2 to evaluate the synchronization quality for different fre-
quency components, which are the original and low-pass
filtered signals at the cut-off frequency offc = 1.0 GHz. We
show the numerical results of chaos synchronization when
the value of amplifier coefficient of SOA is changed (rS OA

= 1.3 and 2.5) in Figs. 2 and 3, respectively. The temporal
waveforms of Fig. 2 show chaotic dynamics for both lasers,
and in-phase synchronization (the peak of the cross correla-
tion shows a high positive value) is observed for both high
and low frequency components, as shown in Fig. 2(c). On
the other hand, anti-phase synchronization is observed for
the low-pass filtered signals, while in-phase synchroniza-
tion is observed for the original signals, as shown in Fig. 3.
Both lasers show LFF dynamics in Fig. 3(a)(b). We con-
sider that anti-phase synchronization is achieved due to the
occurence of LFF dynamics for largerS OA.
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Figure 2: Temporal waveforms of (a) original signals and
(b) low-pass filtered signals (fc = 1 GHz), and (c) cross-
correlations function of original signal (black line) and fil-
tered signal (red line) forrS OA= 1.3.

4. Observation of dynamics-dependent synchroniza-
tion

Figure 4 shows the evolution of cross correlation value
for the original and low-pass filtered signals of the laser
outputs whenrS OA is changed continuously. We calculate
the maximum of the absolute value of the cross-correlation
function for each signal because the delay time corresponds
to the peak value changes whenrS OA is changed. We dis-
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Figure 3: Temporal waveforms of (a) original signals and
(b) low-pass filtered signals (fc = 1 GHz), and (c) cross-
correlations function of original signal (black line) and fil-
tered signal (red line) forrS OA= 2.5.

cuss the dependence of the synchronization of LFF dynam-
ics between the two lasers on the different frequency com-
ponents. First, in-phase synchronization is observed for
both original and filtered signals at nearrS OA = 1.5 with
positive cross-correlation values. However, whenrS OA is
increased to 2.5, in-phase synchronization is observed for
the original signals and anti-phase synchronization is ob-
served for the low-pass filtered signals. The dynamics
changes from chaos to LFF asrS OA is increased. For ex-
ample, chaotic dynamics is observed for both lasers in the
range of 0.4< rS OA< 1.5, and LFF dynamics is observed
in the range ofrS OA> 2.3. Thus, we numerically observe
dynamics-dependent synchronization for asymmetric cou-
pling configuration by changingrS OA, where the two types
of synchronization states appear, depending on the laser dy-
namics of chaos and LFF.

We speculate that dynamics-dependent synchronization
results from the asymmetry of the feedback strengths be-
tween the two lasers. The feedback strength for the laser
2 increases with increase ofrS OA and LFF dynamics ap-
pear, while the feedback strength for the laser 1 is constant.
This asymmetric changes of the feedback strength result
in the different dynamics of chaos and LFF, and different
synchronization states can be obtained based on these dy-
namics.

-1

-0.5

0

0.5

1

0 0.5 1 1.5 2 2.5 3 3.5 4

P
ea

k 
o

f 
cr

o
ss

 c
o

rr
el

at
io

n
 v

al
u

e

r
SOA

Original signal

Filtered signal (f
c
 = 1 GHz)

Figure 4: Evolution of cross-correlation value for the orig-
inal and low-pass filtered signals when the value of the am-
plifier coefficient of SOA (rS OA) is changed continuously.

5. Conclusions

We numerically investigated dynamics-dependent syn-
chronization in two mutually-coupled semiconductor lasers
with asymmetric feedback strengths. We applied a low pass
filter with the cut-off frequency of 1 GHz to the laser out-
put signals to separate these two dynamics and to analyze
the dependence of chaos synchronization state when laser
dynamics is chaged from chaos to LFF. We observed in-
phase synchronization at high-frequency components and
anti-phase synchronization at low-frequency components
by increasing the amplifier coefficient of the SOA. This re-
sult suggests that the occurrence of LFF dynamics results in
anti-phase synchronization, and we numerically observed
dynamics-dependent synchronization. This phenomenon
results from the asymmetry of the feedback strengths be-
tween the laser 1 and 2.
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