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1 Introduction

It 1s known that the expansion of field on the Gaussian
beams 1s an effective method for the analysis of propagation of
radiation in the wavegulde Earth-Ionosphere.A such approach
epeeds up an analysis of fleld structure and an estimation of
wave effects [1].However the Gaussian beams are optimal only in
the wavegulides with a symmetric distribution of dlelectric
constant.But the wavegulde Earth—Ionosghere has an asymmetric
distribution of dielectric constant [1].

In this paper the solutions of wave equation localized along
the rays trajectories are finded for the asymmetric distribution
of dielectric constant of Earth-Ionosphere waveguide.These
golutions are the known 1n quantum mechanlcs coherent states 1n
a form of locallzed wave packets with a minimum possible width
and diffractional angle dilvergence.These states allow naturally
to Introduce the concept of width of ray and clearly to observe
a connection between the wave and ray descriptions.

2 Formulation of the problem
It 1is known the Maxwell equations for monochromatic
component of field E(x,y,z) in a weakly inhomogeneous medium can
be reduced to the scalar Helmholtz equation
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where K =2%/A 1s the wavenumber, A 1s the wavelength
characteristic of the free space, &£(xy,z) is the dielectric
constant.Note,that the dielectric constant equal to square of
the refractive index of medium n (x,y,2).

Equation (1) for weakly Inhomogeneous media (i.e. such that
An/afin << 1 Tfor distances of the order of A ) in a paraxial
approximation [2] can be reduced to the $qu1valent Schfodinger
equation for the reduced field 'gf(g,g_EF n’ E(!,y.,%)er;p(-ikgn,,dz)
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where n_= n(D,Q,z) is the refractive Index on the 2z axis of
medium,” 3 = n'dz -

In equation ®?(2) time takes the part of the longitudinal
coo te 32 ,pgtential takes the part of the refractive 1ndex
Y= £1/2)m(n - n°),and In glace of Planck's constant we have
the free spafe wavelength.The methods of quantum mechanics for
the solution of that equation can be used.For example,in [3] the
integrals-of-motion mefhod,the coherent states methods and the
density matrix formalism are used for the description of
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paraxial optical beams propagating 1in weakly Inhomogeneous
graded index media.

3 Rays and modes In the Earth-Ionosphere wavegulde

Let us conslder as a model of Earth-Ionosphere waveguide an
inhomogeneous waveguide with an asymmetric distribution of
dielectiric constant:

” 2 ga

EMY,2) = & —w(2)x - am x>0 , (3)
where ¢&. 1s the dielectric constant on the axis of waveguide,
. 1s the gradient %arameter, $ 1s the parameter describ an
asymmetric distribution of €& ,X 1s the coordinate 1in the
transverse plane,z 1s the longitudinal coordinate.
A such proflle of dielectric constant 1s most close to real
(1].Besldes equation (2) with a such potential have exact
solutions.Solutions in the form of wave packets describ rays
and modes in the wavegulde (3) are of practical interest.Evident

ray solution 1n iInhomogeneous wavegulde using the coherent
states methods may be obtained:
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where a function mM($) is the solution of equation m+w(})m=0;
ot = YkWf2 Xo + LY Kk/2W  Sinf, ; X0, Yo
are an initlal coordinate and an initial angle,accordingly,
a=(th)(1+85x%y2 | % = (23/w?/‘* is an coordinate of
wavegulde axis.Here Ja(x) 13 the Bessel function, I,(xy 1s the
moditied Bessel function.
By direct substitution may be convinced,that the expression (4)
18 the solution of equation (2).In the case of longitudinal
homogeneous waveguide a function M is equal to
M= w2 eyp(iw -iX).
The solution (4) 1s the generating function for the
waveguidgg modes 'q;(m;) ,which across the Laguerre polynomial
expressed.

4 Computation of trajectory and and width of beam
Trajectories of rays may be calculated from ilie integral:
o
{2y = of 'yéx 'l;c/{'d ¥
Analogically the width of beam i1s determined

o
—

ij = <x2> - <y>‘°’ (6)

Let us consider a behaviour of these values in the longltudinal
homogeneous waveguide (3).For the simplicity we conslder the
ggﬁ when a = 1/Z2 ,1.e. when the earth surface is a reflecting
For the intensity of beam we obtain the expression
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Subgtituting the function (4) to the integral (6) we obtain the
evident expression for trajectory of beam

843 = s @“%’ ﬁ?@+éuied%ﬁwﬂ (8)
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where eaf(¥)  is the error function, erfi(x) ig the error
function with an imaginary argument.
The square of beam width in the dependence on the longitudinal
axls z changes in the following way

2 4T d 2 2 g BN _ ol
Y, = [ > + lalethlal™+ § - 2 ] <X, (9)
Below the calculation results of beam_gs tr_'q.;]ectory using the
expressions (8) and (9) for w =1.25x10 " m ' and A =30 m are
Egesented.ln Fig. the trajectories of beams with different
itial values of helght gxa ovep the earth surface at gilven
initial angle to the horizon Y, = and an Initial width aX.=
1/56:‘3‘ = 437 m are shown (1 - g = 200 m;2- X, = 2200 m;

(T)

Ty = 3 km,z . = 800 km).
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It 1s seen from figure,that the width of beams practically 1s
not changed in the process of propagation.Period of beam
trajectory oscillation does not depends on the initial height of
gsource and makes up L = JIng/w = 250 km.Amplitude of
oscillation or the maximum height }ﬁ of increases with a
growth of Initial height of source.MaEximum height hT increases
with a growth of initlal angle Y, .Note that the he @Kts'ﬁax for
the beams with initial anglés of opposite Sj§1 Y, and -Y, are
the same.The period of oscillation I 1s decreased twice when
the gradient parameter W is increased twice (Fiﬁ.E).Amplitude
gi’ IPersastc(r:rfory l?nax %n this case 113 delrilc'learsed. fulte tl%%% gll}e
= s va or all va
=P [ 2y dx = 1
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z,1.e. the functions ‘@Q(r,z) form a complete set on the
Interval 0 < X < o00.

5 Discussion

Results obtained may be useful <for solution of
re-esrtablishment problem . of dielectric constant in
Earth-Ionosphere wavegulde.In particular the gradient parameter
determines the oscillation perlod I of rays.Methods supposed
allows to calculate an energy transformation between the modes
on different 1nhomo§en1ties,in particular,at the Joint of

waveguldes "day-night”.
I.O'} 'a"‘
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Fig.2.Trajecfories of beams with the same values of X, = 20 m
and_ ‘Yo =c2.5; at different §rggieg{ arameters .1 - w =

1.28%10° m ;2 - e = 2.5¥xT0" m ;gmax = 3.92%10° M2 oy =

8x10" m.

Note that the garaxial approximation is valid only for the small
les Y» or the small heights x, as com%ared with the period
L.Therefore the iInfluence o ncngﬁraxi&li y 1t 1s necessary fo
take into account for investigatlon of beam propagation at large
es to horizon.Nonparaxiallty leads to the dependence of rays
ogscillation frequency on their amplitude and to the modulation
of rays amplitude with an geriod larger than L,and besides
these effects are accumulated with a distant.
Note that the results obtained may be continued on the case of
homogeneous medium.It is known [4],that the localized wave beams
in the homogeneous medium also exist.

Thus the wave beams which are not divergenced in the process
of propagation in the Earth-Ionosphere wavegulde are finded.The
considered beams dEosses by ogtimal Earameters and for
transmission of radiation on the large distances may be used.The
results obtained may be helpful also in the calculations of more
complicated fields using the summing up method.Results obtained
easlly may be continued on the case of medium with absorption or
amplification as i1t was made in paper (6] for optical waveguide.
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