
$ 6WXG\ RQ 'LUHFWLRQ RI $UULYDO (VWLPDWLRQ RI /RZ )UHTXHQF\
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7DND\XNL ,1$%$��7HLMLUR 6$.$0272�� +DMLPH <$1$*,6$:$�� .L\RPLFKL $5$.,��

�.DPDNXUD :RUNV

0LWVXELVKL (OHFWULF &RUSRUDWLRQ

��� .DPLPDWL\D� .DPDNXUD� �������� -DSDQ

7DND\XNL�,QDED#NDPD�PHOFR�FR�MS
��'HSDUWPHQW RI &RPSXWHU (QJLQHHULQJ

7RN\R ,QVWLWXWH RI 7HFKQRORJ\

������ 2K�RND\DPD� 0HJXUR�.X� 7RN\R

���������-DSDQ

DUDNL#VV�WLWHFK�DF�MS
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$ 648,'�66XSHUFRQGXFWLQJ 4488DQWXP ,,QWHUIHUHQFH ''HYLFHÒ LV FRQVLGHUHG WR EH DQ

H[WUHPHO\ KLJK�VHQVLWLYLW\ DQG ZLGH�EDQG �'&á0+]� PDJQHWLF�IOX[ GHQVLW\ VHQVRU� 7KH

HTXLYDOHQW FLUFXLW RI D '&�648,' LV VKRZQ LQ )LJ�� $ 648,' DUUD\ KDV EHHQ XVHG LQ

0(*�0DJQHWRHHQFHSKDORJJUDSK\� LQ VKLHOGHG VWDWLRQDU\ RSHUDWLRQ� 0DJQHWLF DQWHQQDV IRU
VXEPDULQH FRPPXQLFDWLRQV LQ XQVKLHOGHG PRELOH RSHUDWLRQV XVLQJ /76 �/RZ�7HPSHUDWXUH

6XSHUFRQGXFWLQJ��648,'V ZHUH VWXGLHG LQ WKH ODWH ����·V�>�@á>�@ 5HFHQWO\� +76 �+LJK�

7HPSHUDWXUH 6XSHUFRQGXFWLQJ��648,'V FRROHG E\ QLWURJHQ ZHUH GHYHORSHG� DQG XVHG LQ

DSSOLFDWLRQV VXFK DV JHRSK\VLFDO H[SORUDWLRQ DQG QRQGHVWUXFWLYH LQVSHFWLRQ�>�@�>�@

)XUWKHUPRUH� PDJQHWLF DQRPDO\ GHWHFWLRQ DQG ORFDOL]DWLRQ DOJRULWKPV KDYH EHHQ

SURSRVHG�>�@�>�@ 7R GDWH� WKHUH KDYH EHHQ QR VWXGLHV WKDW KDYH DWWHPSWHG WR XWLOL]H D 648,'

DUUD\ WR H[DPLQH LQ WKH SUREOHP RI '2$�GLUHFWLRQ RI DUULYDO� HVWLPDWLRQ IRU ORZ IUHTXHQF\

HOHFWURPDJQHWLF VLJQDOV� )LJ�� VKRZV WKDW D 648,' KDV FRV��� GLUHFWLRQDO FKDUDFWHULVWLFV

LQ RXWSXW DPSOLWXGH� ,Q WKLV SDSHU� 2Q WKH EDVLV RI WKHVH FKDUDFWHULVWLFV� ZH SURSRVH WZR

PHWKRGV WR HVWLPDWH WKH GLUHFWLRQ RI WKH +�ILHOG ZLWK D 648,' DUUD\ IRU WKH FDVH LQ ZKLFK

HDFK 648,' LV XQDEOH WR GHWHFW WKH SKDVH GLIIHUHQFH RI WKH HOHFWURPDJQHWLF VLJQDO� EHFDXVH

WKH 648,' DUUD\ LV WRR VPDOO FRPSDUHG WR WKH ZDYHOHQJWK RI WKH DUULYLQJ VLJQDO� 7KH

')7�''LVFUHHW ))RXULHU 77UDQVIRUPDWLRQ� PHWKRG DQG 6$56,&Ñ648,' $UUD\ 5RRW 6,JQDO

&ODVVLILFDWLRQÒPHWKRG XVHG WR HVWLPDWH WKH '2$� DUH SURSRVHG LQ WKLV SDSHU� ,Q SDUWLFXODU�

WKH 6$56,& PHWKRG LV DEOH WR HIILFLHQWO\ HVWLPDWH WKH '2$ E\ VROYLQJ WKH GHQRPLQDWRU RI

WKH 086,&� 0088OWLSOH 66LJQDO &&ODVVLILFDWLRQ� VSHFWUXP ZLWKRXW D QRQOLQHDU VHDUFK� 7KLV

SDSHU SUHVHQWV QXPHULFDO FRPSDULVRQV RI WKHVH WZR '2$ HVWLPDWLRQ PHWKRGV� ZKLFK

FRQILUP WKDW WKH 6$56,& PHWKRG LV PRUH HIILFLHQW�
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�� )RUPXODWLRQ RI D 648,' DUUD\
$ 648,' LV D PDJQHWLF�IOX[ GHQVLW\ VHQVRU� 7KH GLUHFWLRQ RI HOHFWURPDJQHWLF VLJQDO

SURSDJDWLRQ LV RUWKRJRQDO WR WKH +�ILHOG DQG WKH (�ILHOG� ,Q WKLV SDSHU� KHUHDIWHU� ZH FDOO
WKH GLUHFWLRQ RI WKH +�ILHOG WKH '2$� 2XU 648,' DUUD\ LV PRXQWHG ZLWK WKH 648,'V
KDYLQJ GLIIHUHQW QRUPDO GLUHFWLRQV WR HDFK RWKHU� DV VKRZQ LQ )LJ�� 7KH REVHUYDWLRQ GDWD
PDWUL[ ; LV GHQRWHG DV IROORZV�

NSAX +⋅= )(θ ���

[ ]Tnk txtxtxtxX )()()()( 21 ⋅⋅= ���

[ ]Tkkkk Txxxtx )()2()1()( ⋅= ���

ZKHUH ;� 6 DQG 1 GHQRWH WKH REVHUYDWLRQ GDWD� HOHFWURPDJQHWLF VLJQDOV DQG QRLVH�

UHVSHFWLYHO\� Q GHQRWHV WKH QXPEHU RI 648,'V DQG )(θA LV WKH DUUD\ PDQLIROG� 7KH

ZDYHOHQJWK LV FRQVLGHUHG WR EH ODUJH VXIILFLHQWO\ FRPSDUHG WR WKH LQWHUYDOV RI 648,'V� ,Q

RWKHU ZRUGV� WKH 648,' DUUD\ LV FRQILJXUHG ZLWK D VPDOO HTXLSPHQW VL]H� 7KHUHIRUH� WKH

VLJQDO SKDVHV DUH DSSUR[LPDWHO\ HTXDO LQ HDFK 648,'� DQG WKH DUUD\ PDQLIROG LV JLYHQ E\

WKH PDWUL[ ��� LQ ZKLFK WKH HOHPHQWV DUH WKH H[DFW FRV��� FKDUDFWHULVWLFV�
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ZKHUH nk φφφ ,,,,1 ⋅⋅⋅⋅ DUH WKH DQJOHV EHWZHHQ D QRUPDO RI 648,' DQG D QRPLQDO D[LV� Jθ LV

WKH '2$ RI WKH -WK VLJQDO� )RU VLPSOLILFDWLRQ� 648,'V ZHUH PRXQWHG LQ D FLUFOH DW HTXDO

DQJOH LQWHUYDOV θ∆ � DV VKRZQ LQ )LJ��� ,Q WKLV FDVH� kφ LV JLYHQ E\ θφ ∆⋅−= )1(kk

��'2$PHWKRGV XVLQJ D 648,' DUUD\
:H HVWLPDWH WKH '2$ XVLQJ WKH DUUD\ PDQLIROG ( )θA

GHQRWHG E\ HTXDWLRQ ��� XVLQJ HDFK 648,'·V REVHUYDWLRQ

GDWD� +HUH� ZH IRFXV RQ RQO\ RQH DUULYLQJ VLJQDO�

7KH '2$ SUREOHP LV UHGXFHG WR HVWLPDWH WKH

LQLWLDO SKDVH RI RQH SHULRGLF FRVLQH VLJQDO LQ

HOHPHQW VSDFH RZLQJ WR 648,'·V FRV���

GLUHFWLRQDO FKDUDFWHULVWLFV� ,Q WKLV FDSWHU�

ZH SURSRVH WZR QRYHO PHWKRGVIRU '2$

HVWLPDWLRQ XVLQJ PXOWLSOH VQDSVKRWV DV IROORZV�

�� ')7 PHWKRG

)LUVW� E\ UHGXFLQJ WKH QRLVH DQG LQWHUIHUHQFH� HDFK 648,'·V REVHUYDWLRQ GDWD �FROXPQV

RI PDWUL[ ;� ZKLFK LV WKH VDPSOH GDWD·V VQDSVKRWV LV SURFHVVHG E\ ')7 LQ WLPH GRPDLQ

DV JLYHQ E\ HTXDWLRQ ����

{ }))(arg(sin)()( fkfkk xDFTxDFTfF ⋅= ���

ZKHUH
fkxDFT )( LV WKH FRPSOH[ RXWSXW DW IUHTXHQF\ f � :KHQ 648,'V ZHUH PRXQWHG LQ D

FLUFOH� )( fFk JLYHQ E\ HTXDWLRQ ��� LV H[SHFWHG WR EH D FRVLQH IXQFWLRQDO IRUP ZLWK UHVSHFW

WR 648,' QXPEHU N� 7KHUHIRUH� ZH FDQ REWDLQ WKH '2$ DV DQ LQLWLDO SKDVH RI D

IXQGDPHQWDO FRPSRQHQW LQ ')7 UHODWLQJ WR )( fFk
LQ HOHPHQW GRPDLQ ZLWKRXW D QRQOLQHDU

VHDUFK� 7KH VXEVFULSW � LQ HTXDWLRQ ��� GHQRWHV WKH IXQGDPHQWDO FRPSRQHQW�

{ }[ ]1)(arg kDFT FDFTDOA = ���

)XUWKHUPRUH� ZKHQ WKH QXPEHU RI VDPSOLQJ LV PWK�P LV LQWHJHU� SRZHU RI � DQG WKH

VDPSOLQJ LQWHUYDO LV HTXDO� ))7 SURFHVVLQJ LV DSSOLFDEOH LQ ERWK WLPH DQG HOHPHQW GRPDLQ

DQG DOORZV WKH HVWLPDWLRQ RI WKH '2$ZLWK ORZ FRPSXWDWLRQDO FRVWV�
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�� 6$56,& PHWKRG

7KLV PHWKRG LV EDVHG RQ PD[LPL]LQJ WKH 086,& VSHFWUXP ��� GHULYHG IURP QRLVH

HLJHQYHFWRUV (Q RI D VDPSOLQJ FRYDULDQFH PDWUL[
TXXR ⋅= DV ZHOO DV LQ D ILHOG RI

DGDSWLYH DUUD\�
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,Q WKH FDVH RI D 648,' DUUD\ PRXQWHG ZLWK HTXDO DQJOH LQWHUYDOV� AAT ⋅ EHFRPHV WR EH

FRQVWDQW� 0LQLPL]LQJ WKH GHQRPLQDWRU AEnEnAD TT ⋅⋅⋅=)(θ � ZH FDQ HVWLPDWH WKH '2$

ZLWKRXW D QRQOLQHDU VHDUFK�

5227 086,& EDVHG RQ WKH 3LVDUHQNR PHWKRG KDV EHHQ SURSRVHG IRU WKH FDVH WKDW WKH

VLJQDO SKDVH FDQ EH PHDVXUHG� 'HWDLOHG GLVFXVVLRQ RQ 5227 086,& FDQ EH IRXQG LQ

UHIHUHQFH >�@� ,Q WKH FDVH RI WKH ORZ IUHTXHQF\ '2$ SUREOHP ZLWK WKH 648,' DUUD\� RQO\

VLJQDO DPSOLWXGHV DUH REVHUYDEOH� :H FDQ WUHDW WKH DUUD\ PDQLIROG $ DV D UHDO PDWUL[�

)(θD LV JLYHQ DV IROORZV�
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6LQFH )(θD LV D GLIIHUHQWLDEOH IXQFWLRQ� '2$ PLQLPL]LQJ WKH HTXDWLRQ ��� LV REWDLQHG E\

VROYLQJ WKH HTXDWLRQ ���� LQ ZKLFK WKH GHULYDWLYH RI HTXDWLRQ ��� LV HTXDO WR ]HUR� ,Q WKLV

SDSHU� ZH WHUPHG WKLV QRYHO PHWKRG WKH 6$56,&�
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7KH VROXWLRQ RI HTXDWLRQ ���� LV HDVLO\ GHULYHG E\ IROORZLQJ HTXDWLRQ �����
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:H FDQ GLVWLQJXLVK WKH PLQLPXP DQG PD[LPXP RI HTXDWLRQ ��� E\ WKH VLJQ RI WKH VHFRQG

GHULYDWLYH
2

2 )(

θ
θ

∂
∂ D � 7KH 6$56,& PHWKRG LV FRPSXWDWLRQDOO\ OHVV GHPDQGLQJ WKDQ 086,&

DQG RWKHU PHWKRGV�IRU H[DPSOH� WKH PD[LPXP OLNHOLKRRG PHWKRG�

��&RPSXWHU VLPXODWLRQ
7KH GHSHQGHQF\ RI WKH QXPEHU RI 648,'V� WKH 6�1 �6LJQDO WR 1RLVH 5DWLR� DQG WKH

VQDSVKRW LQ WKH *DXVVLDQ�GLVWULEXWHG ZKLWH QRLVH ZHUH H[DPLQHG E\ QXPHULFDO

VLPXODWLRQ LQ WKH FDVH RI RQO\ RQH DUULYLQJ VLJQDO� 7KH VLPXODWLRQ FRQGLWLRQV ZHUH DV

IROORZV� 7KH '2$ZDV��GHJ� 7KH IUHTXHQF\ RI WKH VLJQDO DQG WKH VDPSOLQJ IUHTXHQF\ ZDV

��N+] DQG ���N+]� UHVSHFWLYHO\� (DFK VLPXODWLRQ XQGHU WKH VDPH FRQGLWLRQ DQG GLIIHUHQW

VHHGV IRU UDQGRP QXPEHU LQYROYHG D WRWDO RI ��� UXQV� )LJ�� VKRZV WKH UHVXOWDQW VWDQGDUG

GHYLDWLRQ RI WKH HVWLPDWHG '2$ DV D IXQFWLRQ RI WKH 6�1� 7KH QXPEHU RI 648,' ZDV

VHOHFWHG WR EH HLWKHU � RU ��� 7KH QXPEHU RI VQDSVKRWV� 1VV WDNHQ ZDV ���� ,Q )LJ��� &5%

VWDQGV IRU &UDPHU�5DR %RXQG IRU WKH 648,' DUUD\�>�@�>��@ $V VKRZQ LQ )LJ��� WKH

VWDQGDUG GHYLDWLRQ RI WKH 6$56,& PHWKRG ZDV DSSUR[LPDWHO\ RQH�KDOI WKDW RI WKH ))7

PHWKRG� 7KLV ZDV RQO\ ��� ODUJHU WKDQ WKDW RI &5%� )LJ�� VKRZV WKH UHVXOW RI WKH

VQDSVKRW GHSHQGHQF\ IRU 6�1 �G% DQG QXPEHU RI 648,' ��� 7KH 6�1 DQG WKH VQDSVKRW

GHSHQGHQF\ LQ HDFK PHWKRGV VKRZHG WKH VDPH WHQGHQF\ DV WKDW RI &5%� )XUWKHUPRUH� ZH

FRQILUPHG WKDW WKH UHVXOWV RI WKH 6$56,& PHWKRG ZHUH HTXDO WR WKDW RI 0D[LPXP

OLNHOLKRRG PHWKRG�>��@ 7KH VWDQGDUG GHYLDWLRQ ZDV IRXQG WR EH SURSRUWLRQDO WR 1VV���� DQG



6�1
����

� ,W LV ZRUWK QRWLQJ WKDW WKH VWDQGDUG GHYLDWLRQV RI &5% ZLWK RQO\ WKH VLJQDO

DPSOLWXGH DYDLODEOH DQG &5% ZLWK ERWK WKH VLJQDO DPSOLWXGH DQG SKDVH DYDLODEOH DUH

SURSRUWLRQDO WR Q
����

DQG Q
����

� UHVSHFWLYHO\� IRU WKH QXPEHU RI HOHPHQWV Q�

�� &RQFOXVLRQ

7KH 648,' DUUD\ FRQILJXUDWLRQ DQG WKH '2$ HVWLPDWLRQ PHWKRGV IRU DSSOLFDWLRQV

VXFK DV XQGHUZDWHU FRPPXQLFDWLRQV DQG JHRSK\VLFDO H[SORUDWLRQ ZHUH SURSRVHG�

:H FRQILUPHG WKH IROORZLQJ UHVXOWV� WKH 6$56,& PHWKRG KDG D VWDQGDUG GHYLDWLRQ RI

DSSUR[LPDWHO\ RQH�KDOI WKDW RI WKH ')7 PHWKRG� 7KLV ZDV RQO\ ��� ODUJHU WKDQ WKDW RI

&5%� 7KH UHVXOWV RI WKH 6$56,& PHWKRG ZKLFK KDV ORZ FRPSXWDWLRQDO FRVWV ZHUH HTXDO WR

WKRVH RI 0D[LPXP OLNHOLKRRG PHWKRG� 7KH ')7 PHWKRG DQG 6$56,& PHWKRGV DUH

XQOLNHO\ WR DEOH WR UHVROYH WKH LQIOXHQFH RI FRKHUHQW LQWHUIHUHQFH� ,W LV ZHOO NQRZQ WKDW

VSDFH VPRRWKLQJ SURFHVVLQJ LV XVHG LQ DGDSWLYH DUUD\V� $ PHDQV RI VHWWOLQJ LQ FRKHUHQW

LQWHUIHUHQFH UHPDLQV XQGHU LQYHVWLJDWLRQ� 1HYHUWKHOHVV� WKHVH SURSRVHG PHWKRGV DUH DOVR

DSSOLFDEOH WR FRQYHQWLRQDO (�ILHOG DQWHQQDV�
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